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1. Âñòóï

Ëiíiéíà àëãåáðà ¹ îäíi¹þ ç ôóíäàìåíòàëüíèõ äèñöèïëií, ùî âèêëàäàþòüñÿ

íà ïåðøîìó êóðñi ôiçèêî-ìàòåìàòè÷íîãî ôàêóëüòåòó. Òàêi ïîíÿòòÿ, ÿê

ëiíiéíèé ïðîñòið, ëiíiéíèé îïåðàòîð, à òàêîæ ñêàëÿðíèé äîáóòîê òà íîðìà

ñòàþòü îñíîâîþ, äëÿ ïîäàëüøîãî âèâ÷åííÿ êóðñiâ ìàòåìàòè÷íîãî òà ôóíê-

öiîíàëüíîãî àíàëiçó, òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü òà ìàòåìàòè÷íî¨

ôiçèêè. Íà âiäìiíó âiä ìàòåìàòè÷íîãî àíàëiçó òà àíàëiòè÷íî¨ ãåîìåòði¨, äå

ñòóäåíòè ìàþòü ñïðàâó ç öiëêîì ðåàëüíèìè îá'¹êòàìè: ïîñëiäîâíîñòÿìè òà

ôóíêöiÿìè, ãåîìåòðè÷íèìè âåêòîðàìè òà êðèâèìè 2-ãî ïîðÿäêó, â ëiíiéíié

àëãåáði âîíè çóñòði÷àþòüñÿ iç çîâñiì íîâèì ðiâíåì àáñòðàêöi¨.

Äî öüîãî ìîìåíòó ñòóäåíòè óÿâëÿëè ñîái ïðîñòið ëèøå ÿê òî÷êè â

äåêàðòîâié ñèñòåìi êîîðäèíàò, à òóò åëåìåíòàìè (òî÷êàìè) ïðîñòîðó ìîæóòü

áóòè ôóíêöi¨, ìàòðèöi, ìíîãî÷ëåíè i ò.ä. Íà öå ùå íàêëàäà¹òüñÿ óçàãàëüíåííÿ

ïîíÿòòÿ ôóíêöi¨ (îïåðàòîð), ùî ñòàâèòü ó âiäïîâiäíiñòü íå ëèøå ÷èñëî

iíøîìó ÷èñëó, à åëåìåíòó ëiíiéíîãî ïðîñòîðó äîâiëüíî¨ ïðèðîäè åëåìåíò

öüîãî æ àáî iíøîãî ëiíiéíîãî ïðîñòîðó.

Ïàðàëåëüíî ç ëiíiéíîþ àëãåáðîþ íà ïåðøîìó êóðñi âèâ÷àþòü àíàëiòè÷íó

ãåîìåòðiþ i òàì ââîäÿòü ïîíÿòòÿ ñêàëÿðíîãî äîáóòêó. Âèÿâëÿ¹òüñÿ, ùî

ââåäåíèé äîñèòü äèâíèì ÷èíîì äîáóòîê âåêòîðiâ íàñïðàâäi ¹ ïðèíöèïîâî

âàæëèâèì. Îñîáëèâå çíà÷åííÿ ìà¹ îðòîãîíàëüíiñòü äâîõ íåíóëüîâèõ âåêòîðiâ,

ùî ¹ åêâiâàëåíòíèì ðiâíîñòi íóëþ ¨õ ñêàëÿðíîãî äîáóòêó. Â ëiíiéíié àëãåáði

"ãåîìåòðèçàöiÿ"ëiíiéíîãî ïðîñòîðó âiäáóâà¹òüñÿ çà äîïîìîãîþ ââåäåííÿ

àáñòðàêòíî¨ áiíàðíî¨ îïåðàöi¨ (ñêàëÿðíîãî äîáóòêó) íà åëåìåíòàõ ïðîñòîðó,

ÿêà ìà¹ òi ñàìi âëàñòèâîñòi, ùî é ââåäåíèé â ãåîìåòði¨ ñêàëÿðíèé äîáóòîê.

Îòæå, îñíîâíîþ ïðîáëåìîþ ïðè çàñâî¹ííi ñòóäåíòàìè ëiíiéíî¨ àëãåáðè

¹ íàäòî âåëèêà àáñòðàêòíiñòü ââåäåíèõ êîíñòðóêöié, òîìó ãîëîâíîþ ìåòîþ

íàøîãî çàäà÷íèêà ¹ ðåòåëüíå îïðàöþâàííÿ òåîðåòè÷íîãî ìàòåðiàëó. Ìàòåðiàë

çàäà÷íèêà äîçâîëÿ¹ ïîâíîöiííî ðîçãëÿíóòè òàêi ïèòàííÿ: êîìïëåêñíi ÷èñëà,

ìàòðèöi, âèçíà÷íèêè, ñèñòåìè ëiíiéíèõ ðiâíÿíü, ëiíiéíi ïðîñòîðè, ëiíiéíi

îïåðàòîðè, æîðäàíîâà ôîðìà ìàòðèöi îïåðàòîðà, ñêàëÿðíèé äîáóòîê,

îðòîãîíàëiçàöiÿ ñèñòåìè âåêòîðiâ, ìàòðèöÿ Ãðàìà, ïðîåêöiÿ âåêòîðà íà
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ïiäïðîñòið, ñïðÿæåíèé îïåðàòîð, êâàäðàòè÷íi òà áiëiíiéíi ôîðìè, ôóíêöi¨

âiä ìàòðèöü, à òàêîæ áàãàòî ïèòàíü ç òåîði¨ ìíîãî÷ëåíiâ.

Ìè ðåêîìåíäó¹ìî âèêîðèñòîâóâàòè çáiðíèê çàäà÷ ó ÿêîñòi çáiðíèêà

òèïîâèõ ðîçðàõóíêiâ äëÿ ñòóäåíòiâ ôiçèêî-ìàòåìàòè÷íîãî ôàêóëüòåòó òà

ñïåöiàëüíîñòåé, äå ëiíiéíó àëãåáðó âèâ÷àþòü ÿê îêðåìó äèñöèïëiíó. Ïðè

ñòàíäàðòíîìó ðîçìiði ñòóäåíòñüêèõ ãðóï 15 - 18 ÷îëîâiê, çàëèøàþòüñÿ

âàðiàíòè, ÿêi ìîæíà îïðàöþâàòè íà ïðàêòè÷íèõ çàíÿòòÿõ.
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2. Êîìïëåêñíi ÷èñëà òà îïåðàöi¨ íàä íèìè

2.1. Àðèôìåòè÷íi îïåðàöi¨ ç êîìïëåêñíèìè ÷èñëàìè, äiéñíà òà
óÿâíà ÷àñòèíè êîìïëåêñíîãî ÷èñëà. Çàïèøiòü êîìïëåêñíå ÷èñëî z ó
àëãåáðè÷íié ôîðìi, çíàéäiòü äiéñíó òà óÿâíó ÷àñòèíè äàíîãî êîìëåêñíîãî

÷èñëà, ìîäóëü öüîãî êîìïëåêñíîãî ÷èñëà

1) z = 2−6i
1−i + (1 + i)4 − i7.

2) z = 5+15i
2i−1 + (1− i)5 + i9.

3) z = 5+10i
−1−2i + (1 + 2i)3 − 3i13.

4) z = 10+20i
1+3i + (2− i)4 + i11.

5) z = 10i−20
3i−1 − (2 + 3i)3 + i14.

6) z = 13−26i
3i−2 + (2 + i)3 + 3i9.

7) z = 13i−26
2+3i + 2(1 + i)5 − i10.

8) z = 4+10i
1−i + (1 + 3i)3 + 4i7.

9) z = 6−2i
1+i + (3 + i)3 − 4i9.

10) z = 2+8i
i−1 + (2 + 2i)4 − 3i15.

11) z = 4+10i
i−1 + (3 + 2i)3 + i17.

12) z = 2−12i
i−1 − 2+3i

i15 .

13) z = 4−2i
i+1 + 2− i3 + i19.

14) z = 2−6i
1+i + (2 + i)4 − i23.

15) z = 15−5i
2i−1 − (3 + i)3 − 2i7.

16) z = 5i−10
1+2i + (2i− 3)4 − 3i11.

17) z = 5i+20
1−2i − (3 + i)5 + 4i19.

18) z = 20−15i
2−i + (3i− 2)2 − 2i13.

19) z = 5−20i
2+i − (2 + 2i)4 + i25.

20) z = 35i+5
i−2 + (3− 3i)3 − i27.

21) z = 10−30i
3i+1 + (1 + i)6 + i99.

22) z = 70−20i
1−3i − (3− 2i)3 + i101.

23) z = 30+10i
3i+1 − 2(3− i)3 − i103.

24) z = 16i+24
2i−2 + (2i+ 4)3 − i107.

25) z = 26
5i−1 + (1− i)6 + i17.

26) z = 13+26i
3i−2 + (1− i)4 − i14.

27) z = 8+16i
i−1 − (i− 3)4 + i18.

28) z = 3i−1
1+i + (1 + 3i)4 − i21.

29) z = 7i−1
i−1 − (2 + 2i)4 + i27.

30) z = 5i+1
1+i + (3 + 3i)4 − i97.
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2.2. Òðèãîíîìåòðè÷íà ôîðìà êîìïëåêñíîãî ÷èñëà, ìîäóëü òà àðãóìåíò.
Ôîðìóëà Ìóàâðà. Ïîäàéòå ÷èñëî ó òðèãîíîìåòðè÷íié ôîðìi, âêàæiòü

ìîäóëü òà àãðóìåíò êîìïëåêñíîãî ÷èñëà. Âèêîðèñòîâóþ÷è ôîðìóëó Ìóàâðà

(ïiäíåñåííÿ äî ñòåïåíÿ êîìïëåêñíîãî ÷èñëà) çíàéäiòü n-èé ñòåïiíü ÷èñëà z.

1) z = 5 + 5i
√

3, n = 15.

2) z = 4 + 4i, n = 43.

3) z =
√

3 + i, n = 16.

4) z = 2i− 2
√

3, n = 42.

5) z = 3i, n = 17.

6) z = 3− 3i
√

3, n = 41.

7) z = −2, n = 18.

8) z = −4− 4i
√

3, n = 40.

9) z = 2− 2i, n = 19.

10) z = −5 + 5i
√

3, n = 39.

11) z =
√

3 + 3i, n = 20.

12) z = 3 + 3i, n = 38.

13) z = 5i, n = 21.

14) z = −3, n = 37.

15) z = −3 + 3i, n = 22.

16) z = 2
√

3 + 6i, n = 36.

17) z = −2 + 2i, n = 23.

18) z = 7i, n = 35.

19) z = 5
√

3 + 15i, n = 24.

20) z = −1− i, n = 34.

21) z = 6− 2i
√

3, n = 25.

22) z = −4 + 4i, n = 33.

23) z = −2i, n = 26.

24) z = 2i
√

3− 2, n = 32.

25) z = −1 + i
√

3, n = 27.

26) z = 7− 7i, n = 31.

27) z = −4i, n = 28.

28) z = i−
√

3, n = 14.

29) z = 10 + 10i
√

3, n = 29.

30) z = −3− i
√

3, n = 13.

2.3. Êîðiíü n-ãî ñòåïåíÿ ç êîìïëåêñíîãî ÷èñëà. Çíàéäiòü âñi çíà÷åííÿ
n
√
z òà çîáðàçiòü âñi öi çíà÷åííÿ íà êîìïëåêñíié ïëîùèíi

1) 5
√

3i ;

2) 6
√

3 ;

3) 5
√

2i+ 2 ;

4) 5
√√

3− 3i ;

5) 5
√

6 + 2i
√

3 ;

6) 6
√

2i ;

7) 6
√

6 ;

8) 4
√

3i− 3 ;

9) 4
√
−3 + i

√
3 ;

10) 5
√

3− i
√

3 ;

11) 6
√

2
√

3− 6i ;

12) 6
√
−i
√

3− 1 ;
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13) 6
√
−4i ;

14) 5
√
−3 ;

15) 4
√√

2− i
√

2 ;

16) 6
√

4− 4i ;

17) 5
√√

3− i ;

18) 6
√
−
√

3− 3i ;

19) 5
√
−3− i

√
3 ;

20) 5
√
−3i ;

21) 5
√
−4 ;

22) 6
√

4 + 4i ;

23) 6
√
−2− 2i ;

24) 6
√
−6 + 2i

√
3 ;

25) 4
√
−4
√

3 + 4i ;

26) 4
√
i ;

27) 5
√
−2 ;

28) 6
√

2i− 2 ;

29) 6
√
−i− 1 ;

30) 5
√

1− i.

2.4. Çîáðàæåííÿ îáëàñòi íà êîìïëåêñíié ïëîùèíi. Íà êîìïëåêñíié
ïëîùèíi çîáðàçiòü îáëàñòü, ùî çàäîâîëüíÿ¹ óìîâè

1) |z − 3− 2i| ≤ 3, 3 ≤ |z − 6 + i|;
2) |z − 1− 3i| ≤ 4, −1 ≤ Rez < 4, Imz ≤ 5;

3) |z + 1 + 2i| ≤ 3, 2 ≤ Rez, Imz ≤ 5;

4) |z + 2− 3i| > 2, 1 ≤ Imz ≤ 6;

5) −1 ≤ Rez ≤ 4, −3 ≤ Imz, −π/3 ≤ argz < π/2;

6) |z − 4− 2i| ≤ 6, 1 ≤ |z − 7− 4i|;
7) |z − 3 + i| ≤ 4, 1 ≤ Rez, −3 < Imz;

8) Rez ≤ 4, Imz ≤ 2, −π/4 ≤ argz ≤ π/3;

9) |z − 5− 2i| ≤ 4, |z − 2 + 2i| ≤ 5;

10) |z − 4 + i| > 2, −1 ≤ Rez, −4 ≤ Imz;

11) |z − 4− i| ≤ 2, 3 ≤ Rez, 0 ≤ Imz;

12) |z + 4 + i| > 3, −π/2 ≤ arg(z + 4− i) ≤ 2π/3;

13) |z + 2− i| <≤ 4, 3 ≤ |z − 3 + i|;
14) |z + 1− 2i| ≤ 6, −4 ≤ Rez ≤ 3, −1 < Imz;

15) |z + 2− i| ≥ 3, −4 ≤ Rez ≤ −1;

16) |z − 3− i| > 3, Imz ≥ −1;

17) |z − 3− 2i| ≥ 1, Rez ≥ 2, −1 ≤ Imz;

18) 2 ≤ Rez, −2 ≤ Imz, −π/6 ≤ argz < π/4;

19) −3 ≤ Imz ≤ 2, −π/4 < arg(z + 1) ≤ π/3;

20) |z − 4 + i| ≤ 3, −π/4 ≤ arg(z − 3) ≤ π/3;

21) |z − 2− 2i| ≥ 3, 1 ≤ |z + 3 + 2i|;
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22) |z − 3− i| ≤ 6, 2 ≤ |z − 5|, |z| ≥ 1;

23) −1 ≤ Rez ≤ 3, 2 ≤ Imz;

24) −2 ≤ Rez, −2π/3 ≤ argz ≤ 5π/6;

25) |z − 1| ≤ 3, Rez ≤ 2, Imz ≤ 1;

26) |z + 2− 2i| ≥ 3, Rez ≤ 2, 1 ≤ Imz;

27) |z − 2 + 2i| ≥ 1, 0 ≤ Rez, −2 ≤ Imz;

28) |z − 2 + 2i| ≤ 4, 0 ≤ Rez, Imz ≤ −2;

29) Imz ≤ 3, π/6 ≤ argz ≤ 2π/3;

30) Rez ≤ 4, −π/4 ≤ argz ≤ π/6.

2.5. Ðîçâ'ÿçóâàííÿ ðiâíÿíü íàä ïîëåì êîìïëåêñíèõ ÷èñåë. Ðîçâ'ÿæiòü
ðiâíÿííÿ:

1) z4 +13z2 +36 = 0;

2) z4 + 5z2 + 4 = 0;

3) z4 − 3z2 − 4 = 0;

4) z4 + 3z2 − 4 = 0;

5) z4 − 5z2 − 36 = 0;

6) z4 + 10z2 + 9 = 0;

7) z4 − 8z2 − 9 = 0;

8) z4 − 2z2 + 25 = 0;

9) z4 + 5z2 + 9 = 0;

10) z4 + 5z2 + 16 = 0;

11) z4 + 3z2 + 9 = 0;

12) z4 + z2 + 16 = 0;

13) z4 + 6z2 + 25 = 0;

14) z4 + 2z2 + 49 = 0;

15) z4 − 2z2 + 81 = 0;

16) z4 +5z2 +100 = 0;

17) z4 + 9z2 + 64 = 0;

18) z4 +20z2 +64 = 0;

19) z4 − 7z2 + 64 = 0;

20) z4− 12z2 +64 = 0;

21) z4 + 19z2 + 9 = 0;

22) z4 − 2z2 + 9 = 0;

23) z4 − 4z2 + 16 = 0;

24) z4 − z2 + 25 = 0;

25) z4 − 5z2 + 49 = 0;

26) z4 + 7z2 + 81 = 0;

27) z4 +18z2 +81 = 0;

28) z4− 2z2 +100 = 0;

29) z4+16z2+100 = 0;

30) z4 +31z2 +81 = 0.

3. Ìàòðèöi

3.1. Äi¨ íàä ìàòðèöÿìè. Çíàéäiòü çíà÷åííÿ âêàçàíîãî ìàòðè÷íîãî âèðàçó

1) A =

 3 −1 2

−2 0 3

1 2 4

; B =

 0 2 3

1 3 5

−1 0 1

 ; ATB −BTA.

2) A =

 −2 −3 1

0 1 4

2 −2 0

; B =

 −2 6 −2

7 0 3

−1 3 9

; AB −BA.

11



3) A =

 −1 1 0

2 1 5

−1 0 −4

; B =

 2 7 1

−5 2 0

0 −2 8

; (AB)T −BTAT .

4) A =

 −5 3 1

0 2 −4

−1 0 3

; B =

 −6 0 4

2 3 7

2 −1 3

; (A+B)(B−A)+A2−B2.

5) A =

 0 3 −2

0 3 1

3 4 −3

; B =

 2 −3 1

−5 3 2

2 0 7

; AB −BA.

6) A =

 −7 0 −2

0 2 −3

−1 3 9

; B =

 2 2 −1

−3 2 0

4 −1 7

; ATB −BTA.

7) A =

 0 2 −5

−2 3 1

2 0 5

; B =

 9 −2 0

0 −3 2

−4 1 7

; (AB)T −BTAT .

8) A =

 1 0 3

7 −2 1

3 2 −6

; B =

 −2 5 −2

1 2 3

−3 0 −1

; (A+B)(B−A)+A2−B2.

9) A =

 8 0 −2

1 −3 7

0 −2 −4

; B =

 −3 1 −7

1 3 −8

0 1 −4

; AB −BA.

10) A =

 2 3 −1

4 1 −2

5 0 2

; B =

 0 −1 3

2 3 −3

−4 0 −2

; ATB −BTA.

11) A =

 2 3 −2

0 −4 3

−1 2 3

; B =

 1 4 −5

3 1 −3

2 0 −6

; (AB)T −BTAT .
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12) A =

 4 0 1

1 2 −3

−7 1 5

; B =

 2 1 −3

0 3 −4

2 −2 0

; (A+B)(B−A)+A2−B2.

13) A =

 0 1 −2

3 5 7

−1 0 −4

; B =

 2 −3 5

2 7 0

8 −2 1

; AB −BA.

14) A =

 3 5 0

0 7 2

−1 −2 3

; B =

 4 −3 −2

2 3 5

0 3 −1

; ATB −BTA.

15) A =

 1 −6 4

3 −2 5

2 1 4

; B =

 0 3 2

1 5 0

−1 2 1

; (AB)T −BTAT .

16) A =

 −5 0 −2

2 3 0

−1 −3 3

; B =

 4 1 3

0 −1 2

9 −2 0

; (A+B)(B−A)+A2−B2.

17) A =

 0 2 −2

4 3 0

−1 −2 4

; B =

 −1 3 7

0 1 2

0 −2 3

; AB −BA.

18) A =

 4 2 −1

−7 2 0

5 −2 3

; B =

 2 −3 4

0 1 −3

−1 3 0

; ATB −BTA.

19) A =

 4 −6 −1

3 2 −1

−4 3 0

; B =

 0 1 −3

3 −2 5

6 0 1

; (AB)T −BTAT .

20) A =

 7 3 0

1 9 1

−2 1 3

; B =

 −5 1 0

0 −2 4

−1 7 2

; (A+B)(B−A)+A2−B2.
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21) A =

 −1 3 9

2 5 −3

0 3 −4

; B =

 7 −2 4

2 −3 3

0 5 −1

; AB −BA.

22) A =

 −3 2 −1

3 1 −2

−1 4 3

; B =

 8 0 −2

3 1 −3

0 −2 −4

; ATB −BTA.

23) A =

 7 −2 3

0 3 −3

−1 6 0

; B =

 0 1 −3

2 5 7

7 −2 1

; (AB)T −BTAT .

24) A =

 −6 −2 0

0 2 5

−1 3 7

; B =

 4 −2 1

1 3 −4

3 −2 0

; (A+B)(B−A)+A2−B2.

25) A =

 7 0 2

1 2 −3

4 1 −1

; B =

 −2 3 −5

0 3 −7

−1 −2 0

; BA− AB.

26) A =

 4 0 −2

1 2 −3

−1 7 0

; B =

 −3 2 7

0 1 −2

−1 3 −1

; ATB −BTA.

27) A =

 0 −2 8

2 3 −1

5 0 1

; B =

 2 −6 1

1 7 4

−1 −2 0

; (AB)T −BTAT .

28) A =

 5 1 1

−2 1 2

−1 3 0

; B =

 0 −2 5

1 −1 3

−2 3 0

; (A+B)(B−A)+A2−B2.

29) A =

 −1 2 5

0 −1 2

−1 0 3

; B =

 0 3 −2

7 1 −4

−1 0 −2

; AB −BA.
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30) A =

 5 0 −2

1 −1 2

3 5 0

; B =

 −4 1 3

0 7 1

−2 5 −1

; (AB)T −BTAT .

3.2. Åëåìåíòàðíi ìàòðè÷íi ðiâíÿííÿ. Ðîçâ'ÿæiòü ðiâíÿííÿ

1)

(
2 −3

5 −3

)
+ 2 ·X =

(
−2 1

5 7

)
.

2) 3 ·X +

(
10 1

4 −6

)
=

(
4 7

−2 0

)
.

3) 3 ·X − 2 ·

(
5 2

−3 1

)
=

(
6 2

−9 −5

)
.

4) 2 ·X +

(
6 2

0 −2

)
= 2 ·

(
1 −3

7 2

)
.

5) 2 ·X − 3 ·

(
1 −1

2 0

)
=

(
3 9

2 −4

)
.

6) X − 2 ·

(
3 1

9 −2

)
= 3 ·

(
5 0

−1 3

)
.

7) 2 ·

(
4 −2

1 7

)
− 3 ·X =

(
−7 2

5 −1

)
.

8) 3 ·

(
−1 2

4 0

)
+ 2 ·X =

(
1 −2

8 10

)
.

9) 4 ·X − 2 ·

(
5 7

3 1

)
=

(
2 −6

−2 10

)
.

10) 4 ·X − 3 ·

(
1 5

2 −1

)
=

(
1 −3

2 1

)
.

11) 2 ·X + 5 ·

(
3 2

−1 4

)
=

(
−1 2

7 −2

)
.

12) X − 3 ·

(
1 −2

0 −1

)
=

(
9 −1

2 4

)
.

13) 2 ·X + 3 ·

(
5 −2

4 1

)
=

(
3 8

−2 5

)
.
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14) 5 ·X − 2 ·

(
3 1

2 −1

)
=

(
−1 8

6 7

)
.

15) 3 ·X + 2 ·

(
8 −3

1 7

)
=

(
1 3

−1 2

)
.

16) 3 ·X − 2 ·

(
1 3

−1 2

)
=

(
1 −3

−1 2

)
.

17) 2 ·

(
4 1

3 −1

)
− 3 ·X =

(
2 −4

0 4

)
.

18) 5 ·

(
1 3

−1 5

)
+ 2 ·X =

(
7 5

−9 5

)
.

19) 2 ·

(
7 −1

4 2

)
+ 3 ·X =

(
2 7

5 −2

)
.

20) 4 ·

(
1 3

−2 7

)
− 3 ·X =

(
1 3

10 1

)
.

21) 3 ·X + 5 ·

(
4 0

−1 2

)
=

(
2 −3

1 4

)
.

22) 3 ·X − 2 ·

(
2 1

−1 3

)
=

(
8 1

2 −12

)
.

23) 5 ·X − 3 ·

(
1 −2

4 3

)
=

(
2 1

8 −4

)
.

24)

(
11 4

−2 7

)
+ 4 ·X =

(
3 −12

10 3

)
.

25) 2 ·

(
−2 1

7 9

)
+ 3 ·X =

(
2 −4

−7 3

)
.

26) 4 ·X − 3 ·

(
1 6

2 −4

)
=

(
9 2

−2 0

)
.

27) 3 ·

(
−2 1

3 7

)
+ 2 ·X =

(
−4 5

1 9

)
.

28) 7 ·X − 2 ·

(
4 3

0 −8

)
=

(
6 1

−7 2

)
.
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29) 3 ·

(
−1 5

4 2

)
+ 5 ·X =

(
12 −5

−3 1

)
.

30) 5 ·X − 2 ·

(
11 −2

7 4

)
=

(
3 −1

6 2

)
.

3.3. Ìíîãî÷ëåíè âiä ìàòðèöü. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíó f(A) âiä

ìàòðèöi A

1) f(x) = 2x3 − x2 + 3x+ 4, A =

(
5 −2

−1 3

)
.

2) f(x) = x3 + 5x2 + 2x− 3, A =

(
1 3

−1 2

)
.

3) f(x) = 3x4 − 2x3 + 5x+ 1, A =

(
3 −1

1 −3

)
.

4) f(x) = −x4 + 3x3 + x+ 2, A =

(
2 −2

−1 4

)
.

5) f(x) = 2x4 − x3 + 3x2 + 2, A =

(
−2 3

2 4

)
.

6) f(x) = 7x3 + 2x2 − 3x+ 5, A =

(
5 −1

2 4

)
.

7) f(x) = −3x4 + x2 − 5x+ 1, A =

(
5 1

2 −3

)
.

8) f(x) = 2x4 − x3 + 2x+ 7, A =

(
−1 3

2 −4

)
.

9) f(x) = 3x4 − x3 − 3x2 + 4x− 1, A =

(
2 3

1 −2

)
.

10) f(x) = x4 − x3 − 3x− 3, A =

(
1 −3

−1 5

)
.
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11) f(x) = −4x4 + x2 − 5x+ 3, A =

(
−3 2

7 1

)
.

12) f(x) = 7x3 + 2x2 − 3x− 2, A =

(
2 3

4 −1

)
.

13) f(x) = x4 + 3x3 + 2x− 3, A =

(
1 2

−3 1

)
.

14) f(x) = 3x4 + x3 − x+ 1, A =

(
−1 3

2 −4

)
.

15) f(x) = x4 − x3 − 2x2 + 5, A =

(
2 −1

1 5

)
.

16) f(x) = x3 + 3x2 − 4x− 2, A =

(
3 −4

1 2

)
.

17) f(x) = 2x4 + x3 − 4x+ 1, A =

(
−2 3

7 1

)
.

18) f(x) = 3x4 − 2x3 + 3x2 + 4x− 1, A =

(
1 −2

−4 1

)
.

19) f(x) = x4 + x3 − x+ 6, A =

(
2 4

−1 −3

)
.

20) f(x) = 3x4 + 3x3 − 3x− 4, A =

(
−3 2

1 5

)
.

21) f(x) = 4x4 − 3x3 + 2x2 − 1, A =

(
1 2

1 −3

)
.

22) f(x) = x4 − x2 + 5x+ 2, A =

(
3 −3

1 2

)
.

23) f(x) = x3 + 3x2 − 5x− 4, A =

(
4 1

−1 4

)
.
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24) f(x) = x4 − x3 + x2 − 3, A =

(
5 −2

−2 1

)
.

25) f(x) = −2x3 + 3x2 − 3x+ 7, A =

(
−3 1

−4 2

)
.

26) f(x) = −x4 − x3 + 3x+ 4, A =

(
4 −1

−1 2

)
.

27) f(x) = x3 + 3x2 − 3x+ 1, A =

(
−3 −1

1 −2

)
.

28) f(x) = 2x4 − x2 + x+ 5, A =

(
1 −2

−1 5

)
.

29) f(x) = −x3 + 3x2 − 3x+ 9, A =

(
2 −3

5 −3

)
.

30) f(x) = 5x4 − x3 + 3x− 4, A =

(
3 −1

1 2

)
.

3.4. Ðiçíi çàäà÷i. Âèêîðèñòîâóþ÷è åëåìåíòàðíi âëàñòèâîñòi ìàòðèöü, çíàéäiòü
âiäïîâiäi íà òàêi ïèòàííÿ:

1) Çà ÿêî¨ óìîâè íà ìàòðèöi A òà B áóäå ìàòè ìiñöå ðiâíiñòü

(A+B)2 = A2 + 2AB +B2 ?

2) Çíàéäiòü óñi ìàòðèöi B, ùî êîìóòóþòü ç ìàòðèöåþ A =

(
4 2

−3 5

)
,

òîáòî AB = BA.

3) Çíàéäiòü óñi ìàòðèöi X, ùî çàäîâîëüíÿþòü ðiâíÿííÿ(
1 2

3 6

)
·X =

(
10 11

30 33

)
.

4) Çíàéäiòü óñi ìàòðèöi ïîðÿäêó 2, äëÿ ÿêèõ trA = tr(E − A).
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5) Çíàéäiòü óñi ìàòðèöi X, ùî çàäîâîëüíÿþòü ðiâíÿííÿ(
3 2

6 4

)
·X =

(
1 12

2 24

)
.

6) Çíàéäiòü óñi ìàòðèöi B, ùî êîìóòóþòü ç ìàòðèöåþ A =

(
1 7

−4 0

)
,

òîáòî AB = BA.

7) Çíàéäiòü óñi ìàòðèöi X, ùî çàäîâîëüíÿþòü ðiâíÿííÿ(
1 1

2 2

)
·X =

(
1 12

2 24

)
.

8) Íàâåäiòü ïðèêëàä ìàòðèöi ïîðÿäêó 2, ÿêà âiäìiííà âiä E i O, äëÿ

ÿêî¨ A2 = A.

9) Çíàéäiòü óñi ìàòðèöi X, ùî çàäîâîëüíÿþòü ðiâíÿííÿ(
3 6

4 8

)
·X =

(
12 −21

16 −28

)
.

10) Çà ÿêî¨ óìîâè íà A òà B ìà¹ ìiñöå (AB)T = ATBT .

11) Çíàéäiòü óñi ìàòðèöi X, ùî çàäîâîëüíÿþòü ðiâíÿííþ

X ·

(
2 5

4 10

)
=

(
4 10

18 45

)
.

12) Äîâåäiòü, ùî trAB = trBA.

13) Çíàéäiòü óñi ìàòðèöi B, ùî êîìóòóþòü ç ìàòðèöåþ A =

(
6 −3

5 2

)
,

òîáòî AB = BA.

14) Íàâåäiòü ïðèêëàä ìàòðèöi ïîðÿäêó 2, ÿêà âiäìiííà âiä E i O òà

çàäîâîëüíÿ¹ óìîâó AAT = E.

15) Çíàéäiòü óñi ìàòðèöi X, ùî çàäîâîëüíÿþòü ðiâíÿííÿ

X ·

(
4 8

2 4

)
=

(
28 56

4 8

)
.

20



16) Çíàéäiòü óñi ìàòðèöi B, ùî êîìóòóþòü ç ìàòðèöåþ A =

(
0 1

−1 5

)
,

òîáòî AB = BA.

17) Çà ÿêî¨ óìîâè íà ìàòðèöi A òà B ìà¹ ìiñöå ðiâíiñòü

(A+B)(A−B) = A2 −B2.

18) Âiäîìî, ùî íàâiòü äëÿ êâàäðàòíèõ ìàòðèöüAB íå îáîâ'ÿçêîâî äîðiâíþ¹

BA. Ïîÿñíiòü, ÷îìó êâàäðàòíi ìàòðèöi A òà A3 êîìóòóþòü.

19) Çíàéäiòü óñi ìàòðèöi X, ùî çàäîâîëüíÿþòü ðiâíÿííþ

X ·

(
2 5

6 15

)
=

(
−4 −10

18 45

)
.

20) Çíàéäiòü óñi ìàòðèöi B, ùî êîìóòóþòü ç ìàòðèöåþ A =

(
4 2

10 5

)
,

òîáòî AB = BA.

21) Çíàéòè óñi ìàòðèöi ïîðÿäêó 2, äëÿ ÿêèõ A2 = E.

22) Çíàéäiòü óñi ìàòðèöi B, ùî êîìóòóþòü ç ìàòðèöåþ A =

(
5 3

4 −2

)
,

òîáòî AB = BA.

23) Çíàéäiòü óñi ìàòðèöi X, ùî çàäîâîëüíÿþòü ðiâíÿííÿ(
2 −4

−7 14

)
·X =

(
−10 −12

35 42

)
.

24) Íàâåäiòü ïðèêëàä ìàòðèöi ïîðÿäêó 2, ùî íå ¹ îäèíè÷íîþ àáî íóëüîâîþ

äëÿ ÿêî¨ A3 = A.

25) Çà ÿêî¨ óìîâè íà åëåìåíòè ìàòðèöi A ìà¹ ìiñöå ðiâíiñòü AT = A.

26) Çíàéäiòü óñi ìàòðèöi B, ùî êîìóòóþòü ç ìàòðèöåþ A =

(
3 2

−3 0

)
,

òîáòî AB = BA.
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27) Çíàéäiòü óñi ìàòðèöi X, ùî çàäîâîëüíÿþòü ðiâíÿííÿþ(
3 −1

12 4

)
·X =

(
−1 2

4 −8

)
.

28) Íàâåäiòü ïðèêëàä ìàòðèöü ïîðÿäêó 2 × 3, ùî íå ¹ íóëüîâèìè, àëå

äëÿ ÿêèõ AB = 0.

29) Íàâåäiòü ïðèêëàä êîìóòóþ÷èõ ìàòðèöü ïîðÿäêó 3, ùî íå ¹ íóëüîâèìè

àáî îäèíè÷íèìè ìàòðèöÿìè.

30) Çíàéäiòü óñi ìàòðèöi B, ùî êîìóòóþòü ç ìàòðèöåþ A =

0 1 0

0 0 1

1 0 0


4. Âèçíà÷íèêè

4.1. Îá÷èñëåííÿ âèçíà÷íèêiâ. Îá÷èñëiòü âèçíà÷íèêè ÷åòâåðòîãî ïîðÿäêó:

1)

∣∣∣∣∣∣∣∣∣∣
3 2 1 3

1 3 0 4

0 −2 2 1

2 4 0 5

∣∣∣∣∣∣∣∣∣∣
;

2)

∣∣∣∣∣∣∣∣∣∣
−2 3 2 −1

3 0 1 2

1 2 0 1

5 0 7 −3

∣∣∣∣∣∣∣∣∣∣
;

3)

∣∣∣∣∣∣∣∣∣∣
7 1 2 1

−3 2 −1 4

4 0 0 3

2 1 2 0

∣∣∣∣∣∣∣∣∣∣
;

4)

∣∣∣∣∣∣∣∣∣∣
2 3 0 −2

−1 2 1 4

5 0 −2 3

1 1 0 1

∣∣∣∣∣∣∣∣∣∣
;

5)

∣∣∣∣∣∣∣∣∣∣
4 2 −2 3

2 1 0 3

0 2 4 −2

3 1 0 5

∣∣∣∣∣∣∣∣∣∣
;

6)

∣∣∣∣∣∣∣∣∣∣
−7 3 1 2

4 1 2 −3

2 0 4 0

0 −3 −1 5

∣∣∣∣∣∣∣∣∣∣
;

7)

∣∣∣∣∣∣∣∣∣∣
2 −2 −1 3

3 0 2 −3

0 4 1 2

1 0 −1 1

∣∣∣∣∣∣∣∣∣∣
;

8)

∣∣∣∣∣∣∣∣∣∣
3 1 2 −1

−1 2 0 5

2 0 3 0

4 −3 1 −2

∣∣∣∣∣∣∣∣∣∣
;

9)

∣∣∣∣∣∣∣∣∣∣
−2 4 3 2

−4 0 5 0

3 5 −2 3

2 1 0 −2

∣∣∣∣∣∣∣∣∣∣
;

10)

∣∣∣∣∣∣∣∣∣∣
4 1 2 −3

2 0 4 0

0 −3 −1 3

−7 3 1 2

∣∣∣∣∣∣∣∣∣∣
;

11)

∣∣∣∣∣∣∣∣∣∣
7 −3 4 2

1 2 0 1

2 −1 0 2

1 4 3 0

∣∣∣∣∣∣∣∣∣∣
;

12)

∣∣∣∣∣∣∣∣∣∣
3 1 0 2

2 3 −2 4

1 0 2 0

3 4 1 5

∣∣∣∣∣∣∣∣∣∣
;
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13)

∣∣∣∣∣∣∣∣∣∣
3 2 3 −2

1 −1 4 0

2 0 3 1

4 2 −1 0

∣∣∣∣∣∣∣∣∣∣
;

14)

∣∣∣∣∣∣∣∣∣∣
2 −5 2 1

3 −4 1 −2

2 0 −4 0

0 −2 5 −3

∣∣∣∣∣∣∣∣∣∣
;

15)

∣∣∣∣∣∣∣∣∣∣
1 0 3 4

2 −3 0 1

0 1 9 5

3 −4 0 2

∣∣∣∣∣∣∣∣∣∣
;

16)

∣∣∣∣∣∣∣∣∣∣
6 −3 3 3

4 −1 6 8

0 2 −2 0

3 1 1 3

∣∣∣∣∣∣∣∣∣∣
;

17)

∣∣∣∣∣∣∣∣∣∣
3 1 3 −2

−2 2 0 3

1 0 2 −1

2 −1 0 4

∣∣∣∣∣∣∣∣∣∣
;

18)

∣∣∣∣∣∣∣∣∣∣
2 1 −2 1

−2 0 4 0

3 3 −2 5

4 2 0 3

∣∣∣∣∣∣∣∣∣∣
.

19)

∣∣∣∣∣∣∣∣∣∣
1 0 3 2

2 −3 0 1

0 1 9 5

3 −4 0 2

∣∣∣∣∣∣∣∣∣∣
;

20)

∣∣∣∣∣∣∣∣∣∣
1 0 3 2

2 −3 0 1

0 1 7 1

3 −4 0 2

∣∣∣∣∣∣∣∣∣∣
;

21)

∣∣∣∣∣∣∣∣∣∣
1 0 3 2

2 −3 0 1

0 1 7 5

3 −4 0 2

∣∣∣∣∣∣∣∣∣∣
;

22)

∣∣∣∣∣∣∣∣∣∣
1 0 3 3

2 −3 0 1

0 1 7 1

3 −4 0 2

∣∣∣∣∣∣∣∣∣∣
;

23)

∣∣∣∣∣∣∣∣∣∣
1 0 3 3

2 −3 0 1

0 1 7 1

3 −4 1 2

∣∣∣∣∣∣∣∣∣∣
;

24)

∣∣∣∣∣∣∣∣∣∣
1 0 3 3

2 −3 0 1

0 1 7 1

3 −4 1 5

∣∣∣∣∣∣∣∣∣∣
;

25)

∣∣∣∣∣∣∣∣∣∣
3 1 0 2

2 3 −2 4

1 0 2 0

3 4 1 3

∣∣∣∣∣∣∣∣∣∣
;

26)

∣∣∣∣∣∣∣∣∣∣
3 1 0 2

2 3 −2 4

1 0 2 1

3 4 1 3

∣∣∣∣∣∣∣∣∣∣
;

27)

∣∣∣∣∣∣∣∣∣∣
3 1 0 2

2 3 −2 4

1 0 2 1

3 2 1 3

∣∣∣∣∣∣∣∣∣∣
;

28)

∣∣∣∣∣∣∣∣∣∣
1 1 0 2

2 3 −2 4

1 0 2 1

3 2 1 3

∣∣∣∣∣∣∣∣∣∣
;

29)

∣∣∣∣∣∣∣∣∣∣
1 1 0 2

2 3 −2 3

1 0 2 1

3 2 1 3

∣∣∣∣∣∣∣∣∣∣
;

30)

∣∣∣∣∣∣∣∣∣∣
1 1 0 2

2 3 −2 3

1 0 2 1

3 2 1 −1

∣∣∣∣∣∣∣∣∣∣
;
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4.2. Ðiâíÿííÿ òà íåðiâíîñòi iç âèçíà÷íèêàìè. Ðîçâ'ÿæiòü ðiâíÿííÿ

àáî íåðiâíiñòü:

1)

∣∣∣∣∣3x− 1 1

x+ 1 x

∣∣∣∣∣ = 0;

2)

∣∣∣∣∣1− x 4

2− x x

∣∣∣∣∣ ≤ −4;

3)

∣∣∣∣∣2 + 3x x+ 6

2 x

∣∣∣∣∣ > 0;

4)

∣∣∣∣∣2x2 − 3 x+ 2

x 1

∣∣∣∣∣ = 0;

5)

∣∣∣∣∣x+ 1 4x

2 x− 3

∣∣∣∣∣ ≥ 8;

6)

∣∣∣∣∣2x− 1 x− 2

3 x

∣∣∣∣∣ ≤ 12;

7)

∣∣∣∣∣x+ 1 2x

3 x− 2

∣∣∣∣∣ < 12− 2x;

8)

∣∣∣∣∣x+ 3 x

9 2x− 1

∣∣∣∣∣ < 3;

9)

∣∣∣∣∣2x+ 3 x− 1

4 x

∣∣∣∣∣ < 7;

10)

∣∣∣∣∣x+ 3 x− 1

4 2x

∣∣∣∣∣ ≤ 16;

11)

∣∣∣∣∣2x− 1 9

x x+ 3

∣∣∣∣∣ > −3;

12)

∣∣∣∣∣x+ 5 x

2 x− 1

∣∣∣∣∣ ≥ −2;

13)

∣∣∣∣∣2x− 3 x+ 1

4 3

∣∣∣∣∣ < x2 − 16;

14)

∣∣∣∣∣x− 1 2x

x+ 2 x+ 3

∣∣∣∣∣ ≤ −3;

15)

∣∣∣∣∣3x− 2 4x

2 x+ 1

∣∣∣∣∣ > −6;

16)

∣∣∣∣∣x2 + 1 x+ 2

1− x −2

∣∣∣∣∣ < −4;

17)

∣∣∣∣∣x− x2 3x

−5 2

∣∣∣∣∣ ≥ 13x;

18)

∣∣∣∣∣ x 4

x− 2 x+ 3

∣∣∣∣∣ ≤ 8− 7x;

19)

∣∣∣∣∣ 6 9

2x− 3 x2 + 3

∣∣∣∣∣ < 69;

20)

∣∣∣∣∣1− x 3x

2 2x− 1

∣∣∣∣∣ < −6;

21)

∣∣∣∣∣x− 2 x+ 1

3 x

∣∣∣∣∣ < 3;

22)

∣∣∣∣∣2x x+ 3

5 −1

∣∣∣∣∣ < x2 − 9;

23)

∣∣∣∣∣ 7 −3

4x2 2x− 1

∣∣∣∣∣ < 11x2 − 40;

24)

∣∣∣∣∣5x+ 1 3x

2− x x

∣∣∣∣∣ > 9x2;
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25)

∣∣∣∣∣2x+ 1 4

2 + x 1− 3x

∣∣∣∣∣ > −16− 6x2;

26)

∣∣∣∣∣ 3x 2 + x

x− 4 −x

∣∣∣∣∣ = −2x;

27)

∣∣∣∣∣3x+ 1 x− 2

5− x 2

∣∣∣∣∣ > 24;

28)

∣∣∣∣∣4x− 1 x+ 1

3 x

∣∣∣∣∣ = 5;

29)

∣∣∣∣∣2x+ 5 3x

−2 x− 1

∣∣∣∣∣ < x− 5;

30)

∣∣∣∣∣x+ 3 3

1− x 2x− 1

∣∣∣∣∣ > 4.

5. Îáåðíåíà ìàòðèöÿ

5.1. Çíàõîäæåííÿ îáåðíåíî¨ ìàòðèöi. Îá÷èñëiòü îáåðíåíó ìàòðèöþ

A−1 äëÿ íàâåäåíèõ ìàòðèöü A. Ðåçóëüòàò ïåðåâiðòå A · A−1 = E.

1)

−1 0 3

6 3 −1

3 −2 −3

 ;

2)

7 −1 7

2 3 0

3 2 −1

 ;

3)

 3 2 1

−4 0 2

1 −5 −6

 ;

4)

4 2 −3

1 −1 3

0 −2 2

 ;

5)

 5 2 1

0 −4 2

−2 1 1

 ;

6)

−1 −2 −2

3 3 1

2 0 −3

 ;

7)

 3 0 −1

2 5 2

−1 2 7

 ;

8)

3 0 3

4 5 −2

1 1 4

 ;

9)

4 0 3

4 5 −2

1 1 4

 ;

10)

2 5 7

6 3 0

5 −2 −3

 ;

11)

6 3 0

2 5 4

1 −3 −1

 ;

12)

4 −5 2

0 4 1

1 −1 3

 ;

13)

 2 1 4

−1 2 1

0 −1 −5

 ;

14)

−1 0 2

4 3 9

−2 −6 1

 ;

15)

 5 2 1

−1 3 0

2 −1 −4

 ;
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16)

10 5 1

−3 0 2

−1 −6 1

 ;

17)

0 −2 2

3 1 4

2 −3 5

 ;

18)

−1 1 −3

2 3 4

−1 6 0

 ;

19)

 3 −1 1

2 1 3

−4 0 −2

 ;

20)

1 0 −1

3 1 2

2 −3 4

 ;

21)

 3 1 0

−1 −7 3

2 3 −1

 ;

22)

0 −3 1

1 2 2

2 −1 −5

 ;

23)

2 5 7

6 3 4

5 −2 −3

 ;

24)

2 7 3

3 0 4

1 5 3

 ;

25)

1 0 5

1 2 0

3 0 −1

 ;

26)

1 0 5

2 2 0

3 0 −1

 ;

27)

1 0 5

3 2 0

3 0 −1

 ;

28)

1 0 5

4 2 0

3 0 −1

 ;

29)

1 0 5

5 2 0

3 0 −1

 ;

30)

1 0 5

6 2 0

3 0 −1

 .

5.2. Ëiíiéíi ìàòðè÷íi ðiâíÿííÿ. Ðîçâ'ÿæiòü ðiâíÿííÿ:

1)

(
1 2

3 4

)
·X ·

(
−1 0

2 1

)
=

(
7 5

13 9

)
;

2)

(
−1 3

2 4

)
·X ·

(
−2 1

2 1

)
=

(
1 5

−3 2

)
;

3)

(
0 2

−3 5

)
·X ·

(
2 −1

−4 3

)
=

(
0 2

11 4

)
;

4)

(
−3 1

4 −2

)
·X ·

(
7 5

3 2

)
=

(
−2 1

3 −5

)
;

5)

(
10 9

2 2

)
·X ·

(
0 2

3 4

)
=

(
13 9

7 5

)
;
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6)

(
3 4

−2 −1

)
·X ·

(
2 1

−3 −2

)
=

(
3 4

−2 −1

)
;

7)

(
5 7

−1 −2

)
·X ·

(
2 1

4 5

)
=

(
−1 −5

7 2

)
;

8)

(
−3 −3

2 4

)
·X ·

(
1 −1

−5 7

)
=

(
1 −2

3 0

)
;

9)

(
−1 0

3 4

)
·X ·

(
1 −2

2 1

)
=

(
5 3

1 2

)
;

10)

(
−3 −5

2 3

)
·X ·

(
1 2

−3 −3

)
=

(
0 −7

2 3

)
;

11)

(
2 −3

3 −4

)
·X ·

(
1 −2

−3 1

)
=

(
2 −3

−1 −2

)
;

12)

(
−7 1

2 0

)
·X ·

(
3 2

−1 1

)
=

(
1 2

3 −1

)
;

13)

(
3 −2

−3 1

)
·X ·

(
4 2

−1 −3

)
=

(
0 −2

4 1

)
;

14)

(
7 4

2 1

)
·X ·

(
−5 0

3 −1

)
=

(
8 1

10 −2

)
;

15)

(
6 3

4 1

)
·X ·

(
2 0

−1 1

)
=

(
2 3

−1 2

)
;

16)

(
−5 3

−1 2

)
·X ·

(
4 1

−1 1

)
=

(
0 −1

3 4

)
;

17)

(
3 −2

−4 4

)
·X ·

(
1 1

5 2

)
=

(
3 −1

3 2

)
;

18)

(
−4 −2

1 2

)
·X ·

(
3 1

1 −1

)
=

(
0 2

1 5

)
;
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19)

(
0 1

−2 7

)
·X ·

(
3 1

−2 −1

)
=

(
6 6

2 1

)
;

20)

(
−4 3

−2 1

)
·X ·

(
5 −3

3 −2

)
=

(
4 −5

1 3

)
;

21)

(
2 1

−3 4

)
·X ·

(
7 5

0 −1

)
=

(
2 −1

3 −3

)
;

22)

(
5 0

−7 1

)
·X ·

(
4 −1

−2 3

)
=

(
1 3

−2 1

)
;

23)

(
−1 3

−3 7

)
·X ·

(
2 4

−1 −3

)
=

(
6 0

−2 1

)
;

24)

(
6 6

2 1

)
·X ·

(
−4 3

1 0

)
=

(
8 −2

1 −1

)
;

25)

(
−1 4

2 −9

)
·X ·

(
4 1

3 −1

)
=

(
2 −2

−3 1

)
;

26)

(
−7 1

−1 0

)
·X ·

(
3 4

−2 −1

)
=

(
1 −3

2 3

)
;

27)

(
−2 2

−3 4

)
·X ·

(
−3 0

1 3

)
=

(
1 −5

0 2

)
;

28)

(
5 −2

2 0

)
·X ·

(
4 1

−3 −1

)
=

(
3 2

−3 1

)
;

29)

(
−5 −2

2 3

)
·X ·

(
2 1

−2 1

)
=

(
1 −2

−3 4

)
;

30)

(
7 8

0 −1

)
·X ·

(
−4 −2

−2 1

)
=

(
1 4

1 3

)
.
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5.3. Çíàõîäæåííÿ îáåðíåíî¨ ìàòðèöi çà äîïîìîãîþ åëåìåíòàðíèõ
ïåðåòâîðåíü. Âèêîðèñòîâóþ÷è ìåòîä åëåìåíòàðíèõ ïåðåòâîðåíü ðÿäêiâ,
çíàéäiòü äëÿ äàíî¨ ìàòðèöi îáåðíåíó:

1)


3 2 1 3

1 3 0 4

0 −2 2 1

2 4 0 5

 ;

2)


2 3 0 −2

−1 2 1 4

5 0 −2 3

1 1 0 1

 ;

3)


4 2 −2 3

2 1 0 3

0 2 4 −2

3 1 0 5

 ;

4)


1 1 0 2

2 3 −2 4

1 0 2 1

3 2 1 3

 ;

5)


1 1 0 2

2 3 −2 3

1 0 2 1

3 2 1 3

 ;

6)


3 1 0 2

2 3 −2 4

1 0 2 0

3 4 1 5

 ;

7)


1 0 3 3

2 −3 0 1

0 1 7 1

3 −4 0 2

 ;

8)


1 0 3 3

2 −3 0 1

0 1 7 1

3 −4 1 2

 ;

9)


2 −5 2 1

3 −4 1 −2

2 0 −4 0

0 −2 5 −3

 ;

10)


1 1 0 2

2 3 −2 3

1 0 2 1

3 2 1 −1

 ;

11)


1 0 3 4

2 −3 0 1

0 1 9 5

3 −4 0 2

 ;

12)


1 3 0 4

3 2 1 3

0 −2 2 1

2 4 0 5

 ;

13)


2 3 0 −2

5 0 −2 3

−1 2 1 4

1 1 0 1

 ;

14)


4 2 −2 3

2 1 0 3

3 1 0 5

0 2 4 −2

 ;

15)


1 1 0 2

2 3 −2 4

3 2 1 3

1 0 2 1

 ;

16)


1 1 0 2

1 0 2 1

2 3 −2 3

3 2 1 3

 ;

17)


3 1 0 2

1 0 2 0

2 3 −2 4

3 4 1 5

 ;

18)


2 −3 0 1

1 0 3 3

0 1 7 1

3 −4 0 2

 ;
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19)


1 0 3 3

3 −4 1 2

0 1 7 1

2 −3 0 1

 ;

20)


3 −4 1 −2

2 −5 2 1

2 0 −4 0

0 −2 5 −3

 ;

21)


2 3 −2 3

1 1 0 2

1 0 2 1

3 2 1 −1

 ;

22)


0 1 9 5

1 0 3 4

2 −3 0 1

3 −4 0 2

 ;

23)


3 1 2 3

1 0 3 4

0 2 −2 1

2 0 4 5

 ;

24)


−2 3 0 2

4 2 1 −1

3 0 −2 5

1 1 0 1

 ;

25)


−2 2 4 3

0 1 2 3

4 2 0 −2

0 1 3 5

 ;

26)


1 2 0 1

2 4 −2 3

1 1 2 0

3 3 1 2

 ;

27)


0 1 1 2

−2 3 2 3

2 0 1 1

1 2 3 3

 ;

28)


3 2 0 1

2 4 −2 3

1 0 2 0

3 5 1 4

 ;

29)


1 3 0 3

2 0 −3 1

0 7 1 1

3 0 −4 2

 ;

30)


1 3 3 0

2 1 0 −3

0 1 7 1

3 2 1 −4

 .

6. Ðàíã òà äåôåêò ìàòðèöi

6.1. Çíàõîäæåííÿ áàçèñíèõ ìiíîðiâ ìàòðèöi. Ìåòîäîì îáðàìëÿþ÷èõ

ìiíîðiâ äëÿ äàíî¨ ìàòðèöi çíàéäiòü ÿêèé�íåáóäü áàçèñíèé ìiíîð òà âèçíà÷òå

ðàíã i äåôåêò ìàòðèöi:

1)


1 2 1 3 −1

1 2 −3 4 1

3 6 −1 10 −1

−1 −2 −5 −2 3

 ;

2)


−1 2 1 2 4

5 0 −2 3 −2

3 4 0 7 6

1 8 2 11 12

 ;

3)


3 4 2 −2 3

2 1 0 3 −1

0 2 4 −2 3

−1 2 2 −8 1

 ;

4)


0 1 1 0 2

2 2 3 −2 4

1 1 2 1 −1

4 4 7 0 2

 ;
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5)


1 0 −1 0 2

2 1 3 −2 3

1 1 4 −2 1

4 3 11 −6 5

 ;

6)


−3 −1 1 0 2

2 3 −2 4 −1

1 0 2 0 4

0 −2 −1 −4 −5

 ;

7)


1 1 3 0 4

2 3 2 1 3

0 1 −4 1 −5

2 1 −6 −1 13

 ;

8)


−1 1 3 0 2

1 −1 −2 1 2

3 −2 0 1 3

4 −3 −2 2 5

 ;

9)


1 −2 −1 1

0 1 2 −3

1 0 3 −5

3 −4 1 −3

5 −4 7 −13

 ;

10)


0 0 1 0 2

1 0 2 −1 1

1 2 −3 5 0

3 2 1 3 2

 ;

11)


6 7 1 9 2

1 0 2 0 1

2 3 −2 4 −2

3 4 1 5 3

 ;

12)


2 3 1 2

1 1 −3 0

0 1 7 2

3 4 0 −2

 ;

13)


−1 0 2 2

−1 −4 1 2

0 1 2 −1

2 4 −3 −4

 ;

14)


1 −2 3 2

0 −1 3 1

2 −5 9 5

−3 8 −15 −8

 ;

15)


0 1 2 −2 1

1 1 0 3 1

2 3 0 −1 5

1 1 −2 −2 3

 ;

16)


1 0 3 3

2 −3 0 1

0 0 −5 1

0 1 7 1

3 −4 1 2

 ;

17)


3 −1 3 2 5

5 −3 2 3 4

1 −3 −5 0 −7

7 −5 1 4 1

 ;

18)


1 1 1 2 −1

0 2 −3 0 1

2 −1 2 −1 0

3 2 0 1 0

 ;
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19)


3 1 2 3

1 0 3 4

0 2 −2 1

2 0 4 5

 ;

20)


−2 3 0 2

4 2 1 −1

3 0 −2 5

1 1 0 1

 ;

21)


−2 2 4 3

0 1 2 3

4 2 0 −2

0 1 3 5

 ;

22)


1 2 0 1

2 4 −2 3

1 1 2 0

3 3 1 2

 ;

23)


0 1 1 2

−2 3 2 3

2 0 1 1

1 2 3 3

 ;

24)


3 2 0 1

2 4 −2 3

1 0 2 0

3 5 1 4

 ;

25)


1 3 0 3

2 0 −3 1

0 7 1 1

3 0 −4 2

 ;

26)


1 3 5 −1

2 −1 −3 4

5 1 −1 7

7 7 9 1

 ;

27)


2 −1 3 −1

1 −2 1 −2

2 1 −2 2

5 −2 2 −1

−3 1 1 0

 ;

28)


1 −5 2 2

−2 −4 1 3

0 0 −4 2

−3 −2 5 0

 ;

29)


2 1 3 1

−2 −1 3 1

−1 −2 5 2

4 2 1 0

1 −1 2 1

 ;

30)

2 −1 3 −2 4

4 −2 5 1 7

2 −1 1 8 2

 .
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6.2. Îá÷èñëåííÿ ðàíãó òà äåôåêòó ìàòðèöi çà äîïîìîãîþ åêâiâàëåíòíèõ
ïåðåòâîðåíü. Âèêîðèñòîâóþ÷è åëåìåíòàðíi ïåðåòâîðåííÿ ðÿäêiâ àáî ñòîâï÷èêiâ
çíàéäiòü ðàíã òà äåôåêò ìàòðèöi:

1)


1 1 3 0 4

2 3 2 1 3

0 1 −4 1 −5

2 1 −6 −1 13

 ;

2)


2 −1 3 −2 4

4 −2 4 3 7

2 −1 1 8 −3

4 −2 4 5 4

 ;

3)


6 −2 2 3

2 4 −4 3

4 1 −1 3

2 −3 3 0

 ;

4)


2 3 1 2 −3

1 1 −3 0 1

0 1 7 2 −5

3 4 −2 2 −2

 ;

5)


1 −1 −1 1

0 −1 2 3

1 0 3 −5

3 −4 1 −3

5 −4 7 13

 ;

6)


2 −1 3 −2 4

4 −2 5 1 7

2 −1 1 8 2

0 1 −6 −1 13

 ;

7)


2 1 −1 −1 2

4 −1 1 −1 2

3 0 0 −1 2

1 −1 1 0 0

 ;

8)


5 2 −5 3

2 −1 −3 7

1 −1 2 3

−8 0 6 13

 ;

9)


2 1 2 −1 1

1 3 0 −1 1

4 7 2 −3 3

0 5 −2 −1 1

 ;

10)


0 1 2 −2 1

1 1 0 3 1

2 3 2 4 3

5 7 4 11 7

 ;

11)


2 −1 3 −1

1 −2 1 −2

2 1 −2 2

5 −2 2 −1

−3 1 1 0

 ;

12)


7 1 4 2

−2 3 −2 3

−6 2 −6 1

0 8 4 10

 ;
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13)


1 2 1 3 −1

1 2 −3 4 1

3 6 −1 10 −1

−1 −2 −5 −2 3

 ;

14)


2 1 3 1

1 1 4 4

0 2 −2 1

2 4 6 9

 ;

15)


0 1 2 3

4 5 6 7

5 7 8 11

1 1 0 1

 ;

16)


−4 3 1 2

3 2 1 5

2 10 4 14

−14 2 0 −6

 ;

17)


3 3 1 2

2 4 −2 −3

8 10 0 1

3 3 1 2

 ;

18)


7 1 4 2

−2 3 −2 3

−9 2 −6 1

10 8 4 10

 ;

19)


6 −2 2 3

2 4 −4 3

4 1 −1 3

2 −3 3 0

 ;

20)


5 1 −2 4

3 5 2 1

1 9 6 −2

2 −4 −4 3

 ;

21)


1 −2 −1 1

0 1 2 −3

1 0 3 −5

3 −4 1 −3

5 −4 7 −13

 ;

22)


−1 1 3 0 2

1 −1 −2 1 2

3 −2 0 1 3

4 −3 −2 2 5

 ;

23)


0 0 1 0 2

1 0 2 −1 1

1 2 −3 5 0

3 2 1 3 2

 ;

24)


6 7 1 9 2

1 0 2 0 1

2 3 −2 4 −2

3 4 1 5 3

 ;

25)


5 2 −5 3

2 −1 −3 7

1 −1 2 3

−8 0 6 13

 ;

26)


4 −1 −2 −2

−2 −4 1 5

2 0 −1 2

0 −4 0 7

 ;
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27)


0 1 3 9

1 −1 7 10

−1 3 −1 8

1 −2 4 1

 ;

28)


5 2 −3 1

0 −3 6 5

3 1 8 4

3 4 2 −1

 ;

29)


3 −2 10 5

6 −6 10 7

0 −2 −10 −3

5 −7 0 3

3 −4 0 2

 ;

30)


1 2 0 6 3

0 −3 1 −6 −4

3 0 7 10 0

3 1 1 7 2

 .

7. Ñèñòåìè ëiíiéíèõ ðiâíÿíü

7.1. Ôîðìóëè Êðàìåðà, ìàòðè÷íèé ìåòîä, ìåòîä �àóñà. Ðîçâ'ÿçàòè
ñèñòåìó ëiíiéíèõ ðiâíÿíü çà ôîðìóëàìè Êðàìåðà, ìåòîäîì �àóñà òà ìàòðè÷íèì

ìåòîäîì:

1)


x1 + 2x2 + 4x3 = 8,

−2x1 + 3x2 = 13,

x1 + 4x2 − 2x3 = 8.

2)


2x1 + 2x2 + 3x3 = 10,

−3x1 + 4x2 + 5x3 = −3,

x1 − 2x2 − 2x3 = 1.

3)


2x1 + 3x2 + x3 = −5,

3x1 − 4x2 − 5x3 = 5

2x1 + 2x2 + 3x3 = 2.

4)


2x1 − 2x2 + 3x3 = 1,

3x1 − 5x2 + 4x3 = 5,

4x1 + 2x2 + 15x3 = −1.

5)


3x1 + 2x2 − x3 = −4,

4x1 − 3x2 − 4x3 = −14,

−2x1 + x2 + 3x3 = 5.

6)


2x1 − 3x2 + 3x3 = −1,

7x1 + 3x2 − 2x3 = 7,

4x1 + x2 + 3x3 = −7.

7)


3x1 + x2 − x3 = −1,

2x1 − 3x2 − 3x3 = 1,

−3x1 + 2x2 + 2x3 = −4.

8)


2x1 + 3x2 + 2x3 = −8,

3x1 + 3x2 + 2x3 = −5,

4x1 + x2 + 2x3 = 2.
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9)


2x1 + 3x2 + 4x3 = 6,

x1 + 2x2 + x3 = 7,

5x1 + x2 + x3 = 7.

10)


x1 + 2x2 − x3 = 11,

2x1 − x2 − 3x3 = 4,

7x1 − 2x2 + x3 = −3.

11)


x1 − 3x2 + 2x3 = −15,

2x1 + 5x2 − x3 = 24,

5x1 − 2x2 + x3 = −5.

12)


2x1 + 3x2 − x3 = 16,

3x1 − 5x2 − 5x3 = −7,

−5x1 + 2x2 + 3x3 = −3.

13)


x1 − 3x2 + 2x3 = 10,

2x1 + 5x2 − x3 = −1,

2x1 − 2x2 + 9x3 = −10.

14)


−2x1 + x2 + 3x3 = 13,

3x1 + 2x2 + 4x3 = −4,

2x1 + x2 + 5x3 = −1.

15)


2x1 + 2x2 + 5x3 = −5,

−3x1 − x2 + 2x3 = 13,

x1 + 2x2 + x3 = −6.

16)


3x1 + 4x2 + 2x3 = −3,

−2x1 + 3x2 + 2x3 = −2,

−2x2 + 2x3 = −6.

17)


−2x1 − 5x2 + x3 = 12,

2x1 + 4x2 + 3x3 = 6,

3x1 + x2 + x3 = 5.

18)


5x1 + x2 + x3 = 7,

3x1 − 3x2 − x3 = 5,

2x1 + 6x2 + 3x3 = 2.

19)


x1 + 3x2 − 3x3 = 4,

7x1 + 3x2 − 3x3 = 10,

4x1 − x2 + 2x3 = 0.

20)


2x1 − x2 + 8x3 = −20,

−x1 + 3x2 − 4x3 = 5,

3x1 − x2 + 3x3 = −4.

21)


2x1 + 3x2 − 4x3 = 8,

3x1 + x2 + 3x3 = −8,

x1 + x2 + 6x3 = −19.

22)


−3x1 + 2x2 − 3x3 = 2,

−2x1 + x2 − 3x3 = 5,

5x1 − x2 + 3x3 = −2.

23)


x1 + 2x2 + 4x3 = 8,

2x1 + x2 − 2x3 = −3,

3x1 − x2 + x3 = −8.

24)


2x1 − 7x2 + 3x3 = −7,

3x1 + 5x2 + 6x3 = 2,

x1 − 3x2 + 2x3 = −4.
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25)


−x1 − x2 + 5x3 = −14,

4x1 + 2x2 + 23 = 10,

5x1 − 3x2 + x3 = 10.

26)


−2x1 + 7x2 − 2x3 = 5,

2x1 + 5x3 = −4,

−x1 + 4x2 − 3x3 = 7.

27)


3x1 − 2x2 + 3x3 = 1,

x1 + x2 − x3 = 6,

2x1 − 4x2 − x3 = 4.

28)


−x1 + 2x2 + 2x3 = 10,

3x1 + x2 + 4x3 = −6,

3x1 + 8x2 − 4x3 = 0.

29)


x1 + 6x2 + 2x3 = −13,

−2x1 + 3x2 + 5x3 = 5,

4x1 − 3x2 + 7x3 = 1.

30)


3x1 + 7x2 + 3x3 = 2,

2x1 + x2 − x3 = −3,

−2x1 − 3x2 + 4x3 = −4.

7.2. Ìåòîä �àóñà. Ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ íåîäíîðiäíèõ ðiâíÿíü ìåòîäîì
�àóñà:

1)



x1 − x2 − x4 + 2x5 = 6,

x1 + x2 − x3 − 3x4 + 4x5 = 4,

6x1 + 2x2 − x3 − 2x4 − x5 = −1,

4x1 + 3x2 − x3 − 2x4 + 2x5 = 3.

2)



3x1 − 2x2 + x3 + 4x4 − x5 = 2,

3x1 + 3x2 − 2x3 − 3x5 = −2,

2x1 + x2 + x3 − 4x4 + 3x5 = 1,

−3x2 + 2x3 + 3x4 + x5 = 2.

3)



x1 − 2x2 + 3x3 + x4 − x5 = 2,

−x1 + 3x2 − x3 + 3x4 = −2,

x1 + x2 − 2x3 − x4 + x5 = −2,

3x1 − 2x3 + 3x4 + 2x5 = 0.

4)



2x1 − x2 + 2x3 − 3x4 + x5 = 1,

3x1 − 2x2 + x3 + x4 + x5 = 0,

−x1 + x2 + 3x3 + 5x4 + 2x5 = 0,

2x1 + 3x2 + 4x3 + x4 + x5 = −4.

5)



2x1 − 3x2 + x3 − 4x4 + 5x5 = 11,

x1 + 2x2 + 3x3 − x4 − 2x5 = −4,

3x1 − x2 + 2x3 − x4 = 2,

−2x1 + 3x2 + x3 − 5x4 + x5 = −1.

6)



x1 + x2 + 2x3 − 4x4 − x5 = 0,

2x1 − 2x2 + 2x3 + 4x4 + 2x5 = 3,

x1 + x2 + x3 + 4x4 − x5 = 1,

2x1 − 3x2 + x3 − x4 − 3x5 = 2.

7)



x1 + 3x2 + x3 + x4 − x5 = 6,

x1 − x2 − x3 − 2x4 + x5 = −3,

−x1 + 2x2 + x3 + x4 + x5 = 6,

3x1 − x2 − 3x3 + x4 − x5 = 2.

8)



x1 + x2 + 3x3 + x5 = 6,

x1 − 2x2 + x3 − x4 + 3x5 = −2,

6x2 + 2x3 + 3x4 + x5 = 4,

2x1 − x2 + x3 − x4 − 2x5 = 5.
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9)



2x1 + 3x2 − x3 + x4 + x5 = 10,

−x1 − x2 + 4x3 + 2x4 + x5 = 3,

x1 + x2 + x3 − x4 + 2x5 = −4,

3x1 + x2 − x3 − x4 + x5 = 1.

10)



x1 + 2x2 − 3x3 + 4x4 − x5 = 2,

5x1 + x2 + x3 + 4x4 + x5 = 1,

7x1 + 5x2 − 3x3 + 12x4 = 16,

2x1 − x2 + 2x3 + x4 + x5 = 6.

11)



x1 + 2x2 − x3 + x4 + x5 = 10,

2x1 + x2 + x3 + 2x4 = 16,

x1 + 3x2 + 4x3 − x4 + x5 = −4,

x1 + x2 + x3 + x4 + 3x5 = 6.

12)



2x1 + 2x2 + x3 + x4 − 3x5 = 2,

3x1 + 5x2 + 2x3 + x4 + x5 = 2,

8x1 + x2 − 3x3 + x4 + x5 = 0,

3x1 − 7x2 + x3 − x4 + x5 = 2.

13)



2x1 + x2 + 5x3 + x4 + x5 = 2,

4x1 − 3x2 + 2x3 + 5x4 + 3x5 = 0,

3x1 + 2x2 + 3x3 + x4 + 2x5 = −4,

2x1 + 7x2 − 2x3 + 3x4 + x5 = −14.

14)



−x1 + x2 + x3 + 2x4 − x5 = 4,

x1 − 3x2 + 4x3 − 3x4 + x5 = 20,

2x1 + 3x2 − 2x3 + 3x4 + 5x5 = 6,

3x1 − 2x2 − x3 + 4x4 + 5x5 = −3.

15)



2x1 + 3x2 + x3 − 2x4 + 5x5 = 10,

3x1 + x2 − 3x3 + 2x4 + x5 = −5,

x1 + 3x2 − 2x3 + 2x4 + 3x5 = 4,

4x1 − x2 + x3 + 5x4 + x5 = 0.

16)



2x1 − 5x2 + 2x3 + 6x4 + 2x5 = 1,

−2x1 + 3x2 − x3 + 2x4 + x5 = 5,

x1 + 5x2 − x3 + 2x4 + 3x5 = 0,

3x1 + x2 + x3 − 2x4 − 2x5 = −6.

17)



−2x1 + x2 + x3 − x4 + x5 = 2,

x1 + 6x2 − 2x3 + x4 − 3x5 = 3,

4x1 + 2x3 + 6x4 + 3x5 = 1,

x1 + 6x2 − 2x3 + x4 − 2x5 = −2.

18)



2x1 + x2 + x3 − 5x4 − x5 = 0,

x1 − x2 − 2x3 + x4 + x5 = 1,

3x1 + x2 + x3 − x4 + x5 = 12,

x1 + 3x2 − 2x3 + 2x4 − 3x5 = 15.

19)



3x1 + x2 + x3 − 3x4 + x5 = 1,

x1 + 2x2 − x3 + x4 − x5 = 3,

2x1 − x2 − 2x3 + x4 − 3x5 = 2,

4x1 − x2 + 2x3 + 3x4 + x5 = 0.

20)



4x1 − x2 + 2x3 + x4 + x5 = 4,

3x1 − x2 − x3 + x4 + x5 = 1,

−x1 + x2 + x3 − x4 + 3x5 = −4,

−3x1 + 2x2 + x4 − x5 = 0.

21)



x1 + 2x3 + 6x4 + 2x5 = 7,

−x1 − 3x2 + 2x4 + x5 = 10,

4x1 + x2 + x3 − x4 − x5 = −2,

3x1 − x2 + 2x3 + x4 + x5 = 1.

22)



x1 − x2 + 2x3 + 5x4 + x5 = 1,

x1 + 3x2 − 4x3 + x4 + x5 = 5,

−2x1 + x3 + x4 − 3x5 = 1,

3x1 + 4x2 − 2x3 + x4 + x5 = 0.
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23)



x1 + x2 − 2x3 + x4 − 3x5 = −6,

x1 + 2x2 − x3 − 3x4 − x5 = 4,

−x1 + 3x2 − x3 + x4 + x5 = 1,

2x1 − x2 − 5x3 − 4x4 + x5 = 3.

24)



−3x1 + x2 + x3 + 2x4 + 3x5 = 1,

3x1 + 2x2 + x3 + 4x4 − x5 = 0,

2x1 + x2 − 2x3 + x4 + 2x5 = −1,

x1 − 5x2 + x3 − 3x4 + x5 = 1.

25)



−2x1 + x2 + x3 + x4 − x5 = 12,

−x1 + x2 + 2x3 + 3x4 − x5 = −2,

3x1 + 2x2 − x3 + x4 − 3x5 = −3,

3x1 + x3 + 2x4 + x5 = 2.

26)



3x1 − x2 − 2x3 + x4 + x5 = 8,

2x1 + x2 + x3 − x4 − 5x5 = 10,

−x1 + 5x2 + x3 + x4 + 3x5 = −1,

2x1 − x2 + x3 − 3x4 + x5 = 11.

27)



3x1 + 2x2 + x3 + 7x4 − 3x5 = −1,

−2x1 + x2 + x3 + x4 + 2x5 = 5,

x1 − x2 − 2x3 + 3x4 + 5x5 = 0,

−x1 + x2 + 2x3 + 5x4 + x5 = 1.

28)



2x1 + 5x2 + x3 − x4 − x5 = 0,

2x1 − 3x2 − 2x3 + 3x4 + x5 = 2,

−x1 + x2 + x3 + x4 − 3x5 = −2,

2x1 + 3x2 − 5x3 + 9x4 + 3x5 = 3.

29)



−x1 − x2 + 2x3 + 3x4 + x5 = 10,

2x1 − 3x2 + x3 + 2x4 + 3x5 = 4,

3x1 + x2 − x3 + x4 + 4x5 = −5,

x1 + 2x2 + x3 + 3x4 − x5 = 2.

30)



2x1 + x2 + x3 − x4 − 3x5 = 2,

3x1 + 3x2 − x3 + x4 + x5 = 0,

−3x1 + x2 + x3 + 3x4 + x5 = −3,

2x1 + 4x2 + x3 + 8x4 = 3.

7.3. Îäíîðiäíi ñèñòåìè, ôóíäàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ. Çíàéòè
ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ òà çàãàëüíèé ðîçâ'ÿçîê îäíîðiäíî¨ ñèñòåìè

ëiíiéíèõ ðiâíÿíü:

1)



2x1 + x3 + x4 + 5x5 = 0,

x1 − x3 + x4 + 3x5 = 0,

x1 + 3x2 − x3 + x4 = 0,

−3x2 + 2x3 + 4x4 + x5 = 0.

2)



2x1 + x2 + x4 − x5 = 0,

x1 − x2 + x3 − x4 − 2x5 = 0,

−x1 + 3x2 − 2x3 + x4 + x5 = 0,

−2x1 + 2x3 − x4 + 3x5 = 0.

3)



x1 + 3x3 + 2x4 = 0,

2x1 − 3x2 + x4 = 0,

−3x2 − 6x3 − 3x4 = 0,

x1 − x2 + x3 + x4 = 0.

4)



3x1 − 2x2 + 2x3 + 4x4 = 0,

−x1 + 3x2 − 2x3 + x4 = 0,

5x1 − x2 + 2x3 + 9x4 = 0,

6x1 + 3x2 + 3x4 = 0.
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5)



3x1 + x2 − 2x3 − x5 = 0,

x1 + x2 + x3 + 2x4 − x5 = 0,

x1 − x2 − 3x3 + x4 = 0,

x2 − 2x3 + 5x4 = 0.

6)



x1 + x2 + 2x4 + x5 = 0,

2x1 + 3x2 − 2x3 + 3x4 = 0,

4x1 + 5x2 − 2x3 + 7x4 + 2x5 = 0,

x2 − 2x3 − x4 − 2x5 = 0.

7)



x1 + 3x2 + x3 + 3x4 = 0,

2x1 + x2 − 3x4 + x5 = 0,

4x1 + 7x2 + 2x3 + 3x4 + x5 = 0,

−x1 − 7x2 − 3x3 − 15x4 + 2x5 = 0.

8)



3x1 + 2x2 + x4 + 2x5 = 0,

x1 + 2x3 + x4 − 2x5 = 0,

2x1 + x2 + x3 + x4 = 0,

x1 + 2x2 − 4x3 − x4 + 6x5 = 0.

9)



x1 + 3x2 + 2x4 + x5 = 0,

2x1 − 3x3 + x4 = 0,

3x1 + 3x2 − 3x3 + 3x4 + x5 = 0,

6x2 + 3x3 + 3x4 + 2x5 = 0.

10)



x1 − 2x3 − 3x4 − 4x5 = 0,

x1 + x2 + x3 + x4 − 2x5 = 0,

x1 − 3x2 + x3 − x4 + 2x5 = 0,

x1 + x2 + 2x3 + x4 = 0.

11)



−2x1 − x3 + x4 + 3x5 = 0,

x1 + 2x3 + x4 + 3x5 = 0,

x1 + x2 − x4 − 4x5 = 0,

x1 + x2 − 2x3 − x4 = 0.

12)



x2 + x3 − x4 − x5 = 0,

x1 + x3 − x4 + x5 = 0,

x1 + x2 + 2x4 + 3x5 = 0,

x1 + 3x2 + x3 + x5 = 0.

13)



x1 + x2 + 3x5 = 0,

x2 + x4 + x5 = 0,

x1 + 2x3 − x4 = 0,

x1 + x2 + x3 + x5 = 0.

14)



2x1 − x3 + x4 + 3x5 = 0,

x2 − 2x3 + x4 + x5 = 0,

x1 + 2x3 − x4 − 4x5 = 0,

x1 + x2 + x3 + 5x5 = 0.

15)



3x1 − 2x2 + 2x3 + x4 = 0,

−x1 + 3x2 − 2x3 + x4 = 0,

5x1 − x2 + 2x3 − 4x4 = 0,

6x1 + 3x2 + 3x4 = 0.

16)



2x1 + 3x2 − 4x3 + 2x5 = 0,

x1 + 3x3 + x4 − x5 = 0,

x1 − x2 − 2x4 − x5 = 0,

2x2 − x3 + x4 + x5 = 0.

17)



x1 + x2 + 2x4 − x5 = 0,

2x1 + 3x2 − 2x3 + x4 + 2x5 = 0,

1x1 + 5x2 − 2x3 + 5x4 = 0,

4x1 − 7x2 + 6x3 + x4 − 5x5 = 0.

18)



3x1 + x2 + 2x4 − x5 = 0,

−2x1 + x2 + 3x3 + 2x4 + x5 = 0,

4x1 + 3x2 + 3x3 + 6x4 − x5 = 0,

5x1 + 5x2 + 6x3 + 10x4 − x5 = 0.
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19)



x1 + 2x2 + x4 + 3x5 = 0,

2x1 + 4x2 − 2x3 + 3x4 = 0,

5x1 + 10x2 − 2x3 + 6x4 + 9x5 = 0,

3x1 + 6x2 − 4x3 + 5x4 − 3x5 = 0.

20)



x2 + x3 + 2x5 = 0,

−2x1 + 3x2 + 2x3 + 3x4 + x5 = 0,

−2x1 + 5x2 + 4x3 + 3x4 + 5x5 = 0,

2x1 + x3 − 3x4 + 5x5 = 0.

21)



2x1 + x2 − 2x3 − x4 − 2x5 = 0,

x1 − 2x2 + x3 − 2x4 + x5 = 0,

x1 + x2 + 2x3 + x4 − 2x5 = 0,

2x1 + 2x3 − 3x4 − x5 = 0.

22)



x1 − x3 + 4x4 + x5 = 0,

x1 − 2x2 − x4 + x5 = 0,

x1 + 3x2 − 2x4 + x5 = 0,

3x2 + 2x3 − 5x4 − 2x5 = 0.

23)



x2 − 2x3 + 3x4 + x5 = 0,

x1 − 4x2 − x3 + 3x4 = 0,

x1 + 3x2 + 2x4 − x5 = 0,

x1 + x2 + x3 − x4 = 0.

24)



2x1 + x2 + 5x3 − 2x4 = 0,

x1 + 2x3 − 2x4 + x5 = 0,

x2 − x3 + 3x4 + 2x5 = 0,

3x1 + x2 − x3 + x5 = 0.

25)



x1 + 2x2 + x3 − 2x4 = 0,

x1 − x2 − 2x3 − x4 + x5 = 0,

x1 + x2 + x3 + 3x4 + x5 = 0,

x3 + 2x4 + 3x5 = 0.

26)



x1 − 3x3 − x4 + 2x5 = 0,

x2 + 2x3 + x5 = 0,

2x3 + 3x4 − x5 = 0,

x1 + x2 + x3 = 0.

27)



2x1 − x3 − x4 + x5 = 0,

4x1 + x2 + x3 + x4 + x5 = 0,

2x1 + 3x2 + 2x3 − x4 = 0,

6x1 + x2 + x3 − x4 − x5 = 0.

28)



x2 + 2x3 + 3x4 + 1x5 = 0,

2x1 − x2 + x3 − x4 − 3x5 = 0,

x1 + x2 − x3 + 2x4 + x5 = 0,

x1 − x3 + x4 + 4x5 = 0.

29)



5x1 + x2 + 3x3 − 2x5 = 0,

x1 + 2x2 − x3 + 4x4 + 2x5 = 0,

6x1 + 3x2 + 2x3 + 4x4 = 0,

−2x1 + 5x2 − 6x3 + 12x4 + 8x5 = 0.

30)



x1 + x2 + 2x4 + x5 = 0,

2x1 + 3x2 − 2x3 + 3x4 + 2x5 = 0,

x2 − 2x3 − x4 = 0,

−x1 − 3x2 + 4x3 − x5 = 0.
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8. Ëiíiéíi ïðîñòîðè

8.1. Ïåðåâiðêà àêñiîì ëiíiéíîãî ïðîñòîðó. Ç'ÿñóâàòè, ÷è ¹ íàâåäåíà

ìíîæèíà ëiíiéíèì ïðîñòîðîì. Îïåðàöi¨ äîäàâàííÿ åëåìåíòiâ òà ìíîæåííÿ

íà ñêàëÿð âèçíà÷àþòüñÿ çâè÷àéíèì ÷èíîì.

1) Ìíîæèíà âåêòîðiâ çR3, ùî ¹ êîëiíåàðíèìè äî âåêòîðà−→a = (4; 5;−1).

2) Ìíîæèíà âåêòîðiâ ç R3, ùî ¹ êîìïëàíàðíèìè ç âåêòîðàìè
−→a = (1; 2; 3) òà

−→
b = (−2; 3; 0).

3) Ìíîæèíà âåêòîðiâ ç R3, äîâæèíà ÿêèõ íå ïåðåâèùó¹ îäèíèöi.

4) Ìíîæèíà êâàäðàòíèõ ìàòðèöü, ñëiäè ÿêèõ äîðiâíþþòü íóëþ.

5) Ìíîæèíà ôóíêöié, íåïåðåðâíèõ íà âiäðiçêó [a; b].

6) Ìíîæèíà âèðîäæåíèõ ìàòðèöü, òîáòî òàêèõ, ùî detA = 0.

7) Ìíîæèíà ðîçâ'ÿçêiâ ðiâíÿííÿ x+ 2y + 3z = 0.

8) Ìíîæèíà ìíîãî÷ëåíiâ äðóãîãî ñòåïåíÿ.

9) Ìíîæèíà îáìåæåíèõ íà âiäðiçêó [a; b] ôóíêöié.

10) Ìíîæèíà ìíîãî÷ëåíiâ òðåòüîãî ñòåïåíÿ.

11) Ìíîæèíà íåïåðåðâíî äèôåðåíöiéîâíèõ íàRôóíêöié, äëÿ ÿêèõ f ′(0) = 1.

12) Ìíîæèíà ìàòðèöü, ùî êîìóòóþòü ç ìàòðèöåþ A =

(
2 −1

0 5

)
.

13) Ìíîæèíà ìíîãî÷ëåíiâ ñòåïåíÿ, ùî íå ïåðåâèùó¹ äâà.

14) Ìíîæèíà íåïåðåðâíî äèôåðåíöiéîâíèõ íàRôóíêöié, äëÿ ÿêèõ f ′(0) = 0.

15) Ìíîæèíà íåïàðíèõ ôóíêöié.

16) Ìíîæèíà ïàðíèõ ôóíêöié.

17) Ìíîæèíà ìîíîòîííî çðîñòàþ÷èõ íà iíòåðâàëi (a; b) ôóíêöié.

18) Ìíîæèíà ñèìåòðè÷íèõ ìàòðèöü.

19) Ìíîæèíà ìîíîòîííî ñïàäàþ÷èõ íà iíòåðâàëi (a; b) ôóíêöié.

20) Ìíîæèíà ðîçâ'ÿçêiâ ðiâíÿííÿ x+ y + z = 2.

21) Ìíîæèíà ìíîãî÷ëåíiâ ñòåïåíÿ, ùî íå ïåðåâèùó¹ òðè.

22) Ìíîæèíà íåïåðåðâíî äèôåðåíöiéîâíèõ íà iíòåðâàëi (a; b) ôóíêöié.

23) Ìíîæèíà íàòóðàëüíèõ ÷èñåë, êðàòíèõ 5.

24) Ìíîæèíà íåñêîðîòíèõ äðîáiâ äîïîâíåíà íóëüîâèì åëåìåíòîì.

25) Ìíîæèíà òàêèõ ôóíêöié, ùî f(0) = 0.
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26) Ìíîæèíà íèæíiõ òðèêóòíèõ ìàòðèöü.

27) Ìíîæèíà íåïåðåðâíèõ ôóíêöié, ùî íå ìàþòü åêñòðåìóìiâ ïðè

x ∈ (0; +∞).

28) Ìíîæèíà êâàäðàòíèõ òðè÷ëåíiâ, ùî ìàþòü íóëüîâèé äèñêðèìiíàíò.

29) Ìíîæèíà ôóíêöié, ùî íåïåðåðâíi ñêðiçü íà R, îêðiì òî÷êè x = 0, â

ÿêié ôóíêöiÿ ìà¹ ðîçðèâ ñòðèáêîì.

30) Ìíîæèíà òàêèõ ôóíêöié, ùî f(1) = 1.

8.2. Ëiíiéíà íåçàëåæíiñòü âåêòîðiâ. Âêàæiòü ÿêèé-íåáóäü ëiíiéíèé

ïðîñòið, ùî ìiñòèòü äàíi âåêòîðè, òà âñòàíîâiòü ëiíiéíó çàëåæíiñòü àáî

íåçàëåæíiñòü äàíî¨ ñèñòåìè âåêòîðiâ.

1) f1(x) = 3x2 − 2x+ 1, f2(x) = 5x− 4, f3(x) = −39x2 + x+ 7;

2) A =

(
5 0

3 6

)
, B =

(
−1 3

4 −2

)
, C =

(
3 6

11 2

)
;

3) f1(x) = 5
cos2 x , f2(x) = tg2 x, f3(x) = 4, x ∈ (−π

2 ; π
2 );

4) −→a1 = (1;−2; 3; 7), −→a2 = (4; 5; 1;−2), −→a3 = (5; 3; 4; 6);

5) f1(x) = x2 − x+ 6, f2(x) = −6x2 + 3x− 1, f3(x) = 7x2 + 2x− 4;

6) A =

(
2 7

−3 5

)
, B =

(
1 2

8 −1

)
, C =

(
3 4

1 2

)
;

7) f1(x) = 1
x2 , f2(x) = 1

x , f3(x) = 1, x ∈ (0; 1);

8) −→a1 = (5;−1; 4; 6), −→a2 = (3; 2;−1;−8), −→a3 = (9; 0; 3; 6);

9) f1(x) = 5x2 + 4x− 1, f2(x) = 3x2 + 2x+ 7, f3(x) = 7x2 + 6x− 9;

10) A =

(
6 −4

1 −5

)
, B =

(
2 0

3 7

)
, C =

(
0 2

4 13

)
;

11) f1(x) = sin2 x, f2(x) = cos 2x, f3(x) = −2;

43



12) −→a1 = (4;−2; 8; 3), −→a2 = (1; 0; 1;−1), −→a3 = (1;−2; 5; 6);

13) f1(x) = −x2 + 1, f2(x) = x2 + 7x− 1, f3(x) = 2x2 + 6x+ 8;

14) A =

(
9 10

−3 8

)
, B =

(
4 −13

7 −1

)
, C =

(
11 −6

0 −2

)
;

15) −→a1 = (3;−1; 0; 2), −→a2 = (1; 1; 1;−1), −→a3 = (1; 0; 0;−6);

16) f1(x) = e2x

x , f2(x) = (1 + x)e2x, f3(x) = e2x, x ∈ (0; +∞);

17) f1(x) = 4x2 − 2x+ 8, f2(x) = x2 + 1, f3(x) = x2 − 2x+ 5;

18) A =

(
4 2

0 0

)
, B =

(
−0 1

6 2

)
, C =

(
2 2

1 3

)
;

19) f1(x) = 3
sin2 x

, f2(x) = ctg2 x, f3(x) = 5, x ∈ (0; π);

20) −→a1 = (1; 0; 1; 1), −→a2 = (2; 0; 1;−2), −→a3 = (1; 0; 2; 5);

21) f1(x) = x3 − x+ 1, f2(x) = 5x2 − 4x+ 3, f3(x) = x3;

22) A =

(
9 −7

1 1

)
, B =

(
4 −3

6 4

)
, C =

(
2 1

1 2

)
;

23) f1(x) = 3, f2(x) = tg x, f3(x) = ctg x, x ∈ (0; π
2 );

24) −→a1 = (2; 3; 4; 5), −→a2 = (5; 4; 3; 2), −→a3 = (1;−1; 1;−1);

25) f1(x) = x3 + x+ 1, f2(x) = 2x3 + x− 2, f3(x) = x3 + 2x+ 5;

26) A =

(
−7 2

13 6

)
, B =

(
−11 8

5 5

)
, C =

(
0 1

0 0

)
;
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27) f1(x) = 1, f2(x) = arcsinx, f3(x) = arccos x, x ∈ [−1; 1];

28) −→a1 = (5;−4; 3; 5), −→a2 = (1; 5; 0;−9), −→a3 = (3;−14; 3; 23);

29) f1(x) = x2 − x− 1, f2(x) = x2 + 3, f3(x) = 2x2 − 4x− 7;

30) A =

(
1 0

0 1

)
, B =

(
8 3

5 6

)
, C =

(
7 3

5 5

)
.

8.3. Çíàõîäæåííÿ áàçè ñèñòåìè âåêòîðiâ. Çíàéòè âñi áàçè ñèñòåìè

âåêòîðiâ.

1) −→a1 = (1; 2; 0; 0), −→a2 = (1; 2; 3; 4), −→a3 = (3; 6; 0; 0), −→a4 = (2; 1;−4; 5);

2) −→a1 = (1; 2; 3; 4), −→a2 = (2; 3; 4; 5), −→a3 = (3; 4; 5; 6), −→a4 = (4; 5; 6; 7);

3) −→a1 = (−1; 4; 3; 5), −→a2 = (2; 1; 0; 1), −→a3 = (3; 6; 3; 7);

4) −→a1 = (1; 2; 0;−1; 4), −→a2 = (3; 1; 3; 3; 1), −→a3 = (7; 3; 2; 8; 1),
−→a4 = (4; 2;−1; 5; 0);

5) −→a1 = (2;−6; 0; 1),−→a2 = (5; 4;−3; 4),−→a3 = (7; 1;−2; 8),
−→a4 = (5; 5;−6; 0);

6) −→a1 = (3;−2; 1;−1),−→a2 = (5; 2;−3; 6),−→a3 = (8; 0;−2; 5),
−→a4 = (2; 4;−4; 7);

7) −→a1 = (2; 3; 0;−1),−→a2 = (−4;−6; 0; 2),−→a3 = (6; 9; 0;−3),
−→a4 = (8; 12; 0;−4);

8) −→a1 = (7; 1;−2; 4),−→a2 = (1; 3;−3; 2),−→a3 = (1;−1; 1; 2),
−→a4 = (7; 5;−6; 4);

9) −→a1 = (−1; 2; 3), −→a2 = (1; 2;−3), −→a3 = (5;−6; 0), −→a4 = (1;−4; 5);

10) −→a1 = (2; 3; 7;−8), −→a2 = (0; 0; 1;−1), −→a3 = (1;−1; 0; 0),
−→a4 = (−3;−2;−8; 9);

11) −→a1 = (4;−2; 7; 6; 1), −→a2 = (2; 0;−3; 2; 1), −→a3 = (2;−6; 23; 6;−1);

12) −→a1 = (5;−2; 3;−2), −→a2 = (−1; 3; 6; 4), −→a3 = (4; 1; 9; 2),
−→a4 = (3; 4; 15; 6);
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13) −→a1 = (−7; 1; 3; 6), −→a2 = (−2; 13; 4;−5), −→a3 = (1; 4;−3; 8),
−→a4 = (2; 2;−2; 1);

14) −→a1 = (−3; 1; 1; 1), −→a2 = (6;−1; 0; 1), −→a3 = (3; 0; 1; 2);

15) −→a1 = (9; 6; 0;−3; 0), −→a2 = (2;−1; 4; 3; 5), −→a3 = (0; 1; 1; 1; 1),
−→a4 = (2; 0; 5; 4; 4);

16) −→a1 = (1; 4; 3; 6), −→a2 = (−5; 2;−3; 0), −→a3 = (2; 1; 2; 7),
−→a4 = (0; 2; 1; 5);

17) −→a1 = (1; 12; 10;−1), −→a2 = (3;−2;−3; 2), −→a3 = (1; 1;−4; 1),
−→a4 = (5; 11; 3; 2);

18) −→a1 = (5; 2; 0;−4), −→a2 = (3; 7; 0; 11), −→a3 = (2; 9; 6;−8),
−→a4 = (8; 9; 0;−4);

19) −→a1 = (3;−1; 6; 4), −→a2 = (2; 1; 1; 2), −→a3 = (0;−1; 1; 0),
−→a4 = (6;−2; 12; 8);

20) −→a1 = (−4; 12; 7), −→a2 = (2; 5;−7), −→a3 = (1;−1; 5), −→a4 = (7; 6; 6);

21) −→a1 = (10;−3; 6;−8), −→a2 = (2; 8; 1;−7), −→a3 = (4;−4; 3; 3),
−→a4 = (−1; 6;−1;−5);

22) −→a1 = (−11;−3; 2; 0; 1), −→a2 = (12; 0; 4; 7; 6), −→a3 = (1;−1; 3; 4;−7);

23) −→a1 = (4; 5;−7; 8), −→a2 = (1; 2; 1; 2), −→a3 = (3; 3;−8; 6),
−→a4 = (2; 1;−9; 4);

24) −→a1 = (2;−1; 3; 4), −→a2 = (4; 5; 0; 9), −→a3 = (6;−7; 1; 0);

25) −→a1 = (0; 1; 3; 2), −→a2 = (1;−1; 8; 4), −→a3 = (2;−2; 9; 4);

26) −→a1 = (6; 4; 3; 10; 7), −→a2 = (1; 2;−3; 3;−1), −→a3 = (5; 1;−6; 6;−5),
−→a4 = (2; 2; 3; 4; 5);

27) −→a1 = (1; 1; 1; 1), −→a2 = (−1; 0;−3; 1), −→a3 = (1; 1;−1;−1),

;−→a4 = (3; 4; 1; 5);

28) −→a1 = (4;−5; 6; 1), −→a2 = (3; 2;−1; 8), −→a3 = (9; 1;−3; 7),
−→a4 = (1; 4;−5; 9);
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29) −→a1 = (1; 3; 2;−1), −→a2 = (3; 2; 0; 2), −→a3 = (7;−9; 1; 4),
−→a4 = (11;−4; 3; 5);

30) −→a1 = (6; 5; 4; 3), −→a2 = (2; 6;−7; 8), −→a3 = (4;−1; 11;−5),
−→a4 = (−4; 1;−11; 5).

8.4. Áàçèñ òà ðîçìiðíiñòü ëiíiéíîãî ïðîñòîðó. Çíàéòè áàçèñ òà ðîçìiðíiñòü
âêàçàíîãî ëiíiéíîãî ïðîñòîðó.

1) Ðîçâ'ÿçêiâ ðiâíÿííÿ x+ y + z = 0.

2) Ìíîãî÷ëåíiâ ñòåïåíÿ íå âèùå äðóãîãî, äëÿ ÿêèõ f ′(0) = 0.

3) Âåêòîðiâ ç R3, ùî îðòîãîíàëüíi äî âåêòîðiâ −→a = (2;−1; 4) òà
−→
b = (3; 1; 8).

4) Ñèìåòðè÷íèõ ìàòðèöü ïîðÿäêó 2.

5) Íåïàðíèõ ôóíêöié, ùî ¹ ìíîãî÷ëåíàìè íå âèù¹ òðåòüîãî ïîðÿäêó.

6) Ìàòðèöü ïîðÿäêó 2, ùî êîìóòóþòü ç ìàòðèöåþ A =

(
4 −1

−8 2

)
.

7) Ìíîãî÷ëåíiâ ñòåïåíÿ íå âèùå äðóãîãî, äëÿ ÿêèõ f(0) = 0.

8) Âåêòîðiâ ç R3, ùî îðòîãîíàëüíi äî âåêòîðà −→a = (3;−2; 5).

9) Ìàòðèöü ïîðÿäêó 2, ùî êîìóòóþòü ç ìàòðèöåþ A =

(
3 5

2 7

)
.

10) Ìíîãî÷ëåíiâ ñòåïåíÿ íå âèùå äðóãîãî, äëÿ ÿêèõ f ′(0) = f(0).

11) Âåêòîðiâ ç R3, ùî êîìïëàíàðíi ç âåêòîðàìè −→a = (0;−2; 3) òà
−→
b = (1; 5; 4).

12) Ìàòðèöü ïîðÿäêó 2 ç íóëüîâèì ñëiäîì.

13) Ïàðíèõ ôóíêöié, ùî ¹ ìíîãî÷ëåíàìè íå âèù¹ äðóãîãî ïîðÿäêó.

14) Ìàòðèöü ïîðÿäêó 2, ùî êîìóòóþòü ç ìàòðèöåþ A =

(
7 2

1 3

)
.

15) Ìíîãî÷ëåíiâ ñòåïåíÿ íå âèùå äðóãîãî, äëÿ ÿêèõ f(1) = 0.

16) Âåêòîðiâ ç R3, ùî êîëiíåàðíi âåêòîðó −→a = (1;−1; 3).

17) Ìàòðèöü ïîðÿäêó 2, ùî êîìóòóþòü ç ìàòðèöåþ A =

(
2 4

4 8

)
.

18) Ìíîãî÷ëåíiâ ñòåïåíÿ íå âèùå äðóãîãî, äëÿ ÿêèõ f ′(1) = 0.

19) Âåêòîðiâ ç R3, ùî îðòîãîíàëüíi äî âåêòîðiâ −→a = (3;−6; 1) òà
−→
b = (1; 4; 5).
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20) Êîñîñèìåòðè÷íèõ ìàòðèöü ïîðÿäêó 2.

21) Ðîçâ'ÿçêiâ ðiâíÿííÿ 2x− 3y + z = 0.

22) Ìàòðèöü ïîðÿäêó 2, ùî êîìóòóþòü ç ìàòðèöåþ A =

(
10 −4

−5 2

)
.

23) Ìíîãî÷ëåíiâ ñòåïåíÿ íå âèùå äðóãîãî, äëÿ ÿêèõ f(−1) = 0.

24) Âåêòîðiâ ç R3, ùî îðòîãîíàëüíi äî âåêòîðà −→a = (4; 2; 9).

25) Ìàòðèöü ïîðÿäêó 2, ùî êîìóòóþòü ç ìàòðèöåþ A =

(
0 1

1 0

)
.

26) Ìíîãî÷ëåíiâ ñòåïåíÿ íå âèùå äðóãîãî, äëÿ ÿêèõ f ′(1) = f(1).

27) Âåêòîðiâ ç R3, ùî êîìïëàíàðíi ç âåêòîðàìè −→a = (1; 7; 4) òà
−→
b = (3; 8; 1).

28) Ìàòðèöü ïîðÿäêó 2 ç íóëüîâèì ïåðøèì ðÿäêîì.

29) Ïàðíèõ ôóíêöié, ùî ¹ ìíîãî÷ëåíàìè íå âèù¹ ÷åòâåðòîãî ïîðÿäêó.

30) Ìàòðèöü ïîðÿäêó 2, ùî êîìóòóþòü ç ìàòðèöåþ A =

(
−5 2

8 3

)
.

8.5. Ðîçêëàä âåêòîðà çà áàçèñîì, êîîðäèíàòè âåêòîðà. Çíàéòè êîîðäèíàòè
îñòàííüîãî âåêòîðà â áàçèñi, óòâîðåíîìó ïåðøèìè ÷îòèðìà âåêòîðàìè:

1) x1 =

(
1 −2

3 4

)
, x2 =

(
2 0

5 1

)
, x3 =

(
4 −1

2 5

)
, x4 =

(
6 0

3 −1

)
,

x5 =

(
19 −1

20 −2

)
.

2) f1(x) = −4x3 + 5x2 + 2x+ 6, f2(x) = 7x3 + 3x2 + x+ 2,

f3(x) = 4x3 + 3x2 + 5, f4(x) = 2x3 − 2x2 + 4x+ 6,

f5(x) = 28x3 − 3x2 + 2x+ 3.

3) −→a1 = (1; 3; 2; 8), −→a2 = (4;−1; 5; 6), −→a3 = (6; 2; 5; 1), −→a4 = (4; 0;−1; 3),
−→a5 = (9; 0; 14;−3).

4) x1 =

(
3 2

−1 4

)
, x2 =

(
5 2

1 1

)
, x3 =

(
0 −1

1 3

)
, x4 =

(
−4 3

5 6

)
,

x5 =

(
−4 15

13 17

)
.
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5) f1(x) = x3 + 3x2 + 2x, f2(x) = 4x3 + 5x2 + x+ 8,

f3(x) = 6x3 +3x2−2, f4(x) = 2x3 +5x2 +x+4, f5(x) = x3−4x2−14.

6) −→a1 = (5; 7; 6;−1), −→a2 = (4; 2; 0; 3), −→a3 = (2; 2; 1;−5), −→a4 = (6; 4; 2; 7),
−→a5 = (15; 13; 6;−9).

7) x1 =

(
7 1

3 4

)
, x2 =

(
2 −1

5 0

)
, x3 =

(
4 6

−1 3

)
, x4 =

(
2 2

1 −1

)
,

x5 =

(
16 12

13 −1

)
.

8) f1(x) = 2x3 + 6x2 + 3x+ 3, f2(x) = 4x2 + x− 1,

f3(x) = 2x3 + 5x2 + 3x+ 7, f4(x) = 6x3 − 4x2 − x+ 2,

f5(x) = −8x3 + 24x2 + 9x+ 1.

9) −→a1 = (−4; 1; 2; 6), −→a2 = (−5;−1; 2; 3), −→a3 = (0; 1; 7; 4), −→a4 = (2; 8;−5; 0),
−→a5 = (−16; 12; 31; 34).

10) x1 =

(
3 5

1 4

)
, x2 =

(
−2 2

5 0

)
, x3 =

(
1 1

−1 7

)
, x4 =

(
4 3

2 1

)
,

x5 =

(
3 −6

−8 14

)
.

11) f1(x) = x3 + 6x+ 1, f2(x) = −4x3 + 3x2 + 2x+ 5,

f3(x) = x3 + 7x2 + 2x+ 8, f4(x) = 3x3 + 3x2 − x+ 6,

f5(x) = 6x3 + 34x2 + 27x+ 46.

12) −→a1 = (3; 7; 1; 4), −→a2 = (−5; 2; 6; 8), −→a3 = (0; 1; 5; 1), −→a4 = (3; 3; 6; 2),
−→a5 = (2; 17; 41; 35).

13) x1 =

(
5 5

−1 6

)
, x2 =

(
2 3

4 0

)
, x3 =

(
−4 1

5 7

)
, x4 =

(
2 2

8 1

)
,

x5 =

(
−4 7

22 15

)
.
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14) f1(x) = 3x3 + x2 + 5x+ 8, f2(x) = 2x3 + 4x2 + 2,

f3(x) = 7x3 +−6x2 + 4x+ 4, f4(x) = x3 + 5x2 + 3x− 1,

f5(x) = 16x3 + 5x2 + 17x+ 21.

15) −→a1 = (1;−5; 3; 7), −→a2 = (2; 5; 2; 4), −→a3 = (6; 5; 1; 8), −→a4 = (3; 9; 4;−6),
−→a5 = (−11; 16; 6;−63).

16) x1 =

(
1 2

1 3

)
, x2 =

(
4 5

1 7

)
, x3 =

(
0 −3

4 6

)
, x4 =

(
2 8

1 −4

)
,

x5 =

(
7 6

15 24

)
.

17) f1(x) = x3 + 4x2 + 3x+ 2, f2(x) = 2x3 − x2 + 5x,

f3(x) = 6x3 + 4x2 + 3x+ 5, f4(x) = −8x3 + 2x2 + x+ 9,

f5(x) = 25x3 + 3x2 + 9x− 11.

18) −→a1 = (0; 1; 1; 5), −→a2 = (2; 8; 3; 4), −→a3 = (7;−6; 5; 2), −→a4 = (1; 4; 3; 7),
−→a5 = (−2; 28; 6; 23).

19) x1 =

(
7 3

2 −1

)
, x2 =

(
4 0

5 8

)
, x3 =

(
6 1

4 3

)
, x4 =

(
2 1

−1 4

)
,

x5 =

(
20 11

−6 1

)
.

20) f1(x) = 5x3 + 5x2 + x+ 3, f2(x) = 4x3 + 2x2 + x,

f3(x) = −x3 + 6x2 + 2x+ 3, f4(x) = 4x3 + 7x2 + 5x+ 2,

f5(x) = 25x3 + 12x2 + 5x+ 5.

21) −→a1 = (2; 1; 5; 7), −→a2 = (6; 4; 3; 1), −→a3 = (−5; 2; 6; 8), −→a4 = (3; 7; 4; 2),
−→a5 = (5;−3; 14; 20).

22) x1 =

(
0 1

3 8

)
, x2 =

(
5 4

2 7

)
, x3 =

(
4 3

1 −4

)
, x4 =

(
2 2

5 6

)
,

x5 =

(
7 6

7 13

)
.
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23) f1(x) = x3 − x2 − x, f2(x) = 2x3 + 3x2 + 6x+ 7,

f3(x) = 4x3 + 2x2 + 5x+ 6, f4(x) = −3x3 + x2 + 1,

f5(x) = 2x3 + x+ 8.

24) −→a1 = (0; 5; 1; 8), −→a2 = (2; 4; 6; 5), −→a3 = (4; 3;−2; 1), −→a4 = (2; 5; 7; 4),
−→a5 = (10; 25; 5; 31).

25) x1 =

(
1 −1

3 5

)
, x2 =

(
2 2

6 8

)
, x3 =

(
1 3

5 7

)
, x4 =

(
4 9

−2 0

)
,

x5 =

(
−4 −18

14 14

)
.

26) f1(x) = 2x3 + x2 + 5x+ 4, f2(x) = 3x3 − 6x2 + 5,

f3(x) = 4x3 + 8x2 + x+ 7, f4(x) = 6x3 + 6x2 + 2x+ 3,

f5(x) = 4x3 + 23x2 + 16x+ 9.

27) −→a1 = (6; 2; 6; 3), −→a2 = (7; 8; 1;−5), −→a3 = (2; 3; 8; 4), −→a4 = (6; 1; 1; 9),
−→a5 = (13;−1; 15; 30).

28) x1 =

(
5 3

4 −1

)
, x2 =

(
2 0

9 1

)
, x3 =

(
3 3

5 7

)
, x4 =

(
2 1

4 8

)
,

x5 =

(
22 16

35 52

)
.

29) f1(x) = 3x3 + 2x2 + 7x+ 1, f2(x) = 4x3 − x+ 2,

f3(x) = 5x3 + 3x2 + 2x+ 8, f4(x) = 6x3 + x2 + 4x+ 7,

f5(x) = 14x3 + x2 + 12x+ 9.

30) −→a1 = (−1; 4; 3; 2), −→a2 = (0; 5; 5; 7), −→a3 = (2; 4; 4; 8), −→a4 = (6; 3;−1;−5),
−→a5 = (−1;−2; 1; 10).
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8.6. Ïåðåòâîðåííÿ êîîðäèíàò âåêòîðà ïðè ïåðåõîäi äî iíøîãî áàçèñó.
Âiäîìi êîîðäèíàòè âåêòîðà

−→
b â äåÿêîìó áàçèñi−→e1 ,

−→e2 ,
−→e3 . Çíàéòè êîîðäèíàòè

âåêòîðà
−→
b â áàçèñi

−→
f1 ,

−→
f2 ,

−→
f3 , ÿêùî âiäîìèé çâ'ÿçîê ìiæ áàçèñíèìè âåêòîðàìè.

Çàïèñàòè ìàòðèöþ ïåðåõîäó âiä áàçèñó −→e1 ,
−→e2 ,

−→e3 äî áàçèñó
−→
f1 ,

−→
f2 ,

−→
f3 .

1)
−→
b = (−2; 1; 2),
−→
f1 = −−→e1 + 2−→e2 + 3−→e3 ,

−→
f2 = −→e1 +−→e3 ,

−→
f3 = −−→e1 + 2−→e2 + 3−→e3 .

2)
−→
b = (−1; 2; 1),

−→
f1 = −−→e1 + 2−→e2 +−→e3 ,

−→
f2 = −→e2 +−→e3 ,

−→
f3 = 3−→e1 +−→e2 .

3)
−→
b = (0; 1; 1),
−→
f1 = 2−→e1 +−→e2 +−→e3 ,

−→
f2 = −→e1 +−→e2 +−→e3 ,

−→
f3 = −−→e1 + 2−→e2 +−→e3 .

4)
−→
b = (5; 7; 7),
−→
f1 = −−→e1 + 3−→e2 + 4−→e3 ,

−→
f2 = 2−→e1 + 5−→e2 +−→e3 ,

−→
f3 = 3−→e1 + 2−→e2 .

5)
−→
b = (2; 2; 0),
−→
f1 = −−→e1 + 2−→e2 +−→e3 ,

−→
f2 = −→e2 +−→e3 ,

−→
f3 = −−→e1 + 3−→e2 +−→e3 .

6)
−→
b = (−1; 2;−1),

−→
f1 = 3−→e1 +−→e2 ,

−→
f2 = −→e2 −−→e3 ,

−→
f3 = 2−→e1 +−→e2 .

7)
−→
b = (1; 1;−1),

−→
f1 = 4−→e2 +−→e3 ,

−→
f2 = −→e1 −−→e2 ,

−→
f3 = −→e1 + 2−→e2 +−→e3 .

8)
−→
b = (3; 0; 1),

−→
f1 = −−→e1 + 4−→e3 ,

−→
f2 = 2−→e1 +−→e2 ,

−→
f3 = −→e2 +−→e3 .

9)
−→
b = (−1;−1;−1),
−→
f1 = −−→e1 + 2−→e2 +−→e3 ,

−→
f2 = −→e1 + 2−→e2 +−→e3 ,

−→
f3 = −→e2 +−→e3 .

10)
−→
b = (−1;−1; 1),
−→
f1 = 3−→e2 +−→e3 ,

−→
f2 = 2−→e1 +−→e2 +−→e3 ,

−→
f3 = −→e1 −−→e2 +−→e3 .

11)
−→
b = (1; 2; 1),

−→
f1 = −→e1 − 3−→e3 ,

−→
f2 = −→e1 +−→e2 −−→e3 ,

−→
f3 = 2−→e2 +−→e3 .

12)
−→
b = (1; 3; 0),

−→
f1 = 2−→e2 +−→e3 ,

−→
f2 = −→e1 +−→e2 −−→e3 ,

−→
f3 = 2−→e1 +−→e2 .

13)
−→
b = (1; 0; 0),

−→
f1 = 2−→e1 +−→e2 +−→e3 ,

−→
f2 = −−→e1 −−→e2 −−→e3 ,

−→
f3 = −→e1 −−→e2 .

14)
−→
b = (0; 2; 0),

−→
f1 = 2−→e1 −−→e2 ,

−→
f2 = −→e2 +−→e3 ,

−→
f3 = −−→e1 −−→e2 +−→e3 .

15)
−→
b = (1;−1; 0),

−→
f1 = 2−→e2 −−→e3 ,

−→
f2 = 3−→e1 +−→e2 ,

−→
f3 = −→e1 +−→e2 −−→e3 .

16)
−→
b = (0; 0; 3),

−→
f1 = −→e1 −−→e2 ,

−→
f2 = 2−→e1 +−→e2 +−→e3 ,

−→
f3 = −→e2 −−→e3 .

17)
−→
b = (0; 1;−1),

−→
f1 = 3−→e1 +−→e2 +−→e3 ,

−→
f2 = 2−→e2 +−→e3 ,

−→
f3 = −−→e1 +−→e2 .
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18)
−→
b = (2; 0;−1),
−→
f1 = −→e2 − 2−→e3 ,

−→
f2 = 2−→e1 −−→e2 +−→e3 ,

−→
f3 = −→e1 +−→e2 −−→e3 .

19)
−→
b = (0; 2;−1),

−→
f1 = 3−→e1 +−→e2 ,

−→
f2 = −−→e1 +−→e2 −−→e3 ,

−→
f3 = 2−→e1 +−→e3 .

20)
−→
b = (1;−2; 1),
−→
f1 = 2−→e2 −−→e3 ,

−→
f2 = −→e1 −−→e2 +−→e3 ,

−→
f3 = 2−→e1 +−→e2 +−→e3 .

21)
−→
b = (2; 0; 2),

−→
f1 = −→e2 + 2−→e3 ,

−→
f2 = −→e1 +−→e2 ,

−→
f3 = −→e1 +−→e2 +−→e3 .

22)
−→
b = (1; 1; 0),

−→
f1 = 3−→e1 +−→e2 +−→e3 ,

−→
f2 = 2−→e1 +−→e3 ,

−→
f3 = −→e1 −−→e2 −−→e3 .

23)
−→
b = (4; 1; 1),

−→
f1 = −→e1 + 2−→e2 +−→e3 ,

−→
f2 = −→e3 ,

−→
f3 = −→e1 +−→e2 .

24)
−→
b = (0; 1; 2),
−→
f1 = −→e2 +−→e3 ,

−→
f2 = 3−→e1 +−→e2 +−→e3 ,

−→
f3 = −−→e1 + 2−→e2 +−→e3 .

25)
−→
b = (3; 1; 0),

−→
f1 = −→e1 −−→e2 ,

−→
f2 = 2−→e1 +−→e2 +−→e3 ,

−→
f3 = −→e2 +−→e3 .

26)
−→
b = (0; 1; 3),
−→
f1 = −−→e1 + 2−→e2 +−→e3 ,

−→
f2 = −−→e1 −−→e2 +−→e3 ,

−→
f3 = −→e1 −−→e2 −−→e3 .

27)
−→
b = (3; 0; 1),

−→
f1 = 2−→e1 − 2−→e2 +−→e3 ,

−→
f2 = −→e2 ,

−→
f3 = −→e1 +−→e2 +−→e3 .

28)
−→
b = (3;−1; 0),

−→
f1 = −−→e2 +−→e3 ,

−→
f2 = 2−→e1 +−→e2 +−→e3 ,

−→
f3 = −→e1 +−→e2 +−→e3 .

29)
−→
b = (2; 2; 0),

−→
f1 = 3−→e1 +−→e2 ,

−→
f2 = −→e2 +−→e3 ,

−→
f3 = −−→e1 −−→e2 .

30)
−→
b = (0;−2; 2),

−→
f1 = −→e2 +−→e3 ,

−→
f2 = 3−→e2 +−→e3 ,

−→
f3 = −−→e1 −−→e2 + 2−→e3 .
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8.7. Ñóìà òà ïåðåòèí ïiäïðîñòîðiâ. Çíàéòè áàçèñ i ðîçìiðíiñòü ñóìè

òà ïåðåòèíó ïiäïðîñòîðiâ L1 òà L2 ïðîñòîðó R4, ÿêùî L1 - ëiíiéíà îáîëîíêà

ñèñòåìè âåêòîðiâ−→a1 ,
−→a2 ,

−→a3 , à L2 - ëiíiéíà îáîëîíêà ñèñòåìè âåêòîðiâ
−→
b1 ,

−→
b2 ,

−→
b3 .

1) −→a1 = (1,−1, 1,−1),−→a2 = (2, 2, 3,−1),−→a3 = (4, 0, 5,−3),
−→
b1 = (3, 1, 4,−2),

−→
b2 = (1, 1, 2,−1),

−→
b3 = (5, 3, 8,−4).

2) −→a1 = (1,−1, 4, 1),−→a2 = (2, 3, 1,−1),−→a3 = (4, 1, 9, 1),
−→
b1 = (1, 4,−3,−2),

−→
b2 = (1, 0, 1, 1),

−→
b3 = (5, 2, 7, 2).

3) −→a1 = (4, 1,−1, 1),−→a2 = (1, 3,−1,−2),−→a3 = (6, 7,−3,−5),
−→
b1 = (−1, 8,−2,−7),

−→
b2 = (2,−1,−1, 1),

−→
b3 = (8, 6,−4,−2).

4) −→a1 = (1,−2, 1, 1),−→a2 = (2, 3, 1, 2),−→a3 = (4,−1, 3, 4),
−→
b1 = (5, 4, 3, 5),

−→
b2 = (−1,−1, 2, 0),

−→
b3 = (3,−2, 5, 4).

5) −→a1 = (2,−1, 2,−1),−→a2 = (3, 0, 3, 1),−→a3 = (7,−2, 7,−1),
−→
b1 = (4, 1, 4, 3),

−→
b2 = (1, 1, 2,−1),

−→
b3 = (7, 1, 9,−2).

6) −→a1 = (2, 2,−2, 1),−→a2 = (1, 3,−1,−3),−→a3 = (1,−1,−1, 2),
−→
b1 = (4, 8,−4,−5),

−→
b2 = (1, 1, 1, 2),

−→
b3 = (5, 9,−3,−3).

7) −→a1 = (−1,−1,−1, 1),−→a2 = (1,−1, 0, 2),−→a3 = (2, 0, 1, 1),
−→
b1 = (3, 1, 2, 0),

−→
b2 = (1,−1, 3, 1),

−→
b3 = (0,−4, 1, 5).

8) −→a1 = (1,−1, 2, 3),−→a2 = (−1, 2, 3, 1),−→a3 = (1, 0, 7, 7),
−→
b1 = (2,−3,−1, 2),

−→
b2 = (2, 1, 1, 1),

−→
b3 = (5,−3, 2, 6).

9) −→a1 = (1, 1,−1, 2),−→a2 = (2, 1,−1, 1),−→a3 = (1, 0, 0,−1),
−→
b1 = (4, 3,−3, 5),

−→
b2 = (1, 2,−1,−1),

−→
b3 = (5, 5,−4, 4).

10) −→a1 = (1, 1,−1, 1),−→a2 = (2,−1, 3, 1),−→a3 = (1,−2, 4, 0),
−→
b1 = (4, 1, 1, 3),

−→
b2 = (1, 1,−2, 1),

−→
b3 = (5, 2,−1, 4).

11) −→a1 = (2, 2, 1, 2),−→a2 = (−1,−1, 1, 3),−→a3 = (5, 5, 4, 9),
−→
b1 = (3, 3, 0,−1),

−→
b2 = (2,−1,−1, 1),

−→
b3 = (2,−1, 2, 9).

12) −→a1 = (1,−1, 1, 1),−→a2 = (3, 2, 1,−1),−→a3 = (1, 4,−1,−3),
−→
b1 = (2, 3, 0,−2),

−→
b2 = (1, 1, 2, 1),

−→
b3 = (6, 1, 5, 2).
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13) −→a1 = (1, 2,−1,−2),−→a2 = (3, 1, 1,−1),−→a3 = (2,−1, 2, 1),
−→
b1 = (1,−3, 3, 3),

−→
b2 = (−1, 2, 1, 1),

−→
b3 = (4, 7, 0,−4).

14) −→a1 = (1,−1, 2,−2),−→a2 = (3, 1,−1,−1),−→a3 = (1, 3,−5, 3),
−→
b1 = (0,−4, 7,−5),

−→
b2 = (1, 1, 2, 1),

−→
b3 = (0, 0, 7, 1).

15) −→a1 = (3, 1,−1, 2),−→a2 = (2,−1, 2, 1),−→a3 = (−1, 3,−5, 4),
−→
b1 = (3,−4, 7, 1),

−→
b2 = (1, 2, 1,−1),

−→
b3 = (2,−6,−2, 6).

16) −→a1 = (1,−1,−3, 1),−→a2 = (2, 1, 1, 1),−→a3 = (4,−1,−5, 3),
−→
b1 = (5, 1,−1, 3),

−→
b2 = (−2, 0, 2, 1),

−→
b3 = (−2,−3,−5, 2).

17) −→a1 = (0, 2, 1,−1),−→a2 = (1,−1, 3, 1),−→a3 = (2, 0, 7, 1),
−→
b1 = (−1, 3,−2,−2),

−→
b2 = (1, 2,−1,−1),

−→
b3 = (2, 5, 4,−2).

18) −→a1 = (1, 2, 3, 1),−→a2 = (−1, 2,−1,−1),−→a3 = (1, 6, 5, 1),
−→
b1 = (0, 8, 4, 0),

−→
b2 = (−1, 2, 2, 1),

−→
b3 = (−2, 8, 6, 2).

19) −→a1 = (−1,−1,−1, 2),−→a2 = (2, 1,−1, 1),−→a3 = (0,−1,−3, 5),
−→
b1 = (5, 3,−1, 4),

−→
b2 = (1, 2,−1, 1),

−→
b3 = (3, 4,−4, 5).

20) −→a1 = (1,−2, 3, 1),−→a2 = (1, 3,−1,−1),−→a3 = (1,−7, 7, 3),
−→
b1 = (6,−2, 10, 2),

−→
b2 = (1, 2, 1,−1),

−→
b3 = (2, 2, 0, 0).

21) −→a1 = (1,−2,−1,−1),−→a2 = (3, 0, 1, 1),−→a3 = (5,−4,−1,−1),
−→
b1 = (1, 4, 3, 3),

−→
b2 = (1, 2, 1,−1),

−→
b3 = (4,−6,−2, 0).

22) −→a1 = (1, 2, 2, 2),−→a2 = (1,−1, 2,−2),−→a3 = (3, 3, 6, 2),
−→
b1 = (1,−7, 2,−10),

−→
b2 = (2, 1, 1,−1),

−→
b3 = (2, 4, 1, 3).

23) −→a1 = (1, 1, 3, 1),−→a2 = (1,−1, 2, 1),−→a3 = (−1, 5, 0,−1),
−→
b1 = (−1, 3,−1,−1),

−→
b2 = (3, 1, 2, 1),

−→
b3 = (1, 5, 5, 1).

24) −→a1 = (1,−2, 2, 1),−→a2 = (1, 1,−2, 2),−→a3 = (1,−5, 6, 0),
−→
b1 = (5,−4, 2, 7),

−→
b2 = (2, 1− 1, 1),

−→
b3 = (3,−4, 5, 1).

25) −→a1 = (1, 1, 1, 1),−→a2 = (1,−1, 1,−1),−→a3 = (1, 3, 1, 3),
−→
b1 = (1, 2, 0, 2),

−→
b2 = (1, 2, 1, 2),

−→
b3 = (3, 1, 3, 1).

26) −→a1 = (−1,−1, 1, 1),−→a2 = (1,−1,−1, 1),−→a3 = (−1,−3, 1, 3),
−→
b1 = (0,−4, 0, 4),

−→
b2 = (2, 1, 2,−1),

−→
b3 = (−2,−3, 6, 3).
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27) −→a1 = (1, 1,−1, 1),−→a2 = (1, 1, 1,−1),−→a3 = (3, 3,−1, 1),
−→
b1 = (2, 2,−6, 6),

−→
b2 = (2, 3, 1,−1),

−→
b3 = (4, 5, 1,−1).

28) −→a1 = (1,−1, 1,−1),−→a2 = (1, 1,−2, 1),−→a3 = (4,−2, 1,−2),
−→
b1 = (5, 1,−4, 1),

−→
b2 = (3, 1, 0, 1),

−→
b3 = (5, 1,−1, 1).

29) −→a1 = (−1, 2, 1, 0),−→a2 = (1,−1, 2, 1),−→a3 = (2,−1, 7, 3),
−→
b1 = (4,−6, 6, 2),

−→
b2 = (2, 1,−1, 2),

−→
b3 = (0,−8, 8,−2).

30) −→a1 = (1, 1, 2,−1),−→a2 = (1,−1, 1, 2),−→a3 = (−1, 5, 1, 8),
−→
b1 = (0,−4,−2, 6),

−→
b2 = (2, 1, 1,−1),

−→
b3 = (4, 0, 1, 1).

8.8. Ïðÿìà ñóìà ïiäïðîñòîðiâ. Ïîäàòè ëiíiéíèé ïðîñòið L ó âèãëÿäi

ïðÿìî¨ ñóìè L = L1
⊕

L2, äå L1 òà L2 � äåÿêi íåíóëüîâi ëiíiéíi ïiäïðîñòîðè L.

1) L � ïðîñòið ìàòðèöü ïîðÿäêó 2.

2) L � ïðîñòið ìíîãî÷ëåíiâ, ñòåïiíü ÿêèõ íå ïåðåâèùó¹ 3.

3) L � ïðîñòið ãåîìåòðè÷íèõ âåêòîðiâ R3.

4) L � ïðîñòið ñèìåòðè÷íèõ ìàòðèöü ïîðÿäêó 2.

5) L � ïðîñòið ìíîãî÷ëåíiâ ñòåïåíÿ íå âèùå 3 äëÿ ÿêèõ f ′(0) = 0.

6) L � ïðîñòið óñiõ ðîçâ'ÿçêiâ ðiâíÿííÿ 2x− y + 3z = 0.

7) L � ïðîñòið âåêòîðiâ ç R3, ùî îðòîãîíàëüíi âåêòîðó −→a = (1, 2,−1).

8) L � ïðîñòið ìàòðèöü ïîðÿäêó 3, ùî ìàþòü íóëüîâèé ñëiä.

9) L � ïðîñòið óñiõ ðîçâ'ÿçêiâ ñèñòåìè

{
x+ y + z + t = 0,

2x− y + 3z − 4t = 0.

10) L � ïðîñòið ìíîãî÷ëåíiâ, ñòåïiíü ÿêèõ íå ïåðåâèùó¹ 2.

11) L � ïðîñòið äiàãîíàëüíèõ ìàòðèöü ïîðÿäêó 4.

12) L � àðèôìåòè÷íèé ïðîñòið R4.

13) L � ïðîñòið ìàòðèöü ïîðÿäêó 3 ç íóëüîâèì ïåðøèì ðÿäêîì.

14) L � ïðîñòið óñiõ ðîçâ'ÿçêiâ ðiâíÿííÿ 2x+ 3y − z = 0.

15) L � ïðîñòið ìíîãî÷ëåíiâ, ñòåïiíü ÿêèõ íå ïåðåâèùó¹ 4, äëÿ ÿêèõ

f ′′(0) = 0.

16) L � ïðîñòið ìàòðèöü ïîðÿäêó 4× 2.

17) L � ïðîñòið ìíîãî÷ëåíiâ, ñòåïiíü ÿêèõ íå ïåðåâèùó¹ 5.

18) L � ïðîñòið ãåîìåòðè÷íèõ âåêòîðiâ R2.
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19) L � ïðîñòið ñèìåòðè÷íèõ ìàòðèöü ïîðÿäêó 3.

20) L � ïðîñòið ìíîãî÷ëåíiâ ñòåïåíÿ íå âèùå 2 äëÿ ÿêèõ f ′(0) = 0.

21) L � ïðîñòið óñiõ ðîçâ'ÿçêiâ ðiâíÿííÿ x− 5y + z = 0.

22) L � ïðîñòið ãåîìåòðè÷íèõ âåêòîðiâ ç R3, ùî îðòîãîíàëüíi âåêòîðó
−→a = (7, 0, 5).

23) L � ïðîñòið ìàòðèöü ïîðÿäêó 2, ùî ìàþòü íóëüîâèé ñëiä.

24) L � ïðîñòið óñiõ ðîçâ'ÿçêiâ ñèñòåìè

{
2x+ 3y − z + 2t = 0,

x− 2y + z − t = 0.

25) L � ïðîñòið ìíîãî÷ëåíiâ, ñòåïiíü ÿêèõ íå ïåðåâèùó¹ 5.

26) L � ïðîñòið äiàãîíàëüíèõ ìàòðèöü ïîðÿäêó 3.

27) L � àðèôìåòè÷íèé ïðîñòið R5.

28) L � ïðîñòið ìàòðèöü ïîðÿäêó 4× 3 ç íóëüîâèì ïåðøèì ñòîâï÷èêîì.

29) L � ïðîñòið óñiõ ðîçâ'ÿçêiâ ðiâíÿííÿ −5x+ 2y + z = 0.

30) L � ïðîñòið ìíîãî÷ëåíiâ, ñòåïiíü ÿêèõ íå ïåðåâèùó¹ 5, äëÿ ÿêèõ

f ′(0) = f ′′(0) = 0.

9. Ëiíiéíi îïåðàòîðè

9.1. Ïåðåâiðêà ëiíiéíîñòi îïåðàòîðà. Ïåðåâiðèòè, ÷è ¹ âêàçàíi îïåðàòîðè
A òà B ëiíiéíèìè. Äëÿ ëiíiéíèõ îïåðàòîðiâ âêàçàòè ìàòðèöþ â òîìó æ

áàçèñi, â ÿêîìó çàäàíî âåêòîð −→x = (x1, x2, x3).

1) A−→x = (6x1 − 5x2 − 4x3,−3x1 − 2x2 − x3, x2 + 2x3),

B−→x = (2,−x1 + x3, x2 + x3).

2) A−→x = (5x1 − 4x2 + 3x3,−x1 + 2x2 + 6x3, x1 + x2 + x3),

B−→x = (2x1 − x2,−x1x3, 7x1 + x2 − 5x3).

3) A−→x = (2x1 − 5x2 + 7x3, x1 + 6x2 + 2x3, 2x1 + 5x2 − x3),

B−→x = (x1 − 7x2 + x3, x1 + 6x3 + 1, x1 + 2x2 − 9x3).

4) A−→x = (4x1 − 5x2 + x3, 3x1 − x2 + 7x3, 2x1 + 4x2 + 5x3),

B−→x = (2x2
1 − x3, x2, x1 − 3x2 − x3).

5) A−→x = (x3, x1 + x2,−x1 + x2 − x3),

B−→x = (x1x2 + x3, x1 + 4x3,−2x1 + 8x2 + 5x3).
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6) A−→x = (−5x1 − 6x2 + 2x3, x1 + x2 + 6x3, 5x1 − x2 + 2x3),

B−→x = (x1 − x2 − x3, 5− x1 + x3, 7 + x1 + 8x2 − x3).

7) A−→x = (9x1 − 2x2 + 7x3, 3x1 + 2x2 + 5x3, 6x1 + 2x2 + x3),

B−→x = (2x1 − 3x2, 0, x
3
3).

8) A−→x = (x1 + 4x2 + x3, x1 − 2x2 + 9x3, 2x1 − 8x2 + 4x3),

B−→x = (5x1 − 6x2, x2x3, 9x1 + 5x2 − x3).

9) A−→x = (0, x1, x1 + 2x2 + 3x3),

B−→x = (2 + x1 − x2, x1 + x3, x1 + x2 − 5x3).

10) A−→x = (4x1 − x2 − 8x3, 3x1 + 2x2 + 9x3, x1 + x3),

B−→x = (1, 1, x1).

11) A−→x = (2x1 − 5x2 + x3, 4x1 + x2 − 6x3, x1 + 8x2 + 9x3),

B−→x = (x2
1, 2x1x2, x

2
2).

12) A−→x = (5x1 − 6x2 + 8x3, 2x1 + 7x2 + x3, 2x1 + 5x2 + x3),

B−→x = (2x1 − x3,−5x1 + x3x2, x1 + 6x2 − 5x3).

13) A−→x = (8x1 − 9x2 + 4x3, x1 + 2x2 + 7x3, 2x1 + 6x2 − x3),

B−→x = (2− x1 − x2,−x1 + 8x3, 8x1 + 9x2 − 6x3).

14) A−→x = (9x1 − 7x2 + 3x3, 4x1 + x2 + 8x3, 3x1 + 5x2 + 7x3),

B−→x = (2x1x2, x1x3, x1x3).

15) A−→x = (5x1 + 8x2 + 3x3,−8x1 + 9x2 + 6x3, 5x1 + x2 + x3),

B−→x = (2− x1x2, x1 + x3, x1 + x2 − x3).

16) A−→x = (x1 − x2 + 3x3,−3x1 + x2 + 9x3, x1 + 4x2 + x3),

B−→x = (3x1 − x2,−x1 + 7x3, 7x1 + x2 − 5x2
3).

17) A−→x = (x1, x2, x1), B−→x = (x1, x1x2, x1x2x3).

18) A−→x = (5x1 + 8x2 + x3, 4x1 + x2 + 9x3, 2x1 + 5x2 + 8x3),

B−→x = (2x1, 0, 3).

19) A−→x = (0, 0, 0), B−→x = ( 3
x1
, x1 + 5x3, x1 + x2 − 7x3).

20) A−→x = ((x1 − 4)2 − x2
1 + 3x3,−6x1 + 2x2 + 7x3, x1 + 4x2 + 6x3),

B−→x = (0, 0, 1).

58



21) A−→x = (x1 − 7x2 + 9x3,−7x1 + x2 + 5x3, 6x1 − x2 + x3),

B−→x = (2− x2,−x1 + x3, 7x1x2 − 5x3).

22) A−→x = ((x1 − x2)
2 − x2

1 − x2
2, x1 + 5x2 + 6x3, 7x1 + x2 + x3),

B−→x = (2x1x2, x1x3, x1 + x2 − 5x3).

23) A−→x = (x1 − x2 + 3x3,−6x1 + 7x2 + 8x3, 4x1 + 5x2 + x3),

B−→x = (8x1 − x2,−x1 + x4
3, 7x1 + x2 − 5x3).

24) A−→x = (−8x1 − x2 + 9x3, 7x1 + x2 − 6x3, x1 + 2x2 + 3x3),

B−→x = (2x1 + x2 + x3, 1− x1 + x3, 7x1 + x2 − 5x3).

25) A−→x = (5x1 + x2 + 9x3,−2x1 + 12x2 + 61x3, x1 + 8x2 + 9x3),

B−→x = (2, 0, x1 + x2 − 5x3).

26) A−→x = (6x1 − 5x2 + x3, x1 + 2x2 + 9x3, 8x1 + 4x2 + x3),

B−→x = (2x1 − 2, x1 + x2, x1 + x2 − 5x3).

27) A−→x = (3x1 − x2 + 5x3,−4x1 + x2 + 3x3, 2x1 + 6x2 + 9x3),

B−→x = (2x1 − 4x2, 8− x1x3, x1 + x2 − x3).

28) A−→x = (x1 − x2 + x3, x1 + x2 + x3, x1 + x2 + x3),

B−→x = (x1 − x2, x1 + x3 − 1, x3).

29) A−→x = (0, x1, x1 + x3), B−→x = (0, x2
2 − x3, 0).

30) A−→x = (5x1 − 9x2, x2 + x3, x3),

B−→x = (2x1, (x1 + x3)x2, x1 + x2 − x3).

9.2. Çíàõîäæåííÿ ìàòðèöi ëiíiéíîãî îïåðàòîðà. Äîâåäiòü ëiíiéíiñòü
îïåðàòîðà, âèáåðiòü ó ïðîñòîði ÿêèé�íåáóäü áàçèñ òà çíàéäiòü ìàòðèöþ

îïåðàòîðà â öüîìó áàçèñi.

1) Îïåðàòîð òðàíñïîíóâàííÿ ó ïðîñòîði ìàòðèöü ïîðÿäêó 2

2) Ó ïðîñòîði ìíîãî÷ëåíiâ, ñòåïiíü ÿêèõ íå ïåðåâèùó¹ 3, îïåðàòîð äi¹

çà ïðàâèëîì A(y(x)) = 5y′′ + 4y′ + 3y.

3) Îïåðàòîð ïðîåêòóâàííÿ ïëîùèíè íà âiñü OX.

4) Â ëiíiéíîìó ïðîñòîði ìàòðèöü ïîðÿäêó 2 îïåðàòîð ïåðåñòàâëÿ¹ ðÿäêè

ìàòðèöi ìiñöÿìè.
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5) Ó ïðîñòîði ìíîãî÷ëåíiâ ñòåïiíü ÿêèõ íå ïåðåâèùó¹ 3 îïåðàòîð äi¹ çà

ôîðìóëîþ A(y(x)) = −3y′′ + 2y′ + y.

6) Îïåðàòîð ïðîåêòóâàííÿ ïëîùèíè íà ïðÿìó y =
√

3x.

7) Â ëiíiéíîìó ïðîñòîði ìàòðèöü ïîðÿäêó 2 îïåðàòîð ïåðåñòàâëÿ¹ ñòîâï÷èêè

ìàòðèöi.

8) Ó ïðîñòîði ìíîãî÷ëåíiâ ñòåïiíü ÿêèõ íå ïåðåâèùó¹ 3 îïåðàòîð äi¹ çà

ôîðìóëîþ A(y(x)) = y′′ − 4y′ + 2y.

9) Îïåðàòîð ïðîåêòóâàííÿ ïëîùèíè íà âiñü OY .

10) Â ëiíiéíîìó ïðîñòîði ìàòðèöü ïîðÿäêó 2 îïåðàòîð çìiíþ¹ ìiñöÿìè

åëåìåíòè ãîëîâíî¨ äiàãîíàëi.

11) Ó ïðîñòîði ìíîãî÷ëåíiâ ñòåïiíü ÿêèõ íå ïåðåâèùó¹ 3 îïåðàòîð äi¹ çà

ôîðìóëîþ A(y(x)) = 7y′′ + y′ − 6y.

12) Îïåðàòîð ñèìåòði¨ ïëîùèíè âiäíîñíî ïî÷àòêó êîîðäèíàò.

13) Â ëiíiéíîìó ïðîñòîði ìàòðèöü ïîðÿäêó 2 îïåðàòîð ìíîæåííÿ íà ìàòðèöþ

C =

(
3 5

1 4

)
.

14) Â ëiíiéíîìó ïðîñòîði ìàòðèöü ïîðÿäêó 2 îïåðàòîð çìiíþ¹ ìiñöÿìè

åëåìåíòè ïîái÷íî¨ äiàãîíàëi.

15) Îïåðàòîð ïðîåêòóâàííÿ ïëîùèíè íà ïðÿìó y = −x.
16) Â ëiíiéíîìó ïðîñòîði ìàòðèöü ïîðÿäêó 2 îïåðàòîð çàìiíþ¹ äiàãîíàëüíi

åëåìåíòè íà ñåðåäí¹ àðèôìåòè÷íå âñiõ åëåìåíòiâ ìàòðèöi.

17) Â ëiíiéíîìó ïðîñòîði ìàòðèöü ïîðÿäêó 2 îïåðàòîð çàìiíþ¹ åëåìåíòè

ïîái÷íî¨ äiàãîíàëi íà ñåðåäí¹ àðèôìåòè÷íå âñiõ åëåìåíòiâ ìàòðèöi.

18) Â ëiíiéíîìó ïðîñòîði ìàòðèöü ïîðÿäêó 2 îïåðàòîð âèêîíó¹ ñèìåòðè÷íå

âiäîáðàæåííÿ åëåìåíòiâ âiäíîñíî ïîái÷íî¨ äiàãîíàëi.

19) Îïåðàòîð ïðîåêòóâàííÿ ïëîùèíè íà ïðÿìó y = x.

20) Îïåðàòîð ïðîåêòóâàííÿ ïëîùèíè íà ïðÿìó y = x√
3
.

21) Îïåðàòîð ïðîåêòóâàííÿ ïëîùèíè íà ïðÿìó y = −
√

3x.

22) Â ëiíiéíîìó ïðîñòîði ìàòðèöü ïîðÿäêó 2 îïåðàòîð ìíîæåííÿ íà ìàòðèöþ

C =

(
9 −1

4 6

)
.
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23) Íà êîîðäèíàòíié ïëîùèíi îïåðàòîð âiäîáðàæà¹ òî÷êè âiäíîñíî ïðÿìî¨

y = x.

24) Îïåðàòîð ïîâîðîòó ïëîùèíè íà êóò π
2 ïðîòè ãîäèííèêîâî¨ ñòðiëêè

íàâêîëî ïî÷àòêó êîîðäèíàò.

25) Îïåðàòîð ïîâîðîòó ïëîùèíè íà êóò π
2 çà ãîäèííèêîâîþ ñòðiëêîþ

íàâêîëî ïî÷àòêó êîîðäèíàò.

26) Îïåðàòîð ïîâîðîòó ïëîùèíè íà êóò π
3 ïðîòè ãîäèííèêîâî¨ ñòðiëêè

íàâêîëî ïî÷àòêó êîîðäèíàò.

27) Â ëiíiéíîìó ïðîñòîði ìàòðèöü ïîðÿäêó 2 îïåðàòîð ìíîæåííÿ íà ìàòðèöþ

C =

(
2 −4

0 3

)
.

28) Îïåðàòîð ïîâîðîòó ïëîùèíè íà êóò π
4 ïðîòè ãîäèííèêîâî¨ ñòðiëêè

íàâêîëî ïî÷àòêó êîîðäèíàò.

29) Îïåðàòîð ïîâîðîòó ïëîùèíè íà êóò π
3 çà ãîäèííèêîâîþ ñòðiëêîþ

íàâêîëî ïî÷àòêó êîîðäèíàò.

30) Îïåðàòîð ïîâîðîòó ïëîùèíó íà êóò π
4 çà ãîäèííèêîâîþ ñòðiëêîþ

íàâêîëî ïî÷àòêó êîîðäèíàò.

9.3. ßäðî òà îáðàç ëiíiéíîãî îïåðàòîðà. Â ëiíiéíîìó ïðîñòîði L äi¹

ëiíiéíèé îïåðàòîð A : L → L. Â áàçèñi −→e1 ,
−→e2 ,

−→e3 çàäàíî ìàòðèöþ öüîãî

îïåðàòîðà. Çíàéäiòü ÿäðî òà îáðàç îïåðàòîðà A.

1)

 2 1 1

1 −2 2

−1 7 −5

 ;

2)

 3 4 1

1 0 3

−2 −4 2

 ;

3)

1 2 −1

1 −3 4

3 1 2

 ;

4)

2 −7 −2

1 3 2

4 −1 2

 ;

5)

3 0 −3

1 2 1

2 1 −1

 ;

6)

1 1 −2

1 −1 6

3 1 2

 ;

7)

1 4 −3

5 2 −1

2 −1 1

 ;

8)

1 −2 −1

3 1 2

1 5 4

 ;

9)

3 2 −5

1 3 4

5 8 3

 ;
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10)

1 −7 0

1 3 1

4 2 3

 ;

11)

1 −3 −2

5 −1 4

2 1 3

 ;

12)

1 2 7

3 4 1

1 1 −3

 ;

13)

1 −5 −3

5 −3 1

2 1 2

 ;

14)

1 4 −4

1 −1 2

4 1 2

 ;

15)

1 −3 1

4 3 −2

1 2 −1

 ;

16)

1 −3 6

3 1 4

1 2 −1

 ;

17)

2 −4 3

5 −3 2

1 5 −4

 ;

18)

3 1 2

5 2 −1

1 0 5

 ;

19)

3 2 1

4 −1 1

2 5 1

 ;

20)

1 −2 1

1 3 2

2 1 3

 ;

21)

4 −1 0

3 1 2

2 3 4

 ;

22)

1 6 5

5 2 −1

3 4 2

 ;

23)

3 2 1

7 5 1

1 1 −1

 ;

24)

1 −7 −9

4 2 3

1 3 4

 ;

25)

3 1 2

3 2 −5

2 1 −1

 ;

26)

3 0 −7

7 2 −1

2 1 3

 ;

27)

1 0 −1

4 3 2

1 1 1

 ;

28)

2 5 3

7 6 7

1 −9 −2

 ;

29)

1 6 −3

3 4 −1

5 2 1

 ;

30)

2 −5 −5

2 4 3

6 3 1

 .
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9.4. Ïåðåòâîðåííÿ ìàòðèöi ëiíiéíîãî îïåðàòîðà ïðè ïåðåõîäi äî
iíøîãî áàçèñó. Ëiíiéíèé îïåðàòîð, ùî ïåðåòâîðþ¹ ïðîñòið R3 â ñåáå,

çàäà¹òüñÿ â áàçèñi −→e1 = (1, 0, 0), −→e2 = (0, 1, 0), −→e3 = (0, 0, 1) ìàòðèöåþ A.

Çíàéäiòü ìàòðèöþ öüîãî îïåðàòîðà â áàçèñi ç âåêòîðiâ −→a1 ,
−→a2 ,

−→a3 .

1) A =

−1 0 3

6 3 −1

3 −2 −3

 , −→a1 = (1, 1, 1),−→a2 = (0, 1, 1),−→a3 = (0, 0, 1).

2) A =

7 −1 7

2 3 0

3 2 −1

 , −→a1 = (0, 1, 2),−→a2 = (3, 1, 0),−→a3 = (0, 1, 1).

3) A =

 3 2 1

−4 0 2

1 −5 −6

 , −→a1 = (1, 1, 0),−→a2 = (1, 2, 0),−→a3 = (−1, 3, 3).

4) A =

4 2 −3

1 −1 3

0 −2 2

 , −→a1 = (1, 1, 1),−→a2 = (1, 0, 0),−→a3 = (1,−1, 1).

5) A =

 5 2 1

0 −4 2

−2 1 1

 ,−→a1 = (−1,−1, 1),−→a2 = (−1, 1, 0),−→a3 = (−1,−1, 0).

6) A =

−1 −2 −2

3 3 1

2 0 −3

 , −→a1 = (−1, 0, 1),−→a2 = (0, 1, 0),−→a3 = (0, 0, 1).

7) A =

 3 0 −1

2 5 2

−1 2 7

 , −→a1 = (1, 1, 0),−→a2 = (0, 1, 1),−→a3 = (0, 0, 2).

8) A =

3 0 3

4 5 −2

1 1 4

 , −→a1 = (0, 1, 1),−→a2 = (−1, 1, 0),−→a3 = (0, 1, 2).
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9) A =

4 0 3

4 5 −2

1 1 4

 , −→a1 = (−1, 1, 0),−→a2 = (1, 2, 0),−→a3 = (−1, 3,−3).

10) A =

2 5 7

6 3 0

5 −2 −3

 , −→a1 = (1, 1, 1),−→a2 = (−1, 0, 0),−→a3 = (1,−1, 1).

11) A

6 3 0

2 5 4

1 −3 −1

 , −→a1 = (−1,−1, 1),−→a2 = (1, 1, 0),−→a3 = (−1, 1, 0).

12) A =

4 −5 2

0 4 1

1 −1 3

 , −→a1 = (−1, 0, 0),−→a2 = (0,−1, 0),−→a3 = (0, 0, 1).

13) A =

 2 1 4

−1 2 1

0 −1 −5

 ,−→a1 = (1, 0, 0),−→a2 = (0,−1, 0),−→a3 = (−1,−1,−1).

14) A =

−1 0 2

4 3 9

−2 −6 1

 , −→a1 = (1, 1, 0),−→a2 = (0, 1, 2),−→a3 = (1, 0, 1).

15) A =

 5 2 1

−1 3 0

2 −1 −4

 , −→a1 = (1, 1, 1),−→a2 = (1, 0, 0),−→a3 = (1, 1,−1).

16) A =

10 5 1

−3 0 2

−1 −6 1

 , −→a1 = (2, 1, 0),−→a2 = (3, 1, 2),−→a3 = (1, 2,−1).

17) A =

0 −2 2

3 1 4

2 −3 5

 , −→a1 = (−1, 2, 1),−→a2 = (−1,−1, 2),−→a3 = (2, 1, 0).
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18) A =

−1 1 −3

2 3 4

−1 6 0

 , −→a1 = (4, 1, 3),−→a2 = (−1, 2, 1),−→a3 = (3, 1, 1).

19) A =

 3 −1 1

2 1 3

−4 0 −2

 , −→a1 = (2,−1, 3),−→a2 = (1, 1, 1),−→a3 = (−1, 0, 1).

20) A =

1 0 −1

3 1 2

2 −3 4

 , −→a1 = (1,−1, 2),−→a2 = (2, 3, 1, ),−→a3 = (0, 1, 1).

21) A =

 3 1 0

−1 −7 3

2 3 −1

 , −→a1 = (1, 3,−1),−→a2 = (−1, 2, 1),−→a3 = (0, 3, 1).

22) A =

0 −3 1

1 2 2

2 −1 −5

 , −→a1 = (−1, 2, 1),−→a2 = (1,−1, 2),−→a3 = (1,−1, 1).

23) A =

2 5 7

6 3 4

5 −2 −3

 , −→a1 = (1, 4, 1),−→a2 = (0, 1, 1),−→a3 = (2,−1, 0).

24) A =

2 7 3

3 0 4

1 5 3

 , −→a1 = (1,−2, 1),−→a2 = (−1, 2, 1),−→a3 = (−1, 3, 1).

25) A =

1 0 5

1 2 0

3 0 −1

 , −→a1 = (3, 1, 1),−→a2 = (−1, 2, 1),−→a3 = (0, 2, 1).

26) A =

1 0 5

2 2 0

3 0 −1

 , −→a1 = (2, 1,−1),−→a2 = (−1, 2, 1),−→a3 = (3, 1, 1).
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27) A =

1 0 5

3 2 0

3 0 −1

 , −→a1 = (1,−2, 1),−→a2 = (3, 1, 0),−→a3 = (4, 0, 2).

28) A =

1 0 5

4 2 0

3 0 −1

 , −→a1 = (2,−1, 1),−→a2 = (1, 1,−1),−→a3 = (1, 2, 1).

29) A =

1 0 5

5 2 0

3 0 −1

 , −→a1 = (1,−1, 1),−→a2 = (−1, 2, 3),−→a3 = (1, 2, 1).

30) A =

1 0 5

6 2 0

3 0 −1

 , −→a1 = (1, 0, 1),−→a2 = (2, 3, 1),−→a3 = (1, 1, 0).

9.5. Âëàñíi ÷èñëà òà âëàñíi âåêòîðè ëiíiéíîãî îïåðàòîðà. Çíàéäiòü
âëàñíi ÷èñëà òà âëàñíi âåêòîðè ëiíiéíîãî îïåðàòîðà, çàäàíîãî ìàòðèöåþ ó

ïåâíîìó áàçèñi:

1)

−11 6 3

−8 5 2

−22 12 6

 ;

2)

1 0 5

4 2 0

3 0 −1

 ;

3)

 −5 −2 −2

14 6 4

−10 −5 −3

 ;

4)

−7 −4 −4

10 6 8

−2 −1 −3

 ;

5)

 5 2 2

−14 −6 −4

10 5 3

 ;

6)

 5 2 2

−6 −2 −4

2 1 3

 ;

7)

 9 5 5

−22 −12 −10

12 6 4

 ;

8)

 2 3 6

−8 −9 −14

4 4 6

 ;

9)

 0 −2 2

3 7 2

−9 −18 −9

 ;

10)

−14 −32 −10

6 14 4

3 6 3

 ;

11)

1 0 5

2 2 0

3 0 −1

 ;

12)

−23 −50 −16

9 20 6

6 12 5

 ;
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13)

−11 −8 −22

6 5 12

3 2 6

 ;

14)

−5 −10 10

6 11 −12

3 5 −6

 ;

15)

1 0 5

3 2 0

3 0 −1

 ;

16)

−4 −10 10

12 22 −24

9 15 −17

 ;

17)

 7 2 3

12 6 6

−22 −8 −10

 ;

18)

−32 −10 −15

−6 0 −3

74 22 35

 ;

19)

−32 −10 −15

−36 −15 −18

94 32 45

 ;

20)

 45 94 32

−15 −32 −10

−18 −36 −15

 ;

21)

 39 82 26

−15 −32 −10

−9 −18 −6

 ;

22)

1 0 5

1 2 0

3 0 −1

 ;

23)

 40 82 26

−15 −31 −10

−9 −18 −5

 ;

24)

18 40 14

−6 −14 −4

−9 −18 −9

 ;

25)

 20 44 16

−6 −14 −4

−12 −24 −12

 ;

26)

−4 −6 −6

−3 −7 −2

15 30 15

 ;

27)

−4 10 0

−3 7 0

9 −15 −2

 ;

28)

−9 20 7

−6 13 6

0 0 −2

 ;

29)

1 0 8

0 2 0

3 0 −1

 ;

30)

−4 −10 10

9 17 −18

6 10 −11

 .
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9.6. Îïåðàòîðè ïðîñòî¨ ñòðóêòóðè. Çàäàíî ìàòðèöþ ëiíiéíîãî îïåðàòîðà

â äåÿêîìó áàçèñi. Çíàéäèòü àëãåáðè÷íi òà ãåîìåòðè÷íi êðàòíîñòi âëàñíèõ

÷èñåë. Ç'ÿñóéòå, ÷è ¹ íàâåäåíi îïåðàòîðè îïåðàòîðàìè ïðîñòî¨ ñòðóêòóðè.

1)


2 −1 −1 1

−8 3 3 1

11 −5 −5 2

10 −6 −7 5

 ;

2)


7 −4 −5 3

2 −3 −5 5

16 −8 −9 4

25 −15 −19 11

 ;

3)


2 −1 −1 1

−2 1 1 1

5 −3 −3 2

7 −5 −6 5

 ;

4)


−18 9 11 −3

−44 22 25 −7

−13 6 9 −2

−47 22 27 −6

 ;

5)


−14 7 8 −2

−32 16 16 −4

−13 6 9 −2

−39 18 21 −4

 ;

6)


−14 7 8 −2

−46 22 24 −6

1 0 1 0

−32 15 17 −3

 ;

7)


−24 11 13 −3

−56 26 29 −7

−16 7 10 −2

−56 25 30 −6

 ;

8)


−19 9 11 −3

−44 21 25 −7

−13 6 8 −2

−47 22 27 −7

 ;

9)


−20 9 10 −2

−52 24 26 −6

−8 3 4 0

−44 19 21 −3

 ;

10)


−15 7 8 −2

−24 11 10 −2

−21 10 14 −4

−43 20 24 −6

 ;

11)


−20 9 10 −2

−44 20 20 −4

−16 7 10 −2

−48 21 24 −4

 ;

12)


−20 9 10 −2

−52 24 26 −6

−8 3 4 0

−44 19 21 −3

 ;

13)


−20 9 10 −2

−66 30 34 −8

6 −3 −4 2

−37 16 17 −2

 ;

14)


−15 7 8 −2

−46 21 24 −6

1 0 0 0

−32 15 17 −4

 ;

15)


14 −6 −7 2

48 −22 −26 8

−9 5 6 −2

23 −10 −12 4

 ;

16)


25 −11 −13 4

70 −32 −38 12

−1 1 1 0

47 −22 −27 10

 ;

17)


25 −11 −13 4

58 −26 −32 10

11 −5 −5 2

53 −25 −30 11

 ;

18)


25 −11 −13 4

66 −30 −38 12

3 −1 1 0

49 −23 −27 10

 ;

19)


14 −6 −7 2

44 −20 −26 8

−5 3 6 −2

25 −11 −12 4

 ;

20)


17 −7 −7 2

50 −22 −26 8

−1 1 4 −1

37 −17 −18 7

 ;

21)


6 −2 −1 0

20 −8 −8 2

−1 1 3 −1

17 −7 −6 2

 ;

22)


25 −11 −13 4

50 −22 −26 8

19 −9 −11 4

57 −27 −33 12

 ;

23)


25 −11 −13 4

58 −26 −32 10

11 −5 −5 2

53 −25 −30 11

 ;

24)


5 −1 −1 0

−2 4 4 −2

11 −5 −5 2

13 −5 −6 3

 ;
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25)


−3 3 5 −2

−10 8 10 −4

−1 1 4 −1

−3 3 6 −1

 ;

26)


7 −2 −1 0

20 −7 −8 2

−1 1 4 −1

17 −7 −6 3

 ;

27)


−2 1 2 0

−6 3 4 0

1 −1 0 1

3 −3 −3 4

 ;

28)


15 −6 −7 2

48 −21 −26 8

−9 5 7 −2

23 −10 −12 5

 ;

29)


−2 1 2 0

14 −7 −8 4

−19 9 12 −3

−7 2 3 2

 ;

30)


3 −2 −2 2

24 −13 −16 8

−14 6 8 −1

8 −7 −9 8

 .

9.7. Æîðäàíîâà íîðìàëüíà ôîðìà ìàòðèöi. Çâåäiòü ìàòðèöþ äî æîðäàíîâî¨

íîðìàëüíî¨ ôîðìè òà âêàæiòü âiäïîâiäíèé æîðäàíiâ áàçèñ:

1)

 −8 2 5

−8 4 4

−20 4 12

 ;

2)

−12 7 10

4 0 −4

−16 8 14

 ;

3)

−18 −7 −22

−1 −2 −1

18 8 22

 ;

4)

−6 −13 46

−9 −14 54

−4 −7 26

 ;

5)

21 −6 −11

18 −3 −9

24 −8 −13

 ;

6)

−12 4 −7

−2 0 −1

20 −7 12

 ;

7)

−2 1 −1

0 −1 0

1 −1 0

 ;

8)

−13 15 7

−6 7 3

−10 12 6

 ;

9)

3 3 −3

8 7 −12

4 4 −5

 ;

10)

11 −6 12

4 0 4

−7 5 −8

 ;

11)

−15 9 17

−1 −1 1

−12 9 14

 ;

12)

−6 3 8

−4 3 4

−5 2 7

 ;

13)

3 −1 0

1 1 0

0 0 1

 ;

14)

 9 −2 −3

17 −3 −7

4 −1 0

 ;

15)

−3 5 −5

1 6 −9

1 4 −7

 ;

16)

−6 25 17

−6 23 13

7 −25 −13

 ;

17)

−22 −7 −11

25 9 13

25 8 12

 ;

18)

0 −2 −3

1 2 1

2 2 5

 ;
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19)

1 1 −6

0 1 −2

0 0 0

 ;

20)

−1 3 0

0 −1 0

4 3 −1

 ;

21)

2 1 2

0 2 0

0 5 2

 ;

22)

 1 1 −1

−3 −3 3

−2 −2 2

 ;

23)

 1 0 −1

3 2 0

−3 0 −1

 ;

24)

1 −3 4

4 −7 8

6 −7 7

 ;

25)

−3 −1 −1

3 4 3

−2 −5 −4

 ;

26)

 1 −1 −1

−1 0 −1

2 3 4

 ;

27)

 1 −1 −1

−3 −4 −3

4 7 6

 ;

28)

−3 0 0

−1 −1 −1

6 4 3

 ;

29)

 2 0 0

−1 −3 −1

−1 4 1

 ;

30)

 0 0 0

−1 0 −1

4 4 4

 .

9.8. Îá÷èñëåííÿ ñòåïåíÿ ìàòðèöi. Çà äîïîìîãîþ çâåäåííÿ ìàòðèöi A

äî äiàãîíàëüíîãî âèãëÿäó îá÷èñëèòè Am:

1)

 7 4 −4

42 29 −18

72 48 −33

 , m = 100;

2)

16 10 −8

15 11 −6

54 36 −25

 , m = 120;

3)

−9 20 7

−6 13 6

0 0 −2

 , m = 50;

4)

−7 10 −2

−4 6 −1

−4 8 −3

 , m = 40;

5)

−18 −7 −22

−1 −2 −1

18 8 22

 , m = 20;

6)

−15 9 17

−1 −1 1

−12 9 14

 , m = 25;

7)

−11 −6 −6

26 14 12

−14 −7 −5

 , m = 30;

8)

 52 34 −24

−93 −61 42

−18 −12 7

 , m = 65;

70



9)

 34 22 −16

−39 −25 18

18 12 −9

 , m = 93;

10)

 102 66 −48

−117 −75 54

54 36 −27

 , m = 26;

11)

 −5 3 9

68 −42 −123

−26 16 47

 , m = 60;

12)

 7 −3 −9

64 −40 −117

−18 12 35

 , m = 37;

13)

 13 −6 −18

62 −39 −114

−14 10 29

 , m = 42;

14)

−4 10 0

−3 7 0

9 −15 −2

 , m = 60;

15)

1 −3 1

3 −3 −1

3 −5 1

 , m = 100;

16)

1 2 3

0 3 0

1 1 −1

 , m = 150;

17)

2 0 1

0 1 0

4 0 −1

 , m = 20;

18)

−1 3 1

0 1 2

0 0 2

 , m = 25;

19)

1 1 0

2 2 0

3 0 −1

 , m = 20;

20)

0 0 4

0 1 7

1 0 0

 , m = 20;

21)

 0 9 −4

0 1 0

−1 0 0

 , m = 32;

22)

 1 1 0

0 −1 0

−2 0 0

 , m = 35;

23)

−12 −5 34

−2 −3 2

−6 −3 16

 , m = 42;

24)

17 4 −8

8 3 −6

32 8 −16

 , m = 24;

25)

 3 3 8

2 4 4

−1 −2 −3

 , m = 200;

26)

2 0 1

0 2 −3

0 1 −2

 , m = 87;
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27)

1 0 5

3 2 0

3 0 −1

 , m = 37;

28)

 1 1 8

−4 1 0

1 0 1

 , m = 43;

29)

 1 1 1

−1 1 0

5 0 1

 , m = 60;

30)

2 1 2

3 2 0

3 0 2

 , m = 99;

10. Óíiòàðíèé òà åâêëiäiâ ïðîñòîðè

10.1. Ïåðåâiðêà îçíà÷åííÿ ñêàëÿðíîãî äîáóòêó. Íåõàé L � ëiíiéíèé

ïðîñòið íàä ïîëåì äiéñíèõ ÷èñåë. Ïåðåâiðèòè ìîæëèâiñòü ââåäåííÿ ñêàëÿðíîãî

äîáóòêó ó ïðîñòîði L âêàçàíèì ñïîñîáîì.

1) L � ïðîñòið äiéñíèõ ìíîãî÷ëåíiâ, ñòåïiíü ÿêèõ íå ïåðåâèùó¹ 2. Äëÿ

äîâiëüíèõ f, g ∈ L âèçíà÷èìî (f, g) =
1∫
0
f(x)g(x)dx.

2) L � ïðîñòið ìàòðèöü ïîðÿäêó 2. Äëÿ äîâiëüíèõ f =

(
x1 y1

z1 u1

)
òà

g =

(
x2 y2

z2 u2

)
âèçíà÷èìî (f, g) = x1x2 + y1y2.

3) L = R3. Äëÿ äîâiëüíèõ −→x ,−→y ∈ L âèçíà÷èìî (−→x ,−→y ) = |−→x ||−→y |.

4) L � ïðîñòið äiéñíèõ ìíîãî÷ëåíiâ, ñòåïiíü ÿêèõ íå ïåðåâèùó¹ 3. Äëÿ

äîâiëüíèõ f, g ∈ L âèçíà÷èìî (f, g) =
1∫
0
f ′(x)g′(x)dx.

5) L � ïðîñòið ìàòðèöü ïîðÿäêó 2. Äëÿ äîâiëüíèõ f =

(
x1 y1

z1 u1

)
òà

g =

(
x2 y2

z2 u2

)
âèçíà÷èìî (f, g) = x1x2 + u1u2.

6) L = R3. Äëÿ äîâiëüíèõ −→x ,−→y ∈ L âèçíà÷èìî (−→x ,−→y ) = |−→x ||−→y | sinα,
äå α � êóò ìiæ âåêòîðàìè.
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7) L � ïðîñòið äiéñíèõ ìíîãî÷ëåíiâ, ñòåïiíü ÿêèõ íå ïåðåâèùó¹ 2. Äëÿ

äîâiëüíèõ f, g ∈ L âèçíà÷èìî (f, g) =
1∫
0
f(x)g(x)dx+

1∫
0
f ′(x)g′(x)dx.

8) L � ïðîñòið ìàòðèöü ïîðÿäêó 2. Äëÿ äîâiëüíèõ f =

(
x1 y1

z1 u1

)
òà

g =

(
x2 y2

z2 u2

)
âèçíà÷èìî (f, g) = x1x2 + y1y2 + z1z2 + u1u2.

9) L = R3. Äëÿ äîâiëüíèõ−→x ,−→y ∈ L âèçíà÷èìî (−→x ,−→y ) = 2|−→x ||−→y | cosα,

äå α � êóò ìiæ âåêòîðàìè.

10) L � ïðîñòið äiéñíèõ ìíîãî÷ëåíiâ, ñòåïiíü ÿêèõ íå ïåðåâèùó¹ 3. Äëÿ

äîâiëüíèõ f, g ∈ L âèçíà÷èìî (f, g) =
1∫
0
f ′(x)g(x)dx+

1∫
0
f(x)g′(x)dx.

11) L � ïðîñòið ìàòðèöü ïîðÿäêó 2. Äëÿ äîâiëüíèõ f =

(
x1 y1

z1 u1

)
òà

g =

(
x2 y2

z2 u2

)
âèçíà÷èìî (f, g) = 2x1y2 + 2x2y1.

12) L = R3. Äëÿ äîâiëüíèõ −→x ,−→y ∈ L âèçíà÷èìî (−→x ,−→y ) = |−→x |2 + |−→y |2.

13) L � ïðîñòið äiéñíèõ ìíîãî÷ëåíiâ, ñòåïiíü ÿêèõ íå ïåðåâèùó¹ 2. Äëÿ

äîâiëüíèõ f, g ∈ L âèçíà÷èìî (f, g) = f(0)g(0).

14) L � ïðîñòið ìàòðèöü ïîðÿäêó 2. Äëÿ äîâiëüíèõ f =

(
x1 y1

z1 u1

)
òà

g =

(
x2 y2

z2 u2

)
âèçíà÷èìî (f, g) = det(f · g).

15) L = R3. Äëÿ äîâiëüíèõ−→x ,−→y ∈ L âèçíà÷èìî (−→x ,−→y ) = 1
2|
−→x ||−→y | cos 2α,

äå α � êóò ìiæ âåêòîðàìè.

16) L � ïðîñòið äiéñíèõ ìíîãî÷ëåíiâ, ñòåïiíü ÿêèõ íå ïåðåâèùó¹ 2. Äëÿ

äîâiëüíèõ f = a1x
2 + b1x+ c1 òà g = a2x

2 + b2x+ c2 âèçíà÷èìî

(f, g) = a1a2 + b1b2 + c1c2.
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17) L � ïðîñòið ìàòðèöü ïîðÿäêó 2. Äëÿ äîâiëüíèõ f =

(
x1 y1

z1 u1

)
òà

g =

(
x2 y2

z2 u2

)
âèçíà÷èìî (f, g) = tr(f) · tr(g), äå tr(f) � ñóìà

åëåìåíòiâ ãîëîâíî¨ äiàãîíàëi.

18) L = R3. Äëÿ äîâiëüíèõ−→x ,−→y ∈ L âèçíà÷èìî (−→x ,−→y ) = max{|−→x |; |−→y |}.

19) L � ïðîñòið äiéñíèõ ìíîãî÷ëåíiâ, ñòåïiíü ÿêèõ íå ïåðåâèùó¹ 2. Äëÿ

äîâiëüíèõ f, g ∈ L âèçíà÷èìî (f, g) =
1∫
0
f(x)g(x)dx+ f(0)g(0).

20) L � ïðîñòið ìàòðèöü ïîðÿäêó 2. Äëÿ äîâiëüíèõ f =

(
x1 y1

z1 u1

)
òà

g =

(
x2 y2

z2 u2

)
âèçíà÷èìî (f, g) = tr(f · g).

21) L = R3. Äëÿ äîâiëüíèõ −→x ,−→y ∈ L âèçíà÷èìî (−→x ,−→y ) =
√
|−→x ||−→y |.

22) L � ïðîñòið äiéñíèõ ìíîãî÷ëåíiâ, ñòåïiíü ÿêèõ íå ïåðåâèùó¹ 4 òà

f(−1) = f(1) = 0. Äëÿ äîâiëüíèõ f, g ∈ L âèçíà÷èìî

(f, g) =
1∫
0
f ′(x)g′(x)dx.

23) L � ïðîñòið ìàòðèöü ïîðÿäêó 2. Äëÿ äîâiëüíèõ f =

(
x1 y1

z1 u1

)
òà

g =

(
x2 y2

z2 u2

)
âèçíà÷èìî (f, g) = x1x2 + x1y2 + x2y1 + y1y2 + z1z2 +

+ z1u2 + z2u1 + u1u2.

24) L = R3. Äëÿ äîâiëüíèõ −→x ,−→y ∈ L âèçíà÷èìî (−→x ,−→y ) = |−→x |+ |−→y |.

25) L � ïðîñòið äiéñíèõ ìíîãî÷ëåíiâ, ñòåïiíü ÿêèõ íå ïåðåâèùó¹ 2 .

Äëÿ äîâiëüíèõ f, g ∈ L âèçíà÷èìî (f, g) = max
x∈[0,1]

|f(x)g(x)|.
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26) L � ïðîñòið ìàòðèöü ïîðÿäêó 2. Äëÿ äîâiëüíèõ f =

(
x1 y1

z1 u1

)
òà

g =

(
x2 y2

z2 u2

)
âèçíà÷èìî (f, g) = max{x1x2; y1y2; z1z2; u1u2}.

27) L = R3. Äëÿ äîâiëüíèõ−→x ,−→y ∈ L âèçíà÷èìî (−→x ,−→y ) =
√
|−→x |2 + |−→y |2.

28) L � ïðîñòið äiéñíèõ ìíîãî÷ëåíiâ, ñòåïiíü ÿêèõ íå ïåðåâèùó¹ 2. Äëÿ

äîâiëüíèõ f, g ∈ L âèçíà÷èìî (f, g) =
1∫
0
x2f(x)g(x)dx.

29) L � ïðîñòið ìàòðèöü ïîðÿäêó 2. Äëÿ äîâiëüíèõ f =

(
x1 y1

z1 u1

)
òà

g =

(
x2 y2

z2 u2

)
âèçíà÷èìî (f, g) =

√
x2

1x
2
2 + y2

1y
2
2 + z2

1z
2
2 + u2

1u
2
2.

30) L = R2. Äëÿ äîâiëüíèõ −→x ,−→y ∈ L âèçíà÷èìî

(−→x ,−→y ) = |−→x ||−→y | cos(π
3 + α), äå α � êóò ìiæ âåêòîðàìè.

10.2. Ñêàëÿðíèé äîáóòîê òà ìàòðèöÿ Ãðàìà. Â åâêëiäîâîìó òà óíiòàðíîìó

ïðîñòîðàõ, åëåìåíòàìè ÿêèõ ¹ íàáîðè −→x = (x1, ..., xn) âiäïîâiäíî äiéñíèõ

òà êîìïëåêñíèõ ÷èñåë, çàäàíî ñêàëÿðíi äîáóòêè. Ïîòðiáíî:

1) Ïîáóäóâàòè ìàòðèöþ Ãðàìà äëÿ âåêòîðiâ
−→
fi .

2) Äîñëiäèòè íà ëiíiéíó çàëåæíiñòü âåêòîðè
−→
fi .

1)
−→
f1 = (1; 2;−3),

−→
f2 = (2;−1; 1),

−→
f3 = (0; 1; 2),

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

2)
−→
f1 = (−i; 1; 0),

−→
f2 = (1; 0; 0),

−→
f3 = (1 + 2i;−2 + i; 1),

(−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

3)
−→
f1 = (1; 2; 3),

−→
f2 = (1; 0; 1),

−→
f3 = (−1; 1; 0),

(−→x ,−→y ) = x1y1 + 2x1y2 + 2x2y1 + 5x2y2 − 2x2y3 − 2x3y2 + 7x3y3.

4)
−→
f1 = (1; 0; 2),

−→
f2 = (−1; 2; 1),

−→
f3 = (0; 3; 0),

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.
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5)
−→
f1 = (1; 0;−1),

−→
f2 = (2i; 0; 1),

−→
f3 = (−1; 1 + i; 0),

(−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

6)
−→
f1 = (2; i− 3),

−→
f2 = (2i; 0),

(−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

7)
−→
f1 = (3; 1; 2),

−→
f2 = (−2; 1; 3),

−→
f3 = (2;−1; 1),

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

8)
−→
f1 = (1 + i; 0; 1),

−→
f2 = (2; 0; 1),

−→
f3 = (i;−i; 0),

(−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

9)
−→
f1 = (2;−3),

−→
f2 = (−2i; 1− 2i),

(−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

10)
−→
f1 = (0;−2; 1),

−→
f2 = (1; 0;−1),

−→
f3 = (2; 3; 0),

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

11)
−→
f1 = (−1; 1 + i;−1),

−→
f2 = (2; 0; i),

−→
f3 = (0; i; 2),

(−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

12)
−→
f1 = (8− i; 0),

−→
f2 = (2;−3i),

(−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

13)
−→
f1 = (1;−1; 1),

−→
f2 = (2; 0; 1),

−→
f3 = (−1;−1; 2),

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

14)
−→
f1 = (−1; 1; 8),

−→
f2 = (4i; 0; 5),

−→
f3 = (0; 0; 3i),

(−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

15)
−→
f1 = (0; 1 + i),

−→
f2 = (2− i; 0),

(−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

16)
−→
f1 = (4;−1; 0),

−→
f2 = (1; 5; 1),

−→
f3 = (2; 0;−1),

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

17)
−→
f1 = (4; 0; 5),

−→
f2 = (2; 2; i),

−→
f3 = (1; 0; 2),

(−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

18)
−→
f1 = (2; 1− i),

−→
f2 = (0; 5i),

(−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.
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19)
−→
f1 = (0; 0;−3),

−→
f2 = (5; 0;−1),

−→
f3 = (2; 0; 1),

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

20)
−→
f1 = (2; 1; 0),

−→
f2 = (i; 0; 2i),

−→
f3 = (−1 + i; 2; 0),

(−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

21)
−→
f1 = (3;−2i),

−→
f2 = (1 + i; 2− i),

(−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

22)
−→
f1 = (2; 1; 2),

−→
f2 = (−1;−3; 1),

−→
f3 = (2;−1; 2),

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

23)
−→
f1 = (0; 0; 1 + i),

−→
f2 = (1− i; i; 0),

−→
f3 = (4; 0; 2),

(−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

24)
−→
f1 = (1− i; 2i− 1),

−→
f2 = (0; 2),

(−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

25)
−→
f1 = (4; 1;−1),

−→
f2 = (2; 1; 2),

−→
f3 = (0; 1; 0),

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

26)
−→
f1 = (3;−2; 1 + i),

−→
f2 = (−1; 0; 2i),

−→
f3 = (1; 0; 1),

(−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

27)
−→
f1 = (0; 1 + i),

−→
f2 = (1 + i; 2i),

(−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

28)
−→
f1 = (10; 0; 1),

−→
f2 = (0; 7; 1),

−→
f3 = (1;−1; 1),

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

29)
−→
f1 = (1;−2i),

−→
f2 = (i; 2),

(−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

30)
−→
f1 = (1; 1; 0),

−→
f2 = (−1; 1; 0),

−→
f3 = (0; 0; 1),

(−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.
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10.3. Îðòîãîíàëiçàöiÿ ñèñòåìè âåêòîðiâ çà Ãðàìîì-Øìiäòîì. Êîîðäèíàòè
âåêòîðiâ−→a1 ,

−→a2 ,
−→a3 çàäàíî â äåÿêîìó îðòîíîðìîâàíîìó áàçèñi. Âèêîðèñòîâóþ÷è

ïðîöåñ îðòîãîíàëiçàöi¨ Ãðàìà-Øìiäòà ïîáóäóâàòè îðòîíîðìîâàíèé áàçèñ

ïiäïðîñòîðó, ùî ¹ ëiíiéíîþ îáîëîíêîþ íàâåäåíèõ âåêòîðiâ.

1) −→a1 = (0; 2;−3; 1), −→a2 = (1; 3; 4;−1), −→a3 = (1; 5; 1; 0);

2) −→a1 = (1; 1;−1; 2), −→a2 = (4;−1; 2; 4), −→a3 = (0; 1; 3; 0);

3) −→a1 = (2;−2; 1; 1), −→a2 = (1;−3; 5; 0), −→a3 = (3;−2; 1; 1);

4) −→a1 = (1;−1; 0; 4), −→a2 = (2; 1; 2; 1), −→a3 = (3; 0; 2; 5);

5) −→a1 = (3;−2; 1; 2), −→a2 = (2; 0; 4;−1), −→a3 = (−4; 1; 1; 6);

6) −→a1 = (4; 0; 1;−2), −→a2 = (3; 1;−5; 4), −→a3 = (1;−1; 6;−3);

7) −→a1 = (−1;−3; 5; 3), −→a2 = (−2; 2; 1; 3), −→a3 = (2;−1; 2; 7);

8) −→a1 = (5;−4; 1; 1), −→a2 = (1; 0; 5; 1), −→a3 = (−1;−1; 2; 3);

9) −→a1 = (0; 2; 1; 4), −→a2 = (3; 0;−5; 6), −→a3 = (3; 2;−4; 10);

10) −→a1 = (−3; 2; 1; 0), −→a2 = (−1; 1; 1; 1), −→a3 = (2;−4; 3; 5);

11) −→a1 = (1; 1; 3; 1), −→a2 = (2; 1; 1; 1), −→a3 = (3;−1; 0; 2);

12) −→a1 = (2;−2; 3; 6), −→a2 = (1; 0;−2; 1), −→a3 = (4; 2; 3;−3);

13) −→a1 = (6;−1; 0; 1), −→a2 = (2; 3; 4; 5), −→a3 = (1;−5; 2; 1);

14) −→a1 = (0; 0; 1; 1), −→a2 = (1; 0; 1; 0), −→a3 = (4; 1; 7; 0);

15) −→a1 = (1; 1; 1; 1), −→a2 = (2; 0; 1; 1), −→a3 = (1;−1; 0; 0);

16) −→a1 = (6; 1; 1;−2), −→a2 = (−2; 3; 4;−1), −→a3 = (1;−4; 2; 1);

17) −→a1 = (7;−2; 1; 4), −→a2 = (1; 1;−1;−1), −→a3 = (3;−2; 3; 1);

18) −→a1 = (4; 0; 1;−3), −→a2 = (4; 3; 2; 1), −→a3 = (−2; 1; 5; 1);

19) −→a1 = (2;−3; 1; 1), −→a2 = (−5; 2; 3; 1), −→a3 = (1;−1; 2; 5);

20) −→a1 = (0;−2; 1; 0), −→a2 = (3; 0; 5; 2), −→a3 = (1;−6; 4; 0);

21) −→a1 = (1;−4; 2; 8), −→a2 = (2; 0; 3; 0), −→a3 = (4; 1; 6;−5);

78



22) −→a1 = (−4; 2; 1; 1), −→a2 = (3;−3; 3; 1), −→a3 = (0; 0; 1;−7);

23) −→a1 = (6;−1; 0; 5), −→a2 = (2; 4;−1; 3), −→a3 = (9;−1; 3; 4);

24) −→a1 = (2;−1; 2; 1), −→a2 = (3; 0; 6; 2), −→a3 = (4; 3; 2; 1);

25) −→a1 = (2;−2; 5; 0), −→a2 = (1; 2; 3; 4), −→a3 = (4; 3; 2; 1);

26) −→a1 = (5; 5; 1; 4), −→a2 = (2; 2; 2; 1), −→a3 = (7; 7; 3; 5);

27) −→a1 = (−4; 2; 1; 8), −→a2 = (6; 3; 2;−6), −→a3 = (4;−1; 3; 6);

28) −→a1 = (1;−2; 3; 4), −→a2 = (2; 0; 5; 1), −→a3 = (4;−1; 2; 5);

29) −→a1 = (6; 5; 2; 1), −→a2 = (1; 1; 2; 1), −→a3 = (2;−2; 2; 3);

30) −→a1 = (0;−1; 5; 1), −→a2 = (4; 1; 2;−1), −→a3 = (6; 1; 1; 9);

10.4. Îðòîãîíàëüíå äîïîâíåííÿ äî ïiäïðîñòîðó. à) Íåõàé L - ëiíiéíà

îáîëîíêà âêàçàíèõ ó çàäà÷i âåêòîðiâ, êîîðäèíàòè ÿêèõ äàíî â äåÿêîìó

îðòîíîðìîâàíîìó áàçèñi. Çíàéòè áàçèñ îðòîãîíàëüíîãî äîïîâíåííÿ L⊥ äî

ëiíiéíîãî ïiäïðîñòîðó L.

1) −→a1 = (1;−2; 3; 4), −→a2 = (2; 0; 5; 1), −→a3 = (4;−1; 2; 5);

2) −→a1 = (5; 5;−1; 6), −→a2 = (2; 3; 4; 0);

3) −→a1 = (6; 4; 3; 1);

4) −→a1 = (−4; 5; 2; 6), −→a2 = (7; 3; 1; 2), −→a3 = (4; 3; 0; 5);

5) −→a1 = (3; 7; 1; 4), −→a2 = (−5; 2; 6; 8);

6) −→a1 = (8; 1;−5; 4);

7) −→a1 = (1; 3; 2; 8), −→a2 = (4;−1; 5; 6), −→a3 = (6; 2; 5; 1);

8) −→a1 = (1; 0; 6; 1), −→a2 = (−4; 3; 2; 5);

9) −→a1 = (−2;−1; 3; 1);

10) −→a1 = (3; 2;−1; 4), −→a2 = (5; 2; 1; 1), −→a3 = (0;−1; 1; 3);

11) −→a1 = (3; 1; 5; 8), −→a2 = (2; 4; 0; 2);

12) −→a1 = (1; 1; 0; 2);
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13) −→a1 = (1; 3; 2; 0), −→a2 = (4; 5; 1; 8), −→a3 = (6; 3; 0;−2);

14) −→a1 = (1;−5; 3; 7), −→a2 = (2; 5; 2; 4);

15) −→a1 = (3; 1; 2;−1);

16) −→a1 = (3; 5; 1; 4), −→a2 = (−2; 2; 5; 0), −→a3 = (1; 1;−1; 7);

17) −→a1 = (1; 2; 1; 3), −→a2 = (4; 5; 1; 7);

18) −→a1 = (4; 3; 1;−2);

19) −→a1 = (5; 7; 6;−1), −→a2 = (4; 2; 0; 3), −→a3 = (6; 4; 2; 7);

20) −→a1 = (1; 4; 3; 2), −→a2 = (2;−1; 5; 0);

21) −→a1 = (3; 2;−1;−1);

22) −→a1 = (7; 1; 3; 4), −→a2 = (2;−1; 5; 0), −→a3 = (4; 6;−1; 3);

23) −→a1 = (0; 1; 1; 5), −→a2 = (2; 8; 3; 4);

24) −→a1 = (7;−2; 0; 1);

25) −→a1 = (2; 6; 3; 3), −→a2 = (4; 0; 1;−1), −→a3 = (2; 5; 3; 7);

26) −→a1 = (7; 3; 2;−1), −→a2 = (4; 0; 5; 8);

27) −→a1 = (0; 1; 0; 2);

28) −→a1 = (−4; 1; 2; 6), −→a2 = (−5;−1; 2; 3), −→a3 = (0; 1; 7; 4);

29) −→a1 = (5; 5; 1; 3), −→a2 = (4; 2; 1; 0);

30) −→a1 = (2; 1; 5; 7).

á) Îðòîãîíàëüíå äîïîâíåííÿ L⊥ ïiäïðîñòîðó L⊥ ⊂ R4 çàäà¹òüñÿ ñèñòåìîþ

ðiâíÿíü. Çíàéòè ñèñòåìó ðiâíÿíü, ÿêîþ çàäà¹òüñÿ ïiäïðîñòið L.

1) 2x1 + x2 + 3x3 − x4 = 0,

3x1 + 2x2 − x4 = 0,

3x1 + x2 + 9x3 − x4 = 0.

2) 2x1 − 5x2 + 2x3 − 6x4 = 0.

3) x1 − 2x2 + x3 − x4 = 0,

2x1 + 3x2 + 4x3 − 2x4 = 0.

4) x1 − x2 + x3 − x4 = 0,

3x1 + 2x2 + 5x3 + x4 = 0,

2x1 + x2 + x3 − 3x4 = 0.

5) 3x1 − 2x2 + x3 − 5x4 = 0.
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6) 2x1 − x2 + 3x3 − 2x4 = 0,

3x1 + x2 + 2x3 − x4 = 0.

7) x1 + x2 − x3 = 0,

5x1 + x2 − 2x3 + 3x4 = 0,

4x1 − x2 + x3 − 2x4 = 0.

8) x1 − x2 + 5x3 − x4 = 0.

9) 4x1 − x2 + 3x3 + x4 = 0,

3x1 + x2 + x3 − x4 = 0.

10) 2x1 − 2x2 + 2x3 − x4 = 0,

x1 − 3x2 + x3 − 2x4 = 0,

3x1 + 2x2 − x3 − x4 = 0.

11) 4x1 − 2x2 + x3 − 3x4 = 0.

12) 3x1 − 4x2 + 5x3 − x4 = 0,

4x1 + x2 + 3x3 − x4 = 0.

13) 4x1 − 3x2 + x3 − 5x4 = 0,

3x1 + x2 + 3x3 + 2x4 = 0,

8x1 + x2 − x3 − 6x4 = 0.

14) 4x1 − 3x2 + 3x3 + x4 = 0.

15) 5x1 − 3x2 + x3 − 4x4 = 0,

2x1 + 4x2 + x3 − 5x4 = 0.

16) 5x1 − x2 + 3x3 − 2x4 = 0,

2x1 + 3x2 + x3 + x4 = 0,

3x1 + 2x2 − x3 − 2x4 = 0.

17) 3x1 + 2x2 + x3 − 2x4 = 0.

18) 2x1 − 3x2 + 2x3 − 3x4 = 0,

x1 + 4x2 + 5x3 + 2x4 = 0.

19) 2x1 − x2 + 5x3 − 2x4 = 0,

4x1 + 3x2 − x3 + 4x4 = 0,

2x1 + x2 + 5x3 − x4 = 0.

20) 5x1 − 3x2 + 7x3 − 4x4 = 0.

21) 5x1 + 3x2 + 2x3 − x4 = 0,

9x1 + 4x2 + x3 − 3x4 = 0.

22) 7x1 − 2x2 + x3 − x4 = 0,

x1 + 3x2 + x3 + 2x4 = 0,

6x1 + x2 + 3x3 − 3x4 = 0.

23) −2x1 + 3x2 + 5x3 − 2x4 = 0.

24) 2x1 − 5x2 + 4x3 + 5x4 = 0,

5x1 + 7x2 + 2x3 − 4x4 = 0.

25) 6x1 − 2x2 + x3 − 5x4 = 0,

3x1 + 5x2 + x3 − 2x4 = 0,

2x1 + 5x2 + x3 − x4 = 0.

26) −4x1 − x2 + 6x3 − 7x4 = 0.

27) x1 − x2 + x3 − 3x4 = 0,

− 2x1 + x2 + 5x3 + 6x4 = 0.

28) x1 − x2 + x3 − x4 = 0,

5x1 + 2x2 + 3x3 − x4 = 0,

x1 + 3x2 + 2x3 − 4x4 = 0.

29) 5x1 + 4x2 + x3 + 4x4 = 0.

30) −4x1 + 2x2 + 3x3 − 2x4 = 0,

5x1 + 2x2 + x3 − 5x4 = 0.
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10.5. Ïðîåêöiÿ âåêòîðà íà ëiíiéíèé ïiäïðîñòið, êóò òà âiäñòàíü
ìiæ âåêòîðîì òà ïiäïðîñòîðîì. Íåõàé êîîðäèíàòè âåêòîðiâ −→a1 ,

−→a2 ,
−→a3

òà −→x çàäàíî â äåÿêîìó îðòîíîðìîâàíîì áàçèñi. Çíàéòè ïðîåêöiþ âåêòîðà
−→x íà ïiäïðîñòið L, ùî ¹ ëiíiéíîþ îáîëîíêîþ âåêòîðiâ −→a1 ,

−→a2 ,
−→a3 . À òàêîæ

âèçíà÷èòè êóò òà âiäñòàíü ìiæ −→x òà L.

1) −→a1 = (1; 1; 0; 1), −→a2 = (2;−1; 3; 3), −→a3 = (−3; 0; 2; 4), −→x = (3; 2; 5; 1),

2) −→a1 = (1; 2;−1; 1), −→a2 = (3; 1; 2; 2), −→a3 = (1; 4; 5; 3), −→x = (−1; 0; 3; 1),

3) −→a1 = (2; 0; 0; 3), −→a2 = (3;−2; 1; 4), −→a3 = (1;−5; 1; 0), −→x = (4; 1; 2; 6),

4) −→a1 = (3;−1; 2; 0), −→a2 = (1; 1; 2; 3), −→a3 = (2; 1;−1; 1), −→x = (0; 1; 0; 1),

5) −→a1 = (4; 1; 2; 5), −→a2 = (−2; 1; 3; 0), −→a3 = (6; 1; 2; 1), −→x = (0; 1; 1; 1),

6) −→a1 = (2; 1; 2; 1), −→a2 = (1;−1; 4; 1), −→a3 = (5; 0; 1;−3), −→x = (3; 2; 5; 1),

7) −→a1 = (5; 2; 0;−1), −→a2 = (4; 2; 1; 3), −→a3 = (1; 1; 1; 1), −→x = (1; 2; 0; 3),

8) −→a1 = (2; 3; 2; 3), −→a2 = (3; 2; 3; 2), −→a3 = (1; 2; 3; 4), −→x = (6; 5; 4; 3),

9) −→a1 = (1;−1; 2; 4), −→a2 = (1;−3; 4; 3), −→a3 = (5; 7; 2; 1), −→x = (3; 0; 0; 1),

10) −→a1 = (4; 2;−1; 3), −→a2 = (0;−1; 0; 3), −→a3 = (5; 0; 1; 2), −→x = (2; 3; 1; 5),

11) −→a1 = (2; 2; 1; 1), −→a2 = (−1; 1; 0; 4), −→a3 = (3; 1; 2; 4), −→x = (0; 1; 2; 3),

12) −→a1 = (4; 1; 2; 1), −→a2 = (0;−1; 1; 2), −→a3 = (−1; 0; 3; 5), −→x = (1; 1; 1; 1),

13) −→a1 = (2; 3; 0; 2), −→a2 = (2; 5; 1; 3), −→a3 = (3; 6; 1;−4), −→x = (6;−2; 0; 1),

14) −→a1 = (3;−1; 1; 1), −→a2 = (2; 1; 4; 5), −→a3 = (0; 0; 1; 2), −→x = (5; 3; 5;−1),

15) −→a1 = (5; 2; 2; 2), −→a2 = (3; 1; 2; 0), −→a3 = (1; 0; 1; 0), −→x = (6; 4; 1; 1),

16) −→a1 = (1; 3; 0; 5), −→a2 = (1;−2; 1; 4), −→a3 = (2; 1; 2; 1), −→x = (4; 4; 0; 1),

17) −→a1 = (4; 0; 0;−3), −→a2 = (2; 1; 5; 2), −→a3 = (−1; 1; 3; 1), −→x = (5; 0; 5; 0),

18) −→a1 = (1; 2; 1; 2), −→a2 = (2;−3; 4; 0), −→a3 = (3; 0; 1; 4), −→x = (1; 0; 0; 1),

19) −→a1 = (2; 3; 4;−1), −→a2 = (1; 1; 0; 3), −→a3 = (2; 1; 2; 0), −→x = (1; 2; 2; 1),

20) −→a1 = (5; 1; 2; 1), −→a2 = (3;−1; 2; 5), −→a3 = (6; 0; 1; 5), −→x = (1; 2; 5; 1),

21) −→a1 = (3; 2; 0; 2), −→a2 = (4; 2; 5; 3), −→a3 = (3; 2; 3; 1), −→x = (4; 0; 1;−1),
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22) −→a1 = (1; 2; 3; 1), −→a2 = (2; 0; 1; 2), −→a3 = (−2; 0; 1; 4), −→x = (7; 1; 3; 1),

23) −→a1 = (6; 2;−1; 3), −→a2 = (1;−1; 1; 3), −→a3 = (0; 0; 2; 4), −→x = (1; 0; 0; 1),

24) −→a1 = (2; 1; 0; 1), −→a2 = (0; 2; 2; 1), −→a3 = (−3; 1; 5; 2), −→x = (0; 1; 1; 1),

25) −→a1 = (0; 1; 0; 2), −→a2 = (2; 1; 0; 1), −→a3 = (1; 1; 0; 1), −→x = (1; 2; 1; 1),

26) −→a1 = (−1; 1; 1; 1), −→a2 = (1;−1; 0; 3), −→a3 = (0; 0; 1; 0), −→x = (1; 0; 2; 1),

27) −→a1 = (1; 1; 1;−1), −→a2 = (0;−1; 1; 0), −→a3 = (2; 1; 2; 0), −→x = (1; 2; 3; 1),

28) −→a1 = (0; 3; 0; 1), −→a2 = (2; 1; 0; 0), −→a3 = (−1; 1; 1; 1), −→x = (2; 1; 2;−1),

29) −→a1 = (2; 1; 0;−1), −→a2 = (0;−1; 0; 3), −→a3 = (1; 0; 3; 4), −→x = (1; 1; 3; 1),

30) −→a1 = (4;−1; 1; 1), −→a2 = (3; 0; 2; 1), −→a3 = (−3; 2; 1; 5), −→x = (0; 0; 0; 1).

10.6. Çàñòîñóâàííÿ ìàòðèöi Ãðàìà. Ó äiéñíîìó ëiíiéíîìó ïðîñòîði

çàäàíî ñòàíäàðòíèé ñêàëÿðíèé äîáóòîê. Çàñòîñîâóþ÷è ìàòðèöþ Ãðàìà

çíàéòè:

1) Âiäñòàíü ìiæ ïðÿìèìè

l1 :
x+ 3

−1
=
y + 1

2
=
z − 1

1
òà l2 :

x− 1

3
=
y − 2

0
=
z + 3

2
.

2) Îá'¹ì ïàðàëåëåïiïåäà, ïîáóäîâàíîãî íà âåêòîðàõ −→e1 = (1; 2; 3),
−→e2 = (1; 0; 1),−→e3 = (1;−1; 1).

3) Ïëîùó ïàðàëåëîãðàìà, ïîáóäîâàíîãî íà âåêòîðàõ −→e1 = (0; 2; 3),
−→e2 = (1; 3;−1).

4) Âiäñòàíü ìiæ ïðÿìèìè l1 :


x = 2 + t,

y = 3− t,

z = 2t

òà l2 :


x = 1− 2t,

y = 3,

z = 2 + 3t

t ∈ R.

5) Ðîçêëàä âåêòîðà −→a = (3; 1; 3) çà âåêòîðàìè
−→e1 = (1; 2;−3), −→e2 = (2;−1; 1),−→e3 = (0; 1; 2).

6) Îá'¹ì òåòðàåäðà, ïîáóäîâàíîãî íà âåêòîðàõ −→e1 = (−1; 0; 2),
−→e2 = (2; 1; 3),−→e3 = (4;−1; 2).
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7) Âiäñòàíü ìiæ ïðÿìèìè

l1 :
x− 1

3
=
y + 2

−2
=
z + 3

3
òà l2 :

x+ 4

−2
=
y

3
=
z − 1

0
.

8) Îá'¹ì ïàðàëåëåïiïåäà, ïîáóäîâàíîãî íà âåêòîðàõ −→e1 = (4; 0; 2),
−→e2 = (−1; 2; 5),−→e3 = (2; 1; 0).

9) Ïëîùó ïàðàëåëîãðàìà, ïîáóäîâàíîãî íà âåêòîðàõ −→e1 = (−1; 3; 4),
−→e2 = (0; 2;−1).

10) Âiäñòàíü ìiæ ïðÿìèìè l1 :


x = 1 + 3t,

y = 2 + t,

z = 3− t

òà l2 :


x = 2t,

y = 3 + t,

z = 2− 3t

t ∈ R.

11) Ðîçêëàä âåêòîðà −→a = (8; 13; 8) çà âåêòîðàìè
−→e1 = (1;−2; 1), −→e2 = (2; 3; 4),−→e3 = (4; 0;−2).

12) Îá'¹ì òåòðàåäðà, ïîáóäîâàíîãî íà âåêòîðàõ −→e1 = (0; 3;−2),
−→e2 = (−2; 1; 1),−→e3 = (1; 2; 2).

13) Âiäñòàíü ìiæ ïðÿìèìè

l1 :
x

4
=
y − 2

3
=
z + 3

1
òà l2 :

x+ 2

1
=
y − 3

0
=
z − 1

2
.

14) Îá'¹ì ïàðàëåëåïiïåäà, ïîáóäîâàíîãî íà âåêòîðàõ −→e1 = (4;−1; 2),
−→e2 = (2; 1;−1),−→e3 = (3; 1; 4).

15) Ïëîùó ïàðàëåëîãðàìà, ïîáóäîâàíîãî íà âåêòîðàõ −→e1 = (2; 3;−1),
−→e2 = (1; 4; 2).

16) Âiäñòàíü ìiæ ïðÿìèìè l1 :


x = 3t,

y = 1− 2t,

z = 3 + t

òà l2 :


x = 2− t,

y = 2 + 3t,

z = 1− 2t

t ∈ R.

17) Ðîçêëàä âåêòîðà −→a = (10;−3; 1) çà âåêòîðàìè
−→e1 = (2;−3; 1), −→e2 = (2; 4;−2),−→e3 = (3; 5;−2).

18) Îá'¹ì òåòðàåäðà, ïîáóäîâàíîãî íà âåêòîðàõ −→e1 = (2; 1; 0),
−→e2 = (−2; 3; 4),−→e3 = (2; 1;−3).
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19) Âiäñòàíü ìiæ ïðÿìèìè

l1 :
x− 1

3
=
y − 2

0
=
z + 2

1
òà l2 :

x+ 2

1
=
y + 1

3
=
z − 3

−1
.

20) Îá'¹ì ïàðàëåëåïiïåäà, ïîáóäîâàíîãî íà âåêòîðàõ −→e1 = (5; 0;−3),
−→e2 = (2; 4; 1),−→e3 = (0; 1;−1).

21) Ïëîùó ïàðàëåëîãðàìà, ïîáóäîâàíîãî íà âåêòîðàõ −→e1 = (3;−2; 1),
−→e2 = (1; 3; 2).

22) Âiäñòàíü ìiæ ïðÿìèìè l1 :


x = 1− 4t,

y = 2 + 2t,

z = −2 + t

òà l2 :


x = 1 + 3t,

y = 2t,

z = −2 + 3t

t ∈

R.

23) Ðîçêëàä âåêòîðà −→a = (−1; 1;−4) çà âåêòîðàìè
−→e1 = (3; 2;−3), −→e2 = (1;−3; 2),−→e3 = (−1;−3; 2).

24) Îá'¹ì òåòðàåäðà, ïîáóäîâàíîãî íà âåêòîðàõ −→e1 = (1; 2; 4),
−→e2 = (−2; 1; 4),−→e3 = (4; 0;−2).

25) Âiäñòàíü ìiæ ïðÿìèìè

l1 :
x− 2

−1
=
y + 3

2
=
z − 4

1
òà l2 :

x+ 3

2
=
y

3
=
z − 1

−2
.

26) Îá'¹ì ïàðàëåëåïiïåäà, ïîáóäîâàíîãî íà âåêòîðàõ −→e1 = (3; 2;−3),
−→e2 = (2; 1; 1),−→e3 = (4;−1; 3).

27) Ïëîùó ïàðàëåëîãðàìà ïîáóäîâàíîãî íà âåêòîðàõ −→e1 = (−2; 1; 3),
−→e2 = (1; 3;−2).

28) Âiäñòàíü ìiæ ïðÿìèìè l1 :


x = 1− 2t,

y = 2 + 3t,

z = 3 + 2t

òà l2 :


x = 1 + t,

y = 3− 2t,

z = 2 + 3t

t ∈ R.

29) Ðîçêëàä âåêòîðà −→a = (6; 7; 7) çà âåêòîðàìè
−→e1 = (2; 1; 5), −→e2 = (3; 2; 1),−→e3 = (4; 1; 1).

30) Îá'¹ì òåòðàåäðà, ïîáóäîâàíîãî íà âåêòîðàõ −→e1 = (2; 1; 5),
−→e2 = (−2; 1;−3),−→e3 = (1; 1;−4).

85



11. Ëiíiéíi îïåðàòîðè â óíiòàðíîìó òà åâêëiäîâîìó

ïðîñòîðàõ

11.1. Çíàõîäæåííÿ ìàòðèöi ñïðÿæåíîãî îïåðàòîðà â îðòîíîðìîâàíîìó
òà äîâiëüíîìó áàçèñàõ. à) Ó äåÿêîìó îðòîíîðìîâàíîìó áàçèñi çàäàíî

ìàòðèöþ îïåðàòîðà A. Çíàéòè ìàòðèöþ ñïðÿæåíîãî îïåðàòîðà A∗ â öüîìó

æ áàçèñi:

1) A =

 3 + 2i −1 + i 2

−i 0 4− 5i

1 −1 i

;

2) A =

 4− i −2 + 3i 2i

−1 2 i

0 −3 1

;

3) A =

 2 + i −3 i

−1− i 2i 5

2 −5 6

;

4) A =

 i 2i 2 + i

6 0 1− 3i

1 −i 2

;

5) A =

 1 −2 2− i

−1− 5i 7 1 + i

1 0 1

;

6) A =

 3− 6i −1 + 3i 7

−1 + i 2− 5i −i
i −4− 2i 0

;

7) A =

 4 + i 2− 3i −2i

−1 + i 6 3 + i

5 3 + 2i −1

;

8) A =

 1− i 2 + i 7i

−4 6 3 + 6i

1 0 0

;

9) A =

 8− 7i 2 + 4i i

−1 + 3i 2i −i
0 −3i 1

;

10) A =

 3− 2i 2 + 3i 2 + i

−7 2 i

3 −6 7

;

11) A =

 −i −4 −2i

−1 + 4i 2− i 4i

0 0 0

;

12) A =

 2− 2i 6 + 3i 2− i

−8 2 + 5i 1 + i

i 3 −i

;

13) A =

 3 + i 1 + 2i i

5 + 7i 2 0

0 i 1

;

14) A =

 4 −2i 3 + 2i

−1 2− 6i 7 + i

−i −6 4

;
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15) A =

 5− 2i 2− 3i 4 + i

−1 + 5i −2 −6i

1 −2 4i

;

16) A =

 1− 5i −2 + i 7− 2i

−5 0 4i

1 −3 1

;

17) A =

 5− i 4 + i 3i

−5 2i −i
1 −6 1 + 6i

;

18) A =

 1− 2i −1 + i 2 + i

−1 4 i

−i 2 0

;

19) A =

 −3− 2i −2 i

7 2i −i
4 −3 + i 1

;

20) A =

 −i 2 + 3i 2− i

0 2 i

i 3 0

;

21) A =

 1− i 2− i i

4 2i −i
0 −3i 0

;

22) A =

 −1− 3i i 2− 3i

4 0 5i

1 −1 1

;

23) A =

 i i i

1 2 3

4i 5 + i 6− i

;

24) A =

 1− i 2 + 4i −2i

−i 2− i −i
0 −2 1

;

25) A =

 5− 2i 2 + i 2− 3i

−1− i 2 i

7 −i i

;

26) A =

 0 2i 2− 7i

−1− i 8 4i

1 −1 1 + i

;

27) A =

 i −i 4i

2 7− 6i −i
0 −3i 0

;

28) A =

 6− i 2 + 6i i

−8 2− i 7i

1 −1 1

;

29) A =

 5i 1− i 2 + 8i

−1 + i 0 1

9 3− 2i 0

;

30) A =

 i i i

−1− 2i 2 + 3i 5 + i

6 0 2

.
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á) Ëiíiéíèé îïåðàòîð ìà¹ ó áàçèñi f1, f2 ìàòðèöþ À. Çíàéòè ìàòðèöþ

ñïðÿæåíîãî îïåðàòîðà A∗ ó öüîìó æ áàçèñi, ÿêùî êîîðäèíàòè âåêòîðiâ f1

òà f2 çàäàíî â äåÿêîìó îðòîíîðìîâàíîìó áàçèñi.

1) f1 = (1; 0), f2 = (1; 1), A =

(
1 2

1 −1

)
;

2) f1 = (2; 1), f2 = (1; 3), A =

(
0 3

2 1

)
;

3) f1 = (−1; 1), f2 = (2; 0), A =

(
−1 4

5 3

)
;

4) f1 = (1; 1), f2 = (1;−2), A =

(
4 5

0 −1

)
;

5) f1 = (0; 1), f2 = (1; 2), A =

(
−2 −3

4 1

)
;

6) f1 = (3; 1), f2 = (1;−2), A =

(
1 −4

5 2

)
;

7) f1 = (−1; 1), f2 = (0; 2), A =

(
2 6

−2 1

)
;

8) f1 = (−1; 2), f2 = (1; 3), A =

(
5 4

3 2

)
;

9) f1 = (2; 3), f2 = (−1; 2), A =

(
−3 2

2 −2

)
;

10) f1 = (1; 1), f2 = (2; 3), A =

(
5 2

−2 3

)
;

11) f1 = (−3;−1), f2 = (2;−2), A =

(
3 7

2 8

)
;

12) f1 = (−4; 1), f2 = (2; 3), A =

(
1 4

6 −1

)
;
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13) f1 = (1; 1), f2 = (1;−3), A =

(
5 2

3 1

)
;

14) f1 = (−1; 1), f2 = (−2; 0), A =

(
0 1

2 3

)
;

15) f1 = (0;−1), f2 = (1;−2), A =

(
5 3

−4 0

)
;

16) f1 = (5; 2), f2 = (1;−3), A =

(
7 −3

4 2

)
;

17) f1 = (3; 4), f2 = (2;−1), A =

(
1 0

1 1

)
;

18) f1 = (4; 5), f2 = (−2; 1), A =

(
0 1

1 0

)
;

19) f1 = (3; 2), f2 = (1;−2), A =

(
1 −3

8 1

)
;

20) f1 = (1;−1), f2 = (2;−1), A =

(
1 5

2 −4

)
;

21) f1 = (2; 4), f2 = (3;−1), A =

(
5 3

0 7

)
;

22) f1 = (2; 5), f2 = (4;−1), A =

(
3 3

−2 −1

)
;

23) f1 = (−2; 1), f2 = (1; 3), A =

(
−2 5

4 4

)
;

24) f1 = (6; 4), f2 = (−2; 4), A =

(
5 −3

2 8

)
;

25) f1 = (5; 2), f2 = (−2; 4), A =

(
1 0

0 −1

)
;
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26) f1 = (3; 5), f2 = (4;−2), A =

(
1 0

0 1

)
;

27) f1 = (0; 1), f2 = (1;−3), A =

(
2 1

4 5

)
;

28) f1 = (1; 1), f2 = (−1; 2), A =

(
1 1

1 1

)
;

29) f1 = (2; 3), f2 = (1;−2), A =

(
4 5

6 7

)
;

30) f1 = (4; 4), f2 = (1; 0), A =

(
5 3

2 8

)
.

11.2. Âëàñíi ÷èñëà òà âëàñíi âåêòîðè ñàìîñïðÿæåíîãî îïåðàòîðà.
Äëÿ ñàìîñïðÿæåíîãî îïåðàòîðà çíàéòè âëàñíi ÷èñëà, âëàñíi âåêòîðè òà

âêàçàòè îðòîãîíàëüíå ïåðåòâîðåííÿ, ùî ïðèâîäèòü äàíèé îïåðàòîð äî äiàãîíàëüíî¨

ôîðìè.

1) A =

 3 −3 3

−3 3 −3

3 −3 3

;

2) A =

 1 3 −3

3 1 3

−3 3 1

;

3) A =

 −1 −4 4

−4 −1 4

4 4 −1

;

4) A =

 −3 −5 5

−5 −3 −5

5 −5 −3

;

5) A =

 1 5 −5

5 1 5

−5 5 1

;

6) A =

 2 3 −3

3 2 3

−3 3 2

;

7) A =

 3 −2 −4

−2 6 −2

−4 −2 3

;

8) A =

 −1 4 4

4 −1 4

4 4 −1

;

90



9) A =

 1 2 −2

2 1 −2

−2 −2 1

;

10) A =

 3 −5 5

−5 3 −5

5 −5 3

;

11) A =

 −2 2 −2

2 −2 2

−2 2 −2

;

12) A =

 7 5 5

5 7 −5

5 −5 7

;

13) A =

 1 −4 −4

−4 1 4

−4 4 1

;

14) A =

 −3 5 5

5 −3 −5

5 −5 −3

;

15) A =

 −2 3 3

3 −2 3

3 3 −2

;

16) A =

 1 4 4

4 1 4

4 4 1

;

17) A =

 −2 −3 3

−3 −2 −3

3 −3 −2

;

18) A =

 3 −4 −4

−4 3 −4

−4 −4 3

;

19) A =

 −3 2 −2

2 −3 −2

−2 −2 −3

;

20) A =

 8 5 −5

5 8 5

−5 5 8

;

21) A =

 −2 3 −3

3 −2 3

−3 3 −2

;

22) A =

 −3 −2 −2

−2 −3 −2

−2 −2 −3

;

23) A =

 −1 −4 −4

−4 −1 4

−4 4 −1

;

24) A =

 2 5 −5

5 2 5

−5 5 2

;

25) A =

 −7 5 5

5 −7 −5

5 −5 −7

;

26) A =

 2 2 −2

2 2 −2

−2 −2 2

;
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27) A =

 −7 5 −5

5 −7 5

−5 5 −7

;

28) A =

 −3 −2 2

−2 −3 −2

2 −2 −3

;

29) A =

 3 2 −2

2 3 −2

−2 −2 3

;

30) A =

 −2 −3 3

−3 −2 3

3 3 −2

.
11.3. Îïåðàòîð îðòîãîíàëüíîãî ïðîåêòóâàííÿ. ÍåõàéR3� àðèôìåòè÷íèé

ëiíiéíèé ïðîñòið,
−→
i = (1; 0; 0),

−→
j = (0; 1; 0),

−→
k = (0; 0; 1)� éîãî áàçèñ.

Çíàéòè â öüîìó áàçèñi ìàòðèöþ îïåðàòîðà îðòîãîíàëüíîãî ïðîåêòóâàííÿ

a) íà ïðÿìó L, ÿêà ïðîõîäèòü ÷åðåç ïî÷àòîê êîîðäèíàò;

b) íà ïëîùèíó π, ÿêà ïðîõîäèòü ÷åðåç ïî÷àòîê êîîðäèíàò.

1) (a) l :
x

1
=
y

2
=

z

−3
; (b) π : 3x+ 2y − z = 0.

2) (a) l :
x

3
=

y

−2
=
z

0
; (b) π : x+ 3y − 2z = 0.

3) (a) l :
x

−2
=
y

4
=
z

3
; (b) π : 2x− 4y + 3z = 0.

4) (a) l :
x

4
=

y

−2
=
z

1
; (b) π : −x+ 3y + 5z = 0.

5) (a) l :
x

0
=

y

−2
=
z

5
; (b) π : x+ 2y − 4z = 0.

6) (a) l :
x

3
=
y

4
=

z

−1
; (b) π : 2x+ 3y + 2z = 0.

7) (a) l :
x

3
=

y

−3
=
z

2
; (b) π : x+ 5y + 2z = 0.

8) (a) l :
x

4
=

y

−3
=
z

1
; (b) π : −x+ 3y + 4z = 0.

9) (a) l :
x

3
=

y

−4
=
z

2
; (b) π : 5x+ y − 2z = 0.

10) (a) l :
x

2
=

y

−2
=

z

−1
; (b) π : 2x+ 3y − 3z = 0.

11)
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(a) l :
x

−3
=
y

1
=
z

0
; (b) π : 2x+ 3y − 5z = 0.

12) (a) l :
x

−4
=
y

0
=
z

3
; (b) π : x+ 2y − 3z = 0.

13) (a) l :
x

−2
=
y

3
=
z

1
; (b) π : −x+ 2y + 3z = 0.

14) (a) l :
x

6
=

y

−1
=

z

−2
; (b) π : x+ 3y − 4z = 0.

15) (a) l :
x

5
=
y

2
=
z

1
; (b) π : −3x+ y + 2z = 0.

16) (a) l :
x

−3
=
y

1
=
z

4
; (b) π : 2x+ 3y − 4z = 0.

17) (a) l :
x

3
=

y

−2
=
z

1
; (b) π : 5x+ y + 2z = 0.

18) (a) l :
x

0
=
y

4
=
z

1
; (b) π : x− 3y − 2z = 0.

19) (a) l :
x

6
=
y

1
=

z

−1
; (b) π : x− 2y + 5z = 0.

20) (a) l :
x

−1
=
y

3
=
z

5
; (b) π : 2x− y − 3z = 0.

21) (a) l :
x

2
=
y

4
=
z

1
; (b) π : −x+ 2y + 3z = 0.

22) (a) l :
x

3
=

y

−2
=

z

−1
; (b) π : −x+ 2y + 4z = 0.

23) (a) l :
x

−2
=
y

0
=
z

3
; (b) π : x+ y − 4z = 0.

24) (a) l :
x

−3
=

y

−1
=
z

2
; (b) π : 3x− 2y − 4z = 0.

25) (a) l :
x

4
=
y

2
=
z

5
; (b) π : −2x+ y + 4z = 0.

26) (a) l :
x

3
=

y

−2
=
z

0
; (b) π : 4x+ y − z = 0.

27) (a) l :
x

−4
=
y

1
=
z

2
; (b) π : x− 5y − 2z = 0.

28)
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(a) l :
x

7
=
y

6
=

z

−1
; (b) π : 2x+ 3y − 2z = 0.

29) (a) l :
x

5
=

y

−2
=

z

−3
; (b) π : x+ 4y + 3z = 0.

30) (a) l :
x

−2
=

y

−2
=
z

1
; (b) π : x+ y − 5z = 0.

11.4. Ñïåêòðàëüíèé ðîçêëàä ñàìîñïðÿæåíèõ îïåðàòîðiâ. Çíàéòè
ñïåêòðàëüíèé ðîçêëàä ñàìîñïðÿæåíîãî îïåðàòîðà A : E2 → E2, ÿêùî

îïåðàòîð â äåÿêîìó îðòîíîðìîâàíîìó áàçèñi {−→e1 ,
−→e2} ìà¹ ìàòðèöþ A:

1) A =

(
1 2

2 −2

)
;

2) A =

(
2 3

2 −1

)
;

3) A =

(
3 2

2 6

)
;

4) A =

(
1 4

4 −5

)
;

5) A =

(
4 2

2 7

)
;

6) A =

(
5 2

2 8

)
;

7) A =

(
2 2

2 5

)
;

8) A =

(
6 2

2 9

)
;

9) A =

(
7 2

2 10

)
;

10) A =

(
8 2

2 11

)
;

11) A =

(
9 2

2 12

)
;

12) A =

(
6 5

5 −18

)
;

13) A =

(
9 4

4 15

)
;

14) A =

(
9 4

4 −6

)
;

15) A =

(
8 4

4 −7

)
;

16) A =

(
7 4

4 −8

)
;

17) A =

(
6 4

4 −9

)
;

18) A =

(
5 4

4 −10

)
;

19) A =

(
5 4

4 −1

)
;

20) A =

(
3 4

4 −12

)
;

21) A =

(
3 4

4 9

)
;

22) A =

(
2 4

4 −13

)
;

23) A =

(
2 4

4 −4

)
;

24) A =

(
1 4

4 7

)
;

25) A =

(
7 3

3 −1

)
;

26) A =

(
6 3

3 −2

)
;

27) A =

(
5 3

3 −3

)
;

28) A =

(
4 3

3 −4

)
;

29) A =

(
1 3

3 −7

)
;

30) A =

(
2 3

3 −6

)
.
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11.5. Ïðåäñòàâëåííÿ íåâèðîäæåíîãî îïåðàòîðà ó âèãëÿäi äîáóòêó
óíiòàðíîãî òà íåâèðîäæåíîãî äîäàòíî âèçíà÷åíîãî îïåðàòîðiâ.
Ïîäàòè íåâèðîäæåíèé îïåðàòîð A : E2 → E2, ìàòðèöþ ÿêîãî çàäàíî â

äåÿêîìó îðòîíîðìîâàíîìó áàçèñi {−→e1 ,
−→e2} , ó âèãëÿäi äîáóòêó óíiòàðíîãî

òà äîäàòíî âèçíà÷åíîãî îïåðàòîðà:

1) A =

(
−1 3

1 2

)
;

2) A =

(
4 1

2 −2

)
;

3) A =

(
1 −2

3 2

)
;

4) A =

(
2 −2

3 −4

)
;

5) A =

(
−1 −3

1 5

)
;

6) A =

(
3 −2

−3 1

)
;

7) A =

(
−2 1

5 3

)
;

8) A =

(
4 0

1 −2

)
;

9) A =

(
−3 5

2 −1

)
;

10) A =

(
5 −4

3 −2

)
;

11) A =

(
7 1

−2 −1

)
;

12) A =

(
−3 4

−5 9

)
;

13) A =

(
5 −3

1 −1

)
;

14) A =

(
8 −2

−4 3

)
;

15) A =

(
−1 7

−2 9

)
;

16) A =

(
3 −5

4 −8

)
;

17) A =

(
−6 1

9 −2

)
;

18) A =

(
5 2

2 3

)
;

19) A =

(
8 3

3 2

)
;

20) A =

(
−4 −5

2 3

)
;

21) A =

(
6 −2

5 −1

)
;

22) A =

(
7 2

8 3

)
;

23) A =

(
−4 2

3 1

)
;

24) A =

(
5 −6

1 −2

)
;

25) A =

(
−3 1

7 2

)
;

26) A =

(
4 −3

2 2

)
;

27) A =

(
−1 2

5 4

)
;

28) A =

(
7 1

−8 1

)
;

29) A =

(
3 5

4 9

)
;

30) A =

(
−2 3

5 2

)
.
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11.6. Ðiçíi çàäà÷i.

1) Äîâåäiòü, ùî êîëè îïåðàòîð A � ëiíiéíèé, òî é ñïðÿæåíèé îïåðàòîð

A∗ � ëiíiéíèé.

2) Íåõàé A � ñàìîñïðÿæåíèé îïåðàòîð, ùî äi¹ â óíiòàðíîìó ïðîñòîði L.

Äîâåäiòü, ùî äëÿ äîâiëüíîãî x ∈ L ÷èñëî (Ax, x) áóäå äiéñíèì.

3) ÍåõàéA � ñàìîñïðÿæåíèé îïåðàòîð. Äîâåäiòü, ùî âëàñíi ÷èñëà îïåðàòîðà

A äiéñíi.

4) Íåõàé A � ñàìîñïðÿæåíèé îïåðàòîð. Äîâåäiòü, ùî âëàñíi âåêòîðè

îïåðàòîðà A, ÿêi âiäïîâiäàþòü ðiçíèì âëàñíèì ÷èñëàì, îðòîãîíàëüíi.

5) Äîâåäiòü, ùî (Ak)∗ = (A∗)k äëÿ äîâiëüíîãî k ∈ N .

6) Äîâåäiòü, ùî KerA = (ImA∗)⊥.

7) Íåõàé îïåðàòîðA ñàìîñïðÿæåíèé òàKerA = 0. Äîâåäiòü, ùî îïåðàòîð

A2 � äîäàòíî âèçíà÷åíèé.

8) ÍåõàéA òàB - ñàìîñïðÿæåíi îïåðàòîðè. Äîâåäiòü, ùî çà óìîâèAB =

BA ìà¹ ìiñöå ðiâíiñòü (Ax,By) = (Bx,Ay).

9) Äîâåäiòü, ùî (KerA∗)⊥ = ImA.

10) Âiäîìî, ùî KerA∗ = 0. Äîâåäiòü, ùî îïåðàòîð A ìà¹ îáåðíåíèé

îïåðàòîð A−1.

11) Âiäîìî, ùî îïåðàòîð A ìà¹ îáåðíåíèé îïåðàòîð A−1. Äîâåäiòü, ùî

KerA∗ = 0.

12) Äîâåäiòü, ùî äîáóòîêAB îðòîãîíàëüíèõ îïåðàòîðiâA òàB ¹ îðòîãîíàëüíèì

îïåðàòîðîì.

13) Äîâåäiòü, ùî ÿäðî îïåðàòîðà A çáiãà¹òüñÿ ç ÿäðîì îïåðàòîðà A∗A.

14) Íåõàé B∗A = 0. Äîâåäiòü, ùî ImB = (ImA)⊥.

15) Äîâåäiòü, ùî ÿäðî îïåðàòîðà A çáiãà¹òüñÿ ç ÿäðîì îïåðàòîðà A∗A.

16) Çíàéòè çâ'ÿçîê ìiæ âëàñíèìè ÷èñëàìè îïåðàòîðàA, ùî äi¹ â óíiòàðíîìó

ïðîñòîði, òà âëàñíèìè ÷èñëàìè ñïðÿæåíîãî îïåðàòîðà A∗.
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17) Íåõàé x - âëàñíèé âåêòîð îïåðàòîðà A, ùî âiäïîâiäà¹ âëàñíîìó ÷èñëó

λ, à y - âëàñíèé âåêòîð îïåðàòîðà A∗, ùî âiäïîâiäà¹ âëàñíîìó ÷èñëó

µ, ïðè÷îìó λ 6= µ. Äîâåäiòü, ùî âåêòîðè x òà y îðòîãîíàëüíi.

18) Äîâåäiòü, ùî äîâiëüíèé ëiíiéíèé îïåðàòîð, ùî äi¹ â îäíîâèìiðíîìó

ëiíiéíîìó ïðîñòîði, ¹ íîðìàëüíèì îïåðàòîðîì.

19) Äîâåäiòü, ùî KerA = (ImA∗)⊥.

20) Äîâåäiòü, ùî äîäàòíî âèçíà÷åíèé îïåðàòîð ìà¹ äîäàòíi âëàñíi ÷èñëà.

21) Íåõàé e1 - âëàñíèé âåêòîð ñàìîñïðÿæåíîãî îïåðàòîðà A, ùî äi¹ â

ïðîñòîði L. Ïîçíà÷èìî ÷åðåç L1 ñóêóïíiñòü âåêòîðiâ ç L, îðòîãîíàëüíèõ

äî e1. Äîâåäiòü, ùî L1 ¹ iíâàðiàíòíèì ïiäïðîñòîðîì îïåðàòîðà A.

22) Íåõàé e1 - âëàñíèé âåêòîð óíiòàðíîãî îïåðàòîðà A, ùî äi¹ â ïðîñòîði

L. Ïîçíà÷èìî ÷åðåç L1 ñóêóïíiñòü âåêòîðiâ ç L, îðòîãîíàëüíèõ äî e1.

Äîâåäiòü, ùî L1 ¹ iíâàðiàíòíèì ïiäïðîñòîðîì îïåðàòîðà A.

23) Äîâåäiòü, ùî êîëè îïåðàòîð A � íîðìàëüíèé, òî îïåðàòîðè A òà A∗

ìàþòü ñïiëüíèé âëàñíèé âåêòîð e, ïðè÷îìó Ae = λe, A∗e = λe.

24) Íåõàé e1 - âëàñíèé âåêòîð íîðìàëüíîãî îïåðàòîðàA,ùî äi¹ â ïðîñòîði

L. Ïîçíà÷èìî ÷åðåç L1 ñóêóïíiñòü âåêòîðiâ ç L, îðòîãîíàëüíèõ äî e1.

Äîâåäiòü, ùî L1 ¹ iíâàðiàíòíèì ïiäïðîñòîðîì îïåðàòîðà A.

25) Äîâåäiòü, ùî ìîäóëü âëàñíîãî ÷èñëà óíiòàðíîãî îïåðàòîðàA äîðiâíþ¹

1.

26) Äîâåäiòü, ùî êîëè âëàñíi ÷èñëà ñàìîñïðÿæåíîãî îïåðàòîðàA íåâiä'¹ìíi,

òî (Ax, x) ≥ 0 äëÿ äîâiëüíèõ x.

27) Íåõàé e1, ..., en � îðòîíîðìîâàíèé áàçèñ ëiíiéíîãî ïðîñòîðó L, Pkx =

(x, ek)ek � îïåðàòîð ïðîåêòóâàííÿ íà îäíîâèìiðíèé ïiäïðîñòið, ïîðîäæåíèé

âåêòîðîì ek. Äîâåäiòü, ùî Pm
k = Pk äëÿ äîâiëüíîãî m ∈ N .

28) Íåõàé e1, ..., en � îðòîíîðìîâàíèé áàçèñ ëiíiéíîãî ïðîñòîðó L, Pkx =

(x, ek)ek � îïåðàòîð ïðîåêòóâàííÿ íà îäíîâèìiðíèé ïiäïðîñòið, ïîðîäæåíèé

âåêòîðîì ek. Äîâåäiòü, ùî PkPj = 0 ïðè k 6= j.
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29) Äîâåäiòü, ùî êîëè îïåðàòîð A � íîðìàëüíèé, òî ‖Ax‖ = ‖A∗x‖ äëÿ
äîâiëüíîãî âåêòîðà x.

30) Äîâåäiòü, ùî êîëè îïåðàòîð A, ùî äi¹ â n�âèìiðíîìó åâêëiäîâîìó

ïðîñòîði, ìà¹ n ïîïàðíî îðòîãîíàëüíèõ âëàñíèõ âåêòîðiâ, òî âií ¹

íîðìàëüíèì.

12. Áiëiíiéíi òà êâàäðàòè÷íi ôîðìè

12.1. Çâåäåííÿ êâàäðàòè÷íî¨ ôîðìè äî êàíîíi÷íîãî âèãëÿäó ìåòîäîì
Ëàãðàíæà. Ìåòîäîì Ëàãðàíæà çâåñòè êâàäðàòè÷íó ôîðìó äî êàíîíi÷íîãî

òà íîðìàëüíîãî âèãëÿäiâ. Çàïèñàòè íåâèðîäæåíå ëiíiéíå ïåðåòâîðåííÿ, ÿêå

çâîäèòü ôîðìó äî íîðìàëüíîãî âèãëÿäó.

1) x2
1 + 2x2

2 + 3x2
3 + 4x2

4 + 2x1x2 + 2x1x3 + 2x1x4 + 4x2x4 − 2x3x4;

2) x2
1+5x2

2+6x2
3+10x2

4+2x1x2 + 2x1x3− 4x1x4− 6x2x3 + 4x2x4− 14x3x4;

3) x2
1 + 2x2

2 + 9x2
3 + 7x2

4 + 2x1x2 + 4x1x3 + 2x1x4 + 2x2x3 + 4x2x4− 6x3x4;

4) 4x2
1 + 6x2

2 + 2x2
3 + 3x2

4 + 4x1x2 + 2x1x3 + 2x1x4 + 8x2x4;

5) 4x2
1 +4x2

2 +6x2
3 +7x2

4 +4x1x2 +4x1x3 +4x1x4−4x2x3 +8x2x4−8x3x4;

6) 2x2
1 + x2

2 + 4x2
3 + 2x2

4 + 4x1x2 + 4x1x3 + 4x1x4 + 6x2x3 + 2x2x4;

7) x2
1+8x2

2+14x2
3+24x2

4−4x1x2+6x1x3+2x1x4−20x2x3+12x2x4− 12x3x4;

8) 3x2
1 + 5x2

2 + 6x2
3 + 9x2

4 + 6x1x2 + 6x1x3 + 6x1x4 + 2x2x3 + 10x2x4;

9) x2
1−2x2

2−3x2
3+x

2
4 + 2x1x2 + 2x1x3 + 2x1x4 + 8x2x3 − 4x2x4 + 10x3x4;

10) 3x2
1+5x2

2+4x2
3+3x2

4+6x1x2+6x1x3+6x1x4+2x2x3+10x2x4 + 4x3x4;

11) x2
1 + 6x2

2 + 12x2
3 + 8x2

4 − 4x1x2 + 6x1x3 + 2x1x4 − 16x2x3;

12) 4x2
1+5x2

2+38x2
3 +6x2

4+4x1x2+4x1x3−8x1x4− 22x2x3 +4x2x4− 30x3x4;

13) −x2
1 + 3x2

2 + x2
3 + 13x2

4 − 2x1x2 + 4x1x3 − 2x1x4 + 2x2x4 − 6x3x4;

14) x2
1+8x2

2+4x2
3+20x2

4−4x1x2+2x1x3+2x1x4−12x2x3 + 12x2x4− 12x3x4;

15) 4x2
1+3x2

2+12x2
3+35x2

4−8x1x2+8x1x3−8x1x4−6x2x3+6x2x4 − 42x3x4;
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16) 4x2
1 + 8x2

2 + 14x2
3 + 27x2

4− 8x1x2 + 12x1x3− 4x1x4− 20x2x3− 12x2x4+

+12x3x4;

17) 9x2
1+35x2

2+9x2
3+84x2

4+36x1x2+18x1x3+54x1x4+38x2x3+104x2x4+

+54x3x4;

18) x2
1 − 16x2

3 − 4x1x2 + 2x1x3 + 6x1x4 + 12x2x3 − 20x2x4 + 24x3x4;

19) 4x2
1 +5x2

2 +24x2
3 +20x2

4 +8x1x2 +16x1x3 +24x1x4 +10x2x3 +26x2x4+

+44x3x4;

20) x2
1+2x2

2+9x2
3+18x2

4−2x1x2−2x1x3 + 4x1x4 − 2x2x3 + 2x2x4 − 24x3x4;

21) x2
1+8x2

2+18x2
3+56x2

4+4x1x2+2x1x3−6x1x4−12x2x3 +12x2x4−58x3x4;

22) 4x2
1+5x2

2+17x2
3+6x2

4+4x1x2+12x1x3+4x1x4−2x2x3 +10x2x4−10x3x4;

23) x2
1+13x2

2+12x2
3+6x2

4−4x1x2+4x1x3+2x1x4−26x2x3 +14x2x4−12x3x4;

24) 4x2
1 + 18x2

2 + 41x2
3 + 5x2

4 + 12x1x2− 4x1x3− 4x1x4− 42x2x3 + 12x2x4−
−42x3x4;

25) 4x2
1+3x2

2−6x2
3−10x2

4+8x1x2+8x1x3 +8x1x4 +10x2x3 +6x2x4 +28x3x4;

26) x2
1 + x2

3 − 22x2
4 − 4x1x2 − 6x1x3 + 4x1x4 + 20x2x3 − 24x2x4 + 12x3x4;

27) 3x2
1 + 5x2

2 + 6x2
3 + 9x2

4 + 6x1x2 + 6x1x3 + 6x1x4 + 2x2x3 + 10x2x4;

28) 9x2
1+5x2

2+4x2
3+18x1x2+18x1x3+18x1x4 + 26x2x3 + 10x2x4 + 28x3x4;

29) −4x2
1 + 5x2

2 + 4x2
3− 8x1x2− 8x1x3− 8x1x4− 26x2x3 + 10x2x4− 24x3x4.

30) −4x2
1+11x2

2+11x2
3+15x2

4−4x1x2−4x1x3−4x1x4−14x2x3+10x2x4−26x3x4;

12.2. Çâåäåííÿ êâàäðàòè÷íî¨ ôîðìè äî êàíîíi÷íîãî âèãëÿäó ìåòîäîì
ßêîái. Ìåòîäîì ßêîái çâåñòè êâàäðàòè÷íó ôîðìó äî êàíîíi÷íîãî âèãëÿäó.

1) −4x2
1 + 5x2

2 + 4x2
3 − 8x1x2 − 8x1x3 − 26x2x3;

2) −9x2
1 − x2

3 − 18x1x2 − 18x1x3 − 36x2x3;

3) 4x2
1 + 13x2

2 + 12x2
3 + 8x1x2 + 8x1x3 − 10x2x3;

4) 9x2
1 + 18x2

2 + 17x2
3 + 18x1x2 + 18x1x3;
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5) x2
1 + 10x2

2 + 9x2
3 + 2x1x2 + 2x1x3 − 16x2x3;

6) −4x2
1 − x2

3 + 8x1x2 − 8x1x3;

7) −4x2
1 + 5x2

2 + 7x2
3 + 8x1x2 − 8x1x3 + 26x2x3;

8) x2
1 + 13x2

2 + 17x2
3 + 4x1x2 + 6x1x3 − 6x2x3;

9) x2
1 + 18x2

2 + 39x2
3 + 6x1x2 + 4x1x3 − 24x2x3;

10) −4x2
1 + 24x2

3 − 8x1x2 − 8x1x3 − 32x2x3;

11) 4x2
1 + 7x2

2 − x2
3 + 16x1x2 + 24x1x3 + 84x2x3;

12) 4x2
1 + 17x2

2 + 43x2
3 + 16x1x2 − 24x1x3 − 54x2x3;

13) 4x2
1 + 101x2

2 + 8x2
3 + 40x1x2 + 8x1x3 + 34x2x3;

14) −x2
1 + 3x2

2 + 25x2
3 − 2x1x2 − 4x1x3 − 28x2x3;

15) 4x2
1 − 5x2

2 − 78x2
3 − 8x1x2 − 8x1x3 − 46x2x3;

16) −x2
1 + 8x2

2 + 29x2
3 − 2x1x2 − 2x1x3 − 38x2x3;

17) −9x2
1 − 5x2

2 + 17x2
3 + 18x1x2 − 54x1x3 + 14x2x3;

18) −4x2
1 + 3x2

2 + 38x2
3 + 4x1x2 − 4x1x3 − 22x2x3;

19) 3x2
1 + 28x2

2 + 20x2
3 − 18x1x2 + 12x1x3 − 42x2x3;

20) 2x2
1 + 19x2

2 + 12x1x2 − 8x1x3 − 22x2x3;

21) 4x2
1 + 91x2

2 − 62x2
3 + 40x1x2 + 16x1x3 + 134x2x3;

22) 4x2
1 + 27x2

2 − x2
3 + 24x1x2 + 24x1x3 + 108x2x3;

23) −4x2
1 + 5x2

2 + 4x2
3 − 8x1x2 − 8x1x3 − 26x2x3;

24) x2
1 + 5x2

2 + 42x2
3 + 2x1x2 + 10x1x3 + 26x2x3;

25) x2
1 + 2x2

2 + 25x2
3 + 2x1x2 + 10x1x3 + 8x2x3;

26) 4x2
1 + 5x2

2 + 79x2
3 + 8x1x2 + 40x1x3 + 36x2x3;

27) 4x2
1 + 35x2

2 − 13x2
3 + 24x1x2 + 16x1x3 + 54x2x3;

28) x2
1 + 26x2

2 + 4x2
3 + 10x1x2 + 2x1x3 + 4x2x3;

29) x2
1 + 29x2

2 + 4x2
3 + 10x1x2 − 2x1x3 − 18x2x3;
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30) x2
1 + 20x2

2 + 2x2
3 + 8x1x2 + 4x1x3 + 8x2x3;

12.3. Äîäàòíî âèçíà÷åíi êâàäðàòè÷íi ôîðìè, êðèòåðié Ñiëüâåñòðà.
Çà äîïîìîãîþ êðèòåðiþ Ñiëüâåñòðà ç'ÿñóâàòè, ÷è áóäå äàíà êâàäðàòè÷íà

ôîðìà çíàêîñòàëîþ.

1) −x2
1 − 2x2

2 − 3x2
3 − 2x1x2 + 2x1x3 + 4x2x3;

2) x2
1 + 5x2

2 + 42x2
3 + 2x1x2 + 10x1x3 + 26x2x3;

3) x2
1 + 5x2

2 + 26x2
3 − 4x1x2 + 6x1x3 − 20x2x3;

4) −x2
1 − 10x2

2 − 11x2
3 + 2x1x2 + 2x1x3 + 16x2x3;

5) −x2
1 − 2x2

2 − 6x2
3 + 2x1x2 − 2x1x3 + 6x2x3;

6) x2
1 + 10x2

2 + 12x2
3 − 6x1x2 + 2x1x3;

7) x2
1 + 10x2

2 + 9x2
3 + 6x1x2 + 4x1x3 + 10x2x3;

8) −x2
1 − 8x2

2 − 14x2
3 + 4x1x2 − 6x1x3 + 20x2x3;

9) −x2
1 − x2

3 − 2x1x2 − 2x1x3 − 4x2x3;

10) 9x2
1 + 13x2

2 + 11x2
3 − 12x1x2 + 6x1x3 − 22x2x3;

11) −x2
1 + 3x2

2 + 4x2
3 + 2x1x2 + 2x1x3 − 10x2x3;

12) −x2
1 − 5x2

2 − 17x2
3 + 4x1x2 + 4x1x3 − 2x2x3;

13) 4x2
1 + 5x2

2 + 7x2
3 − 8x1x2 − 8x1x3 + 6x2x3;

14) 4x2
1 + 17x2

2 + 54x2
3 − 16x1x2 − 24x1x3 + 40x2x3;

15) 4x2
1 + 5x2

2 + 33x2
3 − 8x1x2 − 16x1x3 + 8x2x3;

16) −x2
1 − 2x2

2 − 9x2
3 + 2x1x2 + 4x1x3 − 6x2x3;

17) x2
1 − 8x2

2 − 9x2
3 − 2x1x2 − 2x1x3 + 20x2x3;

18) x2
1 − 3x2

2 − 8x2
3 − 2x1x2 − 2x1x3 − 14x2x3;

19) −4x2
1 − 20x2

2 − 38x2
3 + 16x1x2 + 24x1x3 − 52x2x3;

20) 4x2
1 + 37x2

2 + 20x2
3 − 24x1x2 − 16x1x3 + 50x2x3;

21) 4x2
1 + 73x2

2 + 182x2
3 − 32x1x2 + 48x1x3 − 228x2x3;
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22) x2
1 + 10x2

3 − 2x1x2 + 6x1x3 − 10x2x3;

23) x2
1 − 4x2

3 − 2x1x2 − 2x1x3 + 4x2x3;

24) x2
1 + 2x2

2 + 11x2
3 − 4x1x2 + 6x1x3 − 8x2x3;

25) −x2
1 − 5x2

2 − 10x2
3 + 2x1x2 + 2x1x3 + 6x2x3;

26) −3x2
1 − 4x2

2 − 40x2
3 + 6x1x2 + 6x1x3 + 6x2x3;

27) x2
1 + 18x2

2 + 62x2
3 − 6x1x2 − 10x1x3 − 6x2x3;

28) −x2
1 − 5x2

2 − 21x2
3 + 2x1x2 − 4x1x3 + 20x2x3;

29) x2
1 + 2x2

2 + 19x2
3 − 2x1x2 − 2x1x3 − 6x2x3;

30) x2
1 + 2x2

2 + 47x2
3 − x1x2 − 12x1x3 + 6x2x3.

12.4. Çâåäåííÿ êâàäðàòè÷íî¨ ôîðìè äî êàíîíi÷íîãî âèãëÿäó çà
äîïîìîãîþ îðòîãîíàëüíîãî ïåðåòâîðåííÿ. Çâåñòè äàíó êâàäðàòè÷íó
ôîðìó äî êàíîíi÷íîãî âèãëÿäó çà äîïîìîãîþ îðòîãîíàëüíîãî ïåðåòâîðåííÿ

òà çíàéòè íåâèðîäæåíå ëiíiéíå ïåðåòâîðåííÿ, ÿêå çâîäèòü äî öüîãî âèãëÿäó.

1) x2
1 − 3x2

2 − 3x2
3 − 4x1x2 + 4x1x3 − 4x2x3;

2) −x2
1 + 4x2

2 + 4x2
3 − 4x1x2 + 4x1x3 − 4x2x3;

3) 3x2
1 − 6x2

2 + 3x2
3 + 4x1x2 + 4x1x3 − 4x2x3;

4) x2
1 + x2

2 − 3x2
3 + 6x1x2 + 6x1x3 + 6x2x3;

5) x2
1 − 2x2

2 + x2
3 + 2x1x2 − 4x1x3 + 2x2x3;

6) −2x2
1 + x2

2 − 2x2
3 + 2x1x2 + 4x1x3 + 2x2x3;

7) x2
1 + x2

2 − 3x2
3 + 4x1x3 + 2x2x3;

8) 2x2
1 + 2x2

2 + 6x2
3 + 4x1x3 + 2x2x3;

9) 2x2
1 + 2x2

2 − 2x2
3 + 4x1x3 + 2x2x3;

10) 3x2
1 + 3x2

2 + 7x2
3 + 4x1x3 + 2x2x3;

11) 3x2
1 + 3x2

2 − x2
3 + 4x1x3 + 2x2x3;

12) 4x2
1 + 4x2

2 + 4x1x3 + 2x2x3;
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13) 4x2
1 + 4x2

2 + 8x2
3 + 4x1x3 + 2x2x3;

14) 5x2
1 + 5x2

2 + x2
3 + 4x1x3 + 2x2x3;

15) 5x2
1 + 5x2

2 + 9x2
3 + 4x1x3 + 2x2x3;

16) 6x2
1 + 6x2

2 + 2x2
3 + 4x1x3 + 2x2x3;

17) 6x2
1 + 6x2

2 + 10x2
3 + 4x1x3 + 2x2x3;

18) 3x2
1 + 2x2

2 + 2x2
3 + 2x1x2 + 2x1x3 + 4x2x3;

19) 3x2
1 − 3x2

2 + 3x2
3 − 6x1x2 − 6x1x3 − 6x2x3;

20) 3x2
1 − 3x2

2 + 3x2
3 + 6x1x2 − 6x1x3 + 6x2x3;

21) −2x2
1 − 2x2

2 + 2x2
3 + 6x1x2 − 6x1x3 + 6x2x3;

22) 2x2
1 + 2x2

2 − 2x2
3 − 6x1x2 + 6x1x3 − 6x2x3;

23) 2x2
1 + 2x2

2 − 2x2
3 + 4x1x2 − 4x1x3 + 4x2x3;

24) −2x2
1 − 2x2

2 + 2x2
3 + 4x1x2 − 4x1x3 − 4x2x3;

25) 4x2
1 + x2

2 + 4x2
3 + 2x1x2 − 4x1x3 + 2x2x3;

26) x2
1 + 4x2

2 + x2
3 + 2x1x3;

27) x2
1 − 2x2

2 + x2
3 + 2x1x2 − 4x1x3 + 2x2x3;

28) 2x2
1 + 3x2

2 + 2x2
3 + 2x1x2 + 4x1x3 + 2x2x3;

29) 2x2
1 + 3x2

2 + 2x2
3 + 2x1x2 − 4x1x3 − 2x2x3;

30) x2
1 − 2x2

2 + x2
3 − 2x1x2 − 4x1x3 − 2x2x3.

12.5. Áiëiíiéíi òà ïiâòîðàëiíiéíi ôîðìè. Ïåðåâiðèòè, ùî äàíà äiéñíà
áiëiíiéíà (êîìïëåêñíà ïiâòîðàëiíiéíà) ôîðìà çàäîâîëüíÿ¹ óìîâè ñêàëÿðíîãî

äîáóòêó â åâêëiäîâîìó (óíiòàðíîìó) ïðîñòîði.

1) B (−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

2) B (−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

3) B (−→x ,−→y ) = x1y1 + 2x1y2 + 2x2y1 + 5x2y2 − 2x2y3 − 2x3y2 + 7x3y3.

4) B (−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.
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5) B (−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

6) B (−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

7) B (−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

8) B (−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

9) B (−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

10) B (−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

11) B (−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

12) B (−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

13) B (−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

14) B (−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

15) B (−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

16) B (−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

17) B (−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

18) B (−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

19) B (−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

20) B (−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

21) B (−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

22) B (−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

23) B (−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

24) B (−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

25) B (−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

26) B (−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

27) B (−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

28) B (−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

29) B (−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

104



30) B (−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

12.6. Ïåðåòâîðåííÿ ìàòðèöi áiëiíiéíî¨ òà ïiâòîðàëiíiéíî¨ ôîðìè
ïðè ïåðåõîäi äî iíøîãî áàçèñó. Â áàçèñi−→e1 ,

−→e2 ,
−→e3 çàäàíî äiéñíó áiëiíiéíó

(êîìïëåêñíó ïiâòîðàëiíiéíó) ôîðìó. Çíàéäiòü, ÿêîãî âèãëÿäó íàáóäå öÿ

ôîðìà â áàçèñi ç âåêòîðiâ
−→
f1 ,

−→
f2 ,

−→
f3 , ÿêùî êîîðäèíàòè âåòîðiâ

−→
f1 ,

−→
f2 ,

−→
f3

çàäàíî â áàçèñi −→e1 ,
−→e2 ,

−→e3 .

1)
−→
f1 = (−1; 0; 3),

−→
f2 = (6; 3;−1),

−→
f3 = (3;−2;−3),

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

2)
−→
f1 = (−i; 1; 0),

−→
f2 = (1; 0; 0),

−→
f3 = (1 + 2i;−2 + i; 1),

(−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

3)
−→
f1 = (−1;−2;−2),

−→
f2 = (3; 3; 1),

−→
f3 = (2; 0;−3),

(−→x ,−→y ) = x1y1 + 2x1y2 + 2x2y1 + 5x2y2 − 2x2y3 − 2x3y2 + 7x3y3.

4)
−→
f1 = (6; 3; 0),

−→
f2 = (2; 5; 4),

−→
f3 = (1;−3;−1),

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

5)
−→
f1 = (1; 0;−1),

−→
f2 = (2i; 0; 1),

−→
f3 = (−1; 1 + i; 0),

(−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

6)
−→
f1 = (2; i− 3),

−→
f2 = (2i; 0),

(−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

7)
−→
f1 = (7;−1; 7),

−→
f2 = (2; 3; 0),

−→
f3 = (3; 2;−1),

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

8)
−→
f1 = (1 + i; 0; 1),

−→
f2 = (2; 0; 1),

−→
f3 = (i;−i; 0),

(−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

9)
−→
f1 = (2;−3),

−→
f2 = (−2i; 1− 2i),

(−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

10)
−→
f1 = (3; 2; 1),

−→
f2 = (−4; 0; 2),

−→
f3 = (1;−5;−6),

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

11)
−→
f1 = (−1; 1 + i;−1),

−→
f2 = (2; 0; i),

−→
f3 = (0; i; 2),

(−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.
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12)
−→
f1 = (8− i; 0),

−→
f2 = (2;−3i),

(−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

13)
−→
f1 = (4; 0; 3),

−→
f2 = (4; 5;−2),

−→
f3 = (1; 1; 4),

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

14)
−→
f1 = (−1; 1; 8),

−→
f2 = (4i; 0; 5),

−→
f3 = (0; 0; 3i),

(−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

15)
−→
f1 = (0; 1 + i),

−→
f2 = (2− i; 0),

(−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

16)
−→
f1 = (5; 2; 1),

−→
f2 = (−1; 3; 0),

−→
f3 = (2;−1;−4),

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

17)
−→
f1 = (10; 5; 1),

−→
f2 = (−3; 0; 2),

−→
f3 = (−1;−6; 1),

(−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

18)
−→
f1 = (2; 1− i),

−→
f2 = (0; 5i),

(−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

19)
−→
f1 = (3; 1; 0),

−→
f2 = (−1;−7; 3),

−→
f3 = (2; 3;−1),

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

20)
−→
f1 = (2; 1; 0),

−→
f2 = (i; 0; 2i),

−→
f3 = (−1 + i; 2; 0),

(−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

21)
−→
f1 = (3;−2i),

−→
f2 = (1 + i; 2− i),

(−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

22)
−→
f1 = (−1; 1;−3),

−→
f2 = (2; 3; 4),

−→
f3 = (−1; 6; 0),

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

23)
−→
f1 = (0; 0; 1 + i),

−→
f2 = (1− i; i; 0),

−→
f3 = (4; 0; 2),

(−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

24)
−→
f1 = (1− i; 2i− 1),

−→
f2 = (0; 2),

(−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

25)
−→
f1 = (1; 0;−1),

−→
f2 = (3; 1; 2),

−→
f3 = (2;−3; 4),

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.
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26)
−→
f1 = (3;−2; 1 + i),

−→
f2 = (−1; 0; 2i),

−→
f3 = (1; 0; 1),

(−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

27)
−→
f1 = (0; 1 + i),

−→
f2 = (1 + i; 2i),

(−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

28)
−→
f1 = (2; 7; 3),

−→
f2 = (3; 0; 4),

−→
f3 = (1; 5; 3),

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

29)
−→
f1 = (1;−2),

−→
f2 = (i; 2),

(−→x ,−→y ) = 2x1y1 + (1 + i)x1y2 + (1− i)x2y1 + 3x2y2.

30)
−→
f1 = (1; 0; 5),

−→
f2 = (6; 2; 0),

−→
f3 = (3; 0;−1),

(−→x ,−→y ) = x1y1−ix1y2+ix2y1+2x2y2+(2+i)x2y3+(2−i)x3y2+6x3y3.

13. Ìíîãî÷ëåíè

13.1. Êðàòíiñòü êîðåíÿ ìíîãî÷ëåíà. Çà äîïîìîãîþ ñõåìè Ãîðíåðà âèçíà÷èòè

êðàòíiñòü êîðåíÿ c äëÿ ìíîãî÷ëåíà f(x).

1) f(x) = 2x5 + 18x4 + 51x3 + 27x2 − 81x− 81, c = −3;

2) f(x) = 3x5 + 27x4 + 79x3 + 63x2 − 54x− 54, c = −3 ;

3) f(x) = 2x5 + 19x4 + 64x3 + 90x2 + 54x+ 27, c = −3;

4) f(x) = 3x5 + 28x4 + 88x3 + 90x2 − 27x− 54, c = −3;

5) f(x) = 2x5 − 18x4 + 53x3 − 45x2 − 27x+ 27, c = 3;

6) f(x) = −2x5 + 17x4 − 41x3 − 9x2 + 135x− 108, c = 3;

7) f(x) = 3x5 − 18x4 + 27x3 + x2 − 6x+ 9, c = 3;

8) f(x) = −3x5 + 18x4 − 26x3 − 5x2 + 3x+ 9, c = 3;

9) f(x) = 3x5 + 9x4 + 7x3 − 3x2 − 6x− 2, c = −1;

10) f(x) = 2x5 + 6x4 + 3x3 − 7x2 − 9x− 3, c = −1;

11) f(x) = 2x5 + 6x4 + 7x3 + 5x2 + 3x+ 1, c = −1;

12) f(x) = 3x5 + 9x4 + 4x3 − 12x2 − 15x− 5, c = −1;

13) f(x) = 5x5 − 15x4 + 18x3 − 14x2 + 9x− 3, c = 1;
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14) f(x) = −2x5 + 6x4 − 3x3 − 7x2 + 9x− 3, c = 1;

15) f(x) = −3x5 + 9x4 − 8x3 + 3x− 1, c = 1;

16) f(x) = 5x5 − 10x4 + 7x3 − x2 − 4x+ 3, c = 1;

17) f(x) = 2x5 + 12x4 + 21x3 − 2x2 − 36x− 24, c = −2;

18) f(x) = 3x5 + 18x4 + 34x3 + 12x2 − 24x− 16, c = −2;

19) f(x) = 3x5 + 18x4 + 38x3 + 36x2 + 24x+ 16, c = −2;

20) f(x) = 2x5 + 12x4 + 27x3 + 34x2 + 36x+ 24, c = −2;

21) f(x) = 2x5 − 12x4 + 25x3 − 22x2 + 12x− 8, c = 2;

22) f(x) = 3x5 − 18x4 + 38x3 − 36x2 + 24x− 16, c = 2;

23) f(x) = 2x5 − 15x4 + 44x3 − 64x2 + 48x− 16, c = 2;

24) f(x) = 2x5 − 16x4 + 51x3 − 82x2 + 68x− 24, c = 2;

25) f(x) = 3x5 − 12x4 + 10x3 + 9x2 − 12x+ 4, c = 2;

26) f(x) = 3x5 − 12x4 + 10x3 + 9x2 − 12x+ 4, c = 2;

27) f(x) = 5x5 − 20x4 + 22x3 − 7x2 + 4x+ 4, c = 2;

28) f(x) = 2x5 − 24x4 + 97x3 − 140x2 + 48x− 64, c = 4;

29) f(x) = −3x5 + 22x4 − 32x3 − 31x2 − 8x+ 16, c = 4;

30) f(x) = −3x5 − 25x4 − 56x3 − 14x2 + 16x+ 32, c = −4.

13.2. Êîðåíi ìíîãî÷ëåíiâ, òåîðåìà Áåçó, ñõåìà Ãîðíåðà. Çíàéòè âñi
ðàöiîíàëüíi êîðåíi ìíîãî÷ëåíà f(x).

1) f(x) = 6x4 − x3 + 22x2 − 4x− 8;

2) f(x) = 18x4 + 21x3 + 30x2 + 28x+ 8;

3) f(x) = 12x4 + 2x3 + 2x2 + x− 2;

4) f(x) = 12x4 − 14x3 + 22x2 − 21x+ 6;

5) f(x) = 12x4 − 5x3 + 22x2 − 10x− 4;

6) f(x) = 12x4 + 11x3 + 38x2 + 33x+ 6;
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7) f(x) = 12x4 − 11x3 + 50x2 − 44x+ 8;

8) f(x) = 24x4 + 46x3 + 71x2 + 19x− 10;

9) f(x) = 6x4 − 7x3 + 5x2 − 20x+ 12;

10) f(x) = 6x4 + 5x3 + 6x2 + 10x− 12;

11) f(x) = 6x4 − 5x3 + 12x2 − 15x− 18;

12) f(x) = 6x4 + 19x3 + 37x2 + 45x+ 18;

13) f(x) = 8x4 + 22x3 + 25x2 + 17x+ 3;

14) f(x) = 8x4 + 18x3 + 15x2 + 7x− 3;

15) f(x) = 8x4 + 6x3 − 7x2 − 26x− 6;

16) f(x) = 8x4 + 2x3 + 15x2 − 64x+ 15;

17) f(x) = 6x4 − x3 + x2 − 5x+ 2;

18) f(x) = 6x4 + 5x3 + 9x2 − 4x− 4;

19) f(x) = 6x4 + 13x3 + 12x2 − 2x− 4;

20) f(x) = 6x4 + 13x3 + 27x2 + 23x+ 6;

21) f(x) = 6x4 − 11x3 + 22x2 − 33x+ 12;

22) f(x) = 6x4 − 5x3 + 20x2 − 20x− 16;

23) f(x) = 6x4 + 5x3 + 8x2 + 10x− 8;

24) f(x) = 6x4 + 17x3 + 21x2 + 15x+ 4;

25) f(x) = 12x4 − 13x3 + 27x2 − 26x+ 6;

26) f(x) = 12x4 − 5x3 + 9x2 − 5x− 3;

27) f(x) = 12x4 + 17x3 + 14x2 + 2x− 3;

28) f(x) = 12x4 + 37x3 + 53x2 + 32x+ 6;

29) f(x) = 12x4 + x3 + 3x2 − 9x+ 2;

30) f(x) = 12x4 + 17x3 + 15x2 + 3x− 2.
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13.3. Ðîçêëàä ìíîãî÷ëåíiâ íà ìíîæíèêè. Ðîçêëàñòè äàíèé ìíîãî÷ëåí
ó äîáóòîê íåçâiäíèõ ìíîæíèêiâ íàä ïîëåì R òà ïîëåì C.

1) f(x) = x4 + 2x2 + 9;

2) f(x) = x4 + 6x2 + 25;

3) f(x) = x4 − x2 + 16;

4) f(x) = x4 − 2x2 + 49;

5) f(x) = x4 − 6x2 + 25;

6) f(x) = x4 + 4;

7) f(x) = x6 + 1331;

8) f(x) = x4 + 625;

9) f(x) = x6 + 64;

10) f(x) = x6 + 4x2;

11) f(x) = x4 + 81;

12) f(x) = x6 + 1;

13) f(x) = x4 − 25;

14) f(x) = x6 − 27;

15) f(x) = x6 + 125;

16) f(x) = x4 − 3x2 + 121;

17) f(x) = x4 − 6x2 + 225;

18) f(x) = x6 − 125;

19) f(x) = x4 − 81;

20) f(x) = x4 + 4x2 − 5;

21) f(x) = x4 − 2x2 − 3;

22) f(x) = x4 + 16x2 + 100;

23) f(x) = x4 + 7x2 + 64;

24) f(x) = x6 − 1;

25) f(x) = x5 + 4x3 + 16x;

26) f(x) = x4 − 3x2 + 9;

27) f(x) = x6 + 125;

28) f(x) = x5 − 4x3 + 36x;

29) f(x) = x6 − 8;

30) f(x) = x4 − 9x2 + 64.

13.4. Ðîçêëàä ðàöiîíàëüíèõ äðîáiâ. Çà äîïîìîãîþ ñõåìè Ãîðíåðà ðîçêëàñòè

äàíèé ïðàâèëüíèé äðiá íà íàéïðîñòiøi äðîáè íàä ïîëåì äiéñíèõ ÷èñåë.

1)
3x5 + x3 + 6x− 1

(x+ 1)6 ;

2)
x5 + 2x4 − x+ 1

(x− 2)6 ;

3)
x5 − 4x3 + x2 − 7x+ 10

(x+ 3)6 ;

4)
x5 + 5x4 + 6x2 − 3x− 2

(x+ 2)6 ;

5)
5x4 − 7x3 + 3x− 2

(x− 1)6 ;

6)
x5 − x4 − 3x3 − 9x+ 1

(x− 3)6 ;

7)
−x5 + 2x4 − 2x3 + 5

(x+ 1)6 ;

8)
2x5 − 3x4 − 5x+ 10

(x− 2)6 ;
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9)
−2x5 + x3 + x2 + 3x− 6

(x+ 3)6 ;

10)
2x5 − 3x4 + x3 − 3x2 − 5

(x+ 2)6 ;

11)
x4 − x4 + 3x3 − 12

(x− 1)6 ;

12)
2x5 − x4 − x2 − 5x+ 3

(x− 3)6 ;

13)
2x5 + 4x3 + 6x2 − 10

(x+ 1)6 ;

14)
x5 − x4 − x3 + x+ 1

(x− 2)6 ;

15)
x5 + 2x4 + x3 − 2x+ 1

(x+ 3)6 ;

16)
3x5 + 4x2 − 3x− 2

(x+ 2)6 ;

17)
−x5 + 2x4 + 3x+ 2

(x− 1)6 ;

18)
x5 − x4 + x3 + x2 + 3

(x− 3)6 ;

19)
−3x5 + 2x4 + x3 − x− 1

(x+ 1)6 ;

20)
2x5 + 3x4 − 4x2 + x− 5

(x− 2)6 ;

21)
x5 + 3x3 − x2 − x+ 5

(x+ 3)6 ;

22)
2x5 + x4 − x2 + 3x− 2

(x+ 2)6 ;

23)
−3x5 + x4 + 3x2 − 2x+ 1

(x− 1)6 ;

24)
x5 + x4 + 2x3 − x+ 1

(x− 3)6 ;

25)
−3x5 + x4 + x2 − x+ 1

(x+ 1)6 ;

26)
2x5 + x2 + 3x+ 2

(x− 2)6 ;

27)
x5 − 3x3 + 2x2 − x+ 4

(x+ 3)6 ;

28)
x5 + 2x4 + 3x2 − x+ 2

(x+ 2)6 ;

29)
3x5 − 2x2 + x− 12

(x− 1)6 ;

30)
x5 + x4 − x3 − 2x+ 3

(x− 3)6 .

13.5. Ðîçêëàä ðàöiîíàëüíèõ äðîáiâ. Ìåòîäîì íåâèçíà÷åíèõ êîåôiöi¹íòiâ

ðîçêëàñòè äàíèé ïðàâèëüíèé äðiá íà åëåìåíòàðíi äðîáè íàä ïîëåì äiéñíèõ

÷èñåë.

1)
3x3 + 9x2 + 16x+ 6

(x2 + x+ 1)(x+ 3)(x+ 1)
;

2)
7x3 + 20x2 + 23x+ 18

(x2 + 1)(x+ 3)(x+ 1)
;

3)
6x3 + 15x2 + 2x+ 1

(x2 + 1)(x+ 3)(x+ 1)
;

4)
x3 + 2x2 + 6x− 25

(x2 + 4)(x+ 3)(x+ 1)
;

5)
5x3 − 7x2 + x+ 7

(x2 + x+ 1)(x− 2)(x− 1)
;

6)
5x3 − 3x2 − 3x− 9

(x2 + x+ 3)(x− 3)(x− 1)
;
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7)
3x3 + 10x2 + 9x+ 8

(x2 + 2x+ 2)(x− 2)(x+ 1)
;

8)
x3 + 10x2 + 3x− 22

(x2 + 4x+ 5)(x− 3)(x+ 1)
;

9)
4x3 + 12x2 + 25x+ 62

(x2 + x+ 5)(x+ 4)(x+ 1)
;

10)
3x3 + x2 + 20x+ 6

(x2 + x+ 1)(x+ 3)(x− 3)
;

11)
8x2 − 20x+ 17

(x2 − x+ 1)(x− 2)(x− 1)
;

12)
x3 + 10x2 − 10x+ 63

(x2 + 2x+ 10)(x− 3)(x+ 3)
;

13)
4x3 + 11x2 + 18x+ 7

(x2 + 2x+ 2)(x− 1)(x+ 1)
;

14)
7x3 + 14x2 − 20x− 61

(x2 + 4x+ 5)(x+ 2)(x− 1)
;

15)
4x3 − 9x2 − 135

(x2 + 9)(x+ 3)(x− 3)
;

16)
5x3 − 13x2 + 19x− 10

(x2 + 4)(x− 3)(x− 2)
;

17)
7x3 + 2x2 + 161x− 4

(x2 + 16)(x− 4)(x+ 1)
;

18)
2x3 − 4x2 − 17x− 52

(x2 + 2x+ 2)(x− 3)(x+ 2)
;

19)
4x3 − 5x2 + 23x− 6

(x2 + 2x+ 5)(x− 2)(x− 1)
;

20)
2x3 − 29x2 + 6x+ 41

(4x2 + 1)(x− 3)(x− 5)
;

21)
x3 − 12x2 − 16x+ 8

(x2 + x+ 2)(x+ 2)(x− 2)
;

22)
2x3 + 7x2 + 2x+ 37

(x2 + x+ 10)(x+ 1)(x− 1)
;

23)
4x3 − 4x2 + 7x− 69

(x2 + 2x+ 5)(x− 2)(x+ 1)
;

24)
x3 − 11x2 + 25x− 20

(x2 − 2x+ 2)(x− 2)(x− 1)
;

25)
2x3 + 14x2 + 5x+ 6

(x2 + x+ 1)(x− 4)(x+ 2)
;

26)
3x3 + 21x2 + 20x+ 16

(x2 + x+ 4)(x+ 4)(x− 1)
;

27)
2x3 + 17x2 − 22x− 42

(x2 + 2x+ 3)(x− 4)(x+ 6)
;

28)
x3 − 20x2 − 19x− 30

(x2 + 1)(x+ 3)(x− 3)
;

29)
x3 + 16x2 − 44x− 4

(x2 − 2x+ 2)(x− 3)(x+ 4)
;

30)
3x3 − 11x2 − 8x− 24

(x2 + 1)(x− 2)(x+ 1)
.

13.6. Íàéáiëüøèé ñïiëüíèé äiëüíèê ìíîãî÷ëåíiâ, àëãîðèòì Åâêëiäà.
Âèêîðèñòîâóþ÷è àëãîðèòì Åâêëèäà, çíàéòè íàéáiëüøèé ñïiëüíèé äiëüíèê

ìíîãî÷ëåíiâ f(x) òà g(x).

1) f(x) = x5 + 3x3 − x2 + 2x− 1, g(x) = x6 + x4 + 3x3 + x2 + 3x+ 1;

2) f(x) = x4 − 4x3 + 4x2 − 4x+ 3, g(x) = x5 + 2x3 + x2 + x+ 1;

3) f(x) = x4 + x3 − 3x2 − 2x+ 1, g(x) = x5 + x4 + x2 + 3x+ 2;

4) f(x) = x6 +x4 +2x3 +x2 +2x+1, g(x) = x6 +x4 +x3 +2x2 +x+2;
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5) f(x) = x4 + 3x3 + 3x− 1, g(x) = x6 + x4 + x3 − 2x2 + x− 2;

6) f(x) = x5 + 3x3 + 2x2 + 2x+ 2, g(x) = x6 + x4 + 3x3− 2x2 + 3x− 2;

7) f(x) = 2x5 + x3 + x2 − x+ 1, g(x) = x4 − 3x3 + 2x2 − 3x+ 1;

8) f(x)=x4 − x3 + 6x2 − 3x+ 9, g(x)= x5 − x3 + 3x2 − 12x+ 9;

9) f(x) = x5 + x4 + 2x3 + 4x2 + 4, g(x) = x4 + x3 + 7x2 + 2x+ 10;

10) f(x) = x5 + 4x3 + x2 + 4x+ 2, g(x) = x4 + x3 + 2x− 4;

11) f(x) = x5 + 2x4 + 2x3 + 7x2 + 6, g(x) = x4 − 3x3 + 4x2 − 6x+ 4;

12) f(x) = x4 − x3 + 4x2 − x+ 3, g(x) = 3x5 + 4x3 − x2 + x− 1;

13) f(x) = x4 + 2x3 + 2x2 + 6x− 3, g(x) = x5 + 4x3 − x2 + 3x− 3;

14) f(x) = 2x5 + x3 + 2x2 + 1, g(x) = x5 − 4x3 + x2 − 4;

15) f(x) = x4 − x3 + 3x2 − 2x+ 2, g(x) = 2x4 + 4x3 + 3x2 + 8x− 2;

16) f(x) = x4 + 2x3 + 3x2 + 8x− 4, g(x) = x5 + 4x3 − 3x2 − 12;

17) f(x) = x5 − 2x3 + 2x2 + x− 2, g(x) = x4 + 2x3 − 2x− 1;

18) f(x) = x5 − x4 + x3 + 2x2 − 2x+ 2, g(x) = x4 + 2x3 + 2x+ 4;

19) f(x) = x5 + x4 + 2x3 − x2 − x− 2, g(x) = x4 + 2x3 + 5x2 + 4x+ 3;

20) f(x) = x4 + 3x2 + 2x+ 3, g(x) = x5 + x4 − 2x3 − x2 − x+ 2;

21) f(x) = x5 + x4 − x2 − 3x+ 2, g(x) = x4 + 3x3 + 3x2 − 2;

22) f(x) = x5 − x3 − 2x2 − 2x+ 4, g(x) = x6 − 2x4 − x3 + x2 + 2x− 2;

23) f(x) = 2x5 +5x3 +x2 +2x+2, g(x) = 2x6 +4x4 +x3 +3x2 +2x+6;

24) f(x) = x4 − x3 − 2x2 + 3x− 3, g(x) = x5 − 5x3 + 3x2 + 6x− 9;

25) f(x) = x4 + 2x3 + 3x2 + 2x+ 2, g(x) = x5 + x4 + x3 + 3x2 + 2;

26) f(x) = x4 − 2x3 − 3x2 + 8x− 4, g(x) = x5 − x4 − 4x3 + 5x2 − 4;

27) f(x) = x4 − x3 + 4x2 − 3x+ 3, g(x) = 2x5 + 6x3 + 3x2 + 9;

28) f(x) = x5 + 3x3 + 7x2 + 21, g(x) = x5 − x3 + x2 − 12x+ 3;

29) f(x) = x4 + x3 + 3x2 + 2x+ 2, g(x) = x5 + x4 + 2x3 + 3x2 + 2;
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30) f(x) = 3x5 + 3x4 + x3 + 4x2 + 1, g(x) = 3x5 + 4x3 − 6x2 + x− 2.

13.7. Òåîðåìà Ãàìiëüòîíà-Êåëi. Ìiíiìàëüíèé ìíîãî÷ëåí ìàòðèöi.
Çíàéäiòü ìiíiìàëüíèé ìíîãî÷ëåí ìàòðèöi.

1)


1 −1 −1 −2

−2 −2 −1 3

2 1 0 −3

0 −1 −1 −1

 ;

2)


0 0 0 −1

1 −2 −1 0

0 1 0 −1

1 0 0 −2

 ;

3)


−1 0 0 0

0 −2 −1 1

0 1 0 −1

0 0 0 −1

 ;

4)


−2 −1 −1 0

0 −3 −1 1

0 1 −1 −1

0 −1 −1 −2

 ;

5)


−2 0 0 0

2 −3 −1 1

−2 1 −1 −1

0 0 0 −2

 ;

6)


2 0 0 −4

2 −3 −1 1

6 1 −1 −9

0 0 0 −2

 ;

7)


3 0 0 −5

2 −3 −1 1

8 1 −1 −11

0 0 0 −2

 ;

8)


−3 0 0 2

2 −2 −1 1

−6 1 0 3

0 0 0 −1

 ;

9)


4 −1 −1 0

4 0 −2 1

0 0 2 −1

2 −1 −1 2

 ;

10)


3 5 −4 −5

−2 −5 1 3

2 4 −2 −3

−2 −5 0 2

 ;

11)


0 0 2 −1

1 −2 −1 0

0 1 2 −1

1 2 8 −4

 ;

12)


−1 3 1 −1

0 −4 −1 1

0 3 0 −1

0 −6 −2 1

 ;

13)


−2 2 2 −3

0 −3 −1 1

0 1 −1 −1

0 −1 −1 −2

 ;

14)


3 −1 −1 0

4 −1 −2 1

0 0 1 −1

2 −1 −1 1

 ;

15)


−2 0 0 0

2 −5 −4 1

−2 3 2 −1

−2 3 4 −3

 ;

16)


1 0 0 −1

4 −1 −2 1

−4 2 3 −3

2 −1 −1 1

 ;

17)


−2 2 2 −6

−6 1 3 −3

2 3 1 −11

−4 2 2 −4

 ;

18)


3 −1 0 −3

0 −4 0 4

10 0 −2 −10

0 −1 0 0

 ;
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19)


−1 0 0 −1

0 −2 0 1

0 2 −1 −5

0 −1 0 0

 ;

20)


4 −1 −1 0

3 −1 −3 1

1 1 3 −1

8 −4 −4 2

 ;

21)


−1 −2 −2 3

−2 0 −1 4

2 −2 −1 −3

0 −1 −1 0

 ;

22)


1 −1 −1 0

2 −2 −1 1

2 −1 −2 −1

2 −1 −1 −1

 ;

23)


0 −1 −1 0

6 −5 −3 1

−2 1 −1 −1

2 −1 −1 −2

 ;

24)


1 0 0 0

2 0 −1 1

−2 1 2 −1

0 0 0 1

 ;

25)


2 0 0 −1

−1 0 0 1

5 2 1 −5

0 −1 0 1

 ;

26)


2 1 0 −1

−1 −4 −1 1

9 4 −1 −3

11 1 −1 −4

 ;

27)


−2 2 10 −2

2 1 −5 1

−2 1 7 −1

0 0 0 2

 ;

28)


5 2 −10 −12

2 −2 −5 1

2 1 −4 −5

0 0 0 −1

 ;

29)


8 2 6 −11

−3 −2 −3 4

3 1 2 −4

6 2 6 −9

 ;

30)


6 −2 2 −4

4 0 1 −3

0 0 3 −1

2 −1 2 −1

 .

14. Ôóíêöi¨ âiä ìàòðèöü

14.1. Çíàõîäæåííÿ ôóíêöi¨ âiä ìàòðèöi. Çíàéäiòü çíà÷åííÿ âêàçàíî¨
ôóíêöi¨ f âiä ìàòðèöi A

à) çà äîïîìîãîþ æîðäàíîâî¨ ôîðìè ìàòðèöi;

á) çà äîïîìîãîþ çíà÷åíü ôóíêöi¨ íà ñïåêòði ìàòðèöi.

1)

 −8 2 5

−8 4 4

−20 4 12

 , f(A) = log2A;

2)

−12 7 10

4 0 −4

−16 8 14

 , f(A) = A10;

3)

−18 −7 −22

−1 −2 −1

18 8 22

 , f(A) = eA;

4)

−6 −13 46

−9 −14 54

−4 −7 26

 , f(A) =
√
A;
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5)

21 −6 −11

18 −3 −9

24 −8 −13

 , f(A) = 2A;

6)

−12 4 −7

−2 0 −1

20 −7 12

 , f(A) = 3A;

7)

−2 1 −1

0 −1 0

1 −1 0

 , f(A) = arctg(A);

8)

−13 15 7

−6 7 3

−10 12 6

 , f(A) = 5A;

9)

3 3 −3

8 7 −12

4 4 −5

 , f(A) =
√
A;

10)

11 −6 12

4 0 4

−7 5 −8

 , f(A) = A12;

11)

−15 9 17

−1 −1 1

−12 9 14

 , f(A) = A10;

12)

−6 3 8

−4 3 4

−5 2 7

 , f(A) =
√
A;

13)

3 −1 0

1 1 0

0 0 1

 , f(A) = log2(A);

14)

 9 −2 −3

17 −3 −7

4 −1 0

 , f(A) =

sin(πA
4 );

15)

−3 5 −5

1 6 −9

1 4 −7

 , f(A) = eA;

16)

−6 25 17

−6 23 13

7 −25 −13

 , f(A) = sinA;

17)

−22 −7 −11

25 9 13

25 8 12

 , f(A) =

A100;

18)

0 −2 −3

1 2 1

2 2 5

 , f(A) = lnA;

19)

1 1 −6

0 1 −2

0 0 0

 , f(A) =
√
A;

20)

−1 3 0

0 −1 0

4 3 −1

 , f(A) = arctgA;

21)

2 1 2

0 2 0

0 5 2

 , f(A) = log2A;

22)

 1 1 −1

−3 −3 3

−2 −2 2

 , f(A) = eA;
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23)

 1 0 −1

3 2 0

−3 0 −1

 , f(A) = 3A;

24)

1 −3 4

4 −7 8

6 −7 7

 , f(A) = cosA;

25)

−3 −1 −1

3 4 3

−2 −5 −4

 , f(A) = A20;

26)

 1 −1 −1

−1 0 −1

2 3 4

 , f(A) = sin A
2 ;

27)

 1 −1 −1

−3 −4 −3

4 7 6

 , f(A) = cos A
2 ;

28)

−3 0 0

−1 −1 −1

6 4 3

 , f(A) = 5A;

29)

 2 0 0

−1 −3 −1

−1 4 1

 , f(A) = A50;

30)

 0 0 0

−1 0 −1

4 4 4

 , f(A) =
√
A.
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15. Ïðèêëàäè ðîçâ'ÿçóâàííÿ çàäà÷

Ìàòðèöi. Äi¨ íàä ìàòðèöÿìè
Ïðèêëàä 1. Âêàçàòè òèïè íàñòóïíèõ ìàòðèöü.

Ðîçâ'ÿçóâàííÿ. 1) A1 =

 2 0

3 5

1 0

 � ïðÿìîêóòíà ìàòðèöÿ ðîçìiðîì 3×2.

2) A2 =

 1 −4 2

−4 0 5

2 5 3

 � ñèìåòðè÷íà ìàòðèöÿ òðåòüîãî ïîðÿäêó.

3) A3 =

 1 4 −3 2

0 3 2 5

0 0 0 0

 � ïðÿìîêóòíà ìàòðèöÿ ðîçìiðîì 3× 4.

4) A4 =

 1 0 0

0 1 0

0 0 1

, A5 =

(
1 0

0 1

)
� îäèíè÷íi ìàòðèöi ïîðÿäêiâ 3 òà 2.

5) A7 =

 0 −3 5

3 0 −2

−5 2 0

 � êîñîñèìåòðè÷íà ìàòðèöÿ òðåòüîãî ïîðÿäêó.

6) A8 =

 3 −1 −2

0 1 11

0 0 2

 � âåðõíÿ òðèêóòíà ìàòðèöÿ òðåòüîãî ïîðÿäêó.

7) A9 =

(
0 0

0 0

)
� íóëüîâà ìàòðèöÿ äðóãîãî ïîðÿäêó.

8) A10 =

(
2 0

−4 1

)
� íèæíÿ òðèêóòíà ìàòðèöÿ äðóãîãî ïîðÿäêó.

9) A11 =

 51 0 0

0 2 0

0 0 −3

 � äiàãîíàëüíà ìàòðèöÿ òðåòüîãî ïîðÿäêó.

10) A12 =

 5 0 0

0 5 0

0 0 5

 � ñêàëÿðíà ìàòðèöÿ òðåòüîãî ïîðÿäêó.

�
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Ïðèêëàä 2. Ðîçâ'ÿçàòè ðiâíÿííÿ:

1) 3 ·

(
−1 2 0

3 4 5

)
+X =

(
1 2 −3

−7 8 9

)
;

2) 2 ·

(
−1 −5

2 4

)T

−3XT =

(
1 5 −6

2 −2 3

)
·

(
−2 3 −5

2 4 −6

)T

, äå ÷åðåç

T ïîçíà÷åíà îïåðàöiÿ òðàíñïîíóâàííÿ ìàòðèöi.

Ðîçâ'ÿçóâàííÿ. 1) Îñêiëüêè 3 ·

(
−1 2 0

3 4 5

)
=

(
−3 6 0

9 12 15

)
, òî

X =

(
1 2 −3

−7 8 9

)
−

(
−3 6 0

9 12 15

)
=

=

(
1 2 −3

−7 8 9

)
+

(
3 −6 0

−9 −12 −15

)
=

(
4 −4 −3

−16 −4 −6

)
.

2) Ìà¹ìî, 2 ·

(
−1 −5

2 4

)T

= 2 ·

(
−1 2

−5 4

)
=

(
−2 4

−10 8

)
,

(
−2 3 −5

2 4 −6

)T

=

 −2 2

3 4

−5 −6

 .

Êðiì òîãî,

(
1 5 −6

2 −2 3

)
·

 −2 2

3 4

−5 −6

 =

=

(
1 · (−2) + 5 · 3 + (−6) · (−5) 1 · 2 + 5 · 4 + (−6 · (−6))

2 · (−2) + (−2) · 3 + 3 · (−5) 2 · 2 + (−2) · 4 + 3 · (−6)

)
=

(
43 58

−25 −22

)
.

Îòæå, 3XT =

(
−2 4

−10 8

)
−

(
43 58

−25 −22

)
=

(
−45 −54

15 30

)
,

XT =
1

3

(
−45 −54

15 30

)
=

(
−15 −18

5 10

)
.

Òîäi X =

(
−15 5

−18 10

)
. �
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Ïðèêëàä 3. Ç'ÿñóâàòè, ÷è ìà¹ ìiñöå ðiâíiñòü (A+B)2 = A2+2AB+B2,

ÿêùî A =

(
1 5

−2 4

)
, B =

(
3 0

2 −1

)
. Âiäïîâiäü îá ðóíòóâàòè.

Ðîçâ'ÿçóâàííÿ. A + B =

(
1 5

−2 4

)
+

(
3 0

2 −1

)
=

(
4 5

0 3

)
, òîìó ëiâà

÷àñòèíà ðiâíîñòi äîðiâíþ¹: (A+B)2 =

(
4 5

0 3

)
·

(
4 5

0 3

)
=

(
16 35

0 9

)
.

Ç iíøîãî áîêó, A2 =

(
1 5

−2 4

)
·

(
1 5

−2 4

)
=

(
−9 25

−10 6

)
.

2 · A ·B = 2 ·

(
1 5

−2 4

)
·

(
3 0

2 −1

)
= 2 ·

(
13 −5

2 −4

)
=

(
26 −10

4 −8

)
.

B2 =

(
3 0

2 −1

)
·

(
3 0

2 −1

)
=

(
9 0

4 1

)
.

Òîìó ïðàâà ÷àñòèíà ðiâíîñòi äîðiâíþ¹:

A2 +2AB+B2 =

(
−9 25

−10 6

)
+

(
26 −10

4 −8

)
+

(
9 0

4 1

)
=

(
26 15

−2 −1

)
.

Îòæå, ïîðiâíþþ÷è ëiâó òà ïðàâó ÷àñòèíó, îòðèìà¹ìî:

(A+B)2 6= A2 + 2AB +B2.

Ðiâíiñòü íå âèêîíó¹òüñÿ, îñêiëüêè AB 6= BA. �

Ïðèêëàä 4. Çíàéòè êóá ìàòðèöi A =

(
sinα −cosα

cosα sinα

)
.

Ðîçâ'ÿçóâàííÿ.

(
sinα −cosα

cosα sinα

)3

=

(
sinα −cosα

cosα sinα

)
·

(
sinα −cosα

cosα sinα

)
×

×

(
sinα −cosα

cosα sinα

)
=

(
sin2α− cos2α −2cosα · sinα
2cosα · sinα cos2α+ sin2α

)
·

(
sinα −cosα

cosα sinα

)
=

=

(
−cos2α −sin2α

sin2α 1

)
·

(
sinα −cosα

cosα sinα

)
=

(
−sin3α cos3α

−cos3α −sin3α

)
. �
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Ïðèêëàä 5. Çíàéòè f (A), ÿêùî f (x) = 3x5 + 2x4 − x3 + 5x2 + 8x+ 3 i

A =

 0 1 0

0 0 1

0 1 0

.

Ðîçâ'ÿçóâàííÿ. Çíàéäåìî âñi ñòåïåíi ìàòðèöi A:

A2 =

 0 1 0

0 0 1

0 1 0

 ·

 0 1 0

0 0 1

0 1 0

 =

 0 0 1

0 1 0

0 0 1

 ,

A3 =

 0 0 1

0 1 0

0 0 1

 ·

 0 1 0

0 0 1

0 1 0

 =

 0 1 0

0 0 1

0 1 0

 ,

A4 =

 0 1 0

0 0 1

0 1 0

 ·

 0 1 0

0 0 1

0 1 0

 =

 0 0 1

0 1 0

0 0 1

 ,

A5 =

 0 0 1

0 1 0

0 0 1

 ·

 0 1 0

0 0 1

0 1 0

 =

 0 1 0

0 0 1

0 1 0

 .

Òîäi f (A) = 3

 0 1 0

0 0 1

0 1 0

+2

 0 0 1

0 1 0

0 0 1

−
 0 1 0

0 0 1

0 1 0

+5

 0 0 1

0 1 0

0 0 1

+

+8

 0 1 0

0 0 1

0 1 0

+ 3

 1 0 0

0 1 0

0 0 1

 =

 3 10 7

0 10 10

0 10 10

 .

Âiäïîâiäü: f (A) =

 3 10 7

0 10 10

0 10 10

 .

�
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Âèçíà÷íèêè. Îá÷èñëåííÿ âèçíà÷íèêiâ.

Ïðèêëàä 6. Îá÷èñëèòè âèçíà÷íèê:

1)

∣∣∣∣∣ 4 2

−1 3

∣∣∣∣∣. 2)

∣∣∣∣∣∣∣
3 0 2

1 4 7

3 −1 0

∣∣∣∣∣∣∣ . 3)

∣∣∣∣∣∣∣∣∣∣
2 −1 4 1

−1 3 −2 2

0 5 0 3

3 4 6 4

∣∣∣∣∣∣∣∣∣∣
. 4)

∣∣∣∣∣∣∣∣∣∣
1 2 3 4

2 3 0 0

3 2 0 1

4 1 0 3

∣∣∣∣∣∣∣∣∣∣
.

5)

∣∣∣∣∣∣∣∣∣∣
2001 2002 2003 2004

2005 2000 2006 2008

1 1 1 1

1999 2002 2007 2006

∣∣∣∣∣∣∣∣∣∣
. 6)

∣∣∣∣∣∣∣
2 0 0

1 3 0

0 2 −1

∣∣∣∣∣∣∣ .

Ðîçâ'ÿçóâàííÿ. 1)

∣∣∣∣∣ 4 2

−1 3

∣∣∣∣∣ = 4 · 3− 2 · (−1) = 14.

2)

∣∣∣∣∣∣∣
3 0 2

1 4 7

3 −1 0

∣∣∣∣∣∣∣ = 3·4·0+3·0·7+2·1·(−1)−2·4·3−0·0·1−3·7·(−1) = −5.

3) Âèçíà÷íèê äîðiâíþ¹ íóëþ, áî ïåðøèé i òðåòié ñòîâï÷èêè ïðîïîðöiéíi.

4) Âèêîðèñòà¹ìî òåîðåìó ïðî ðîçêëàä âèçíà÷íèêà çà åëåìåíòàìè ñòîâïöÿ.

Ðîçêðèâàþ÷è íàø âèçíà÷íèê çà òðåòiì ñòîâï÷èêîì, îäåðæèìî:∣∣∣∣∣∣∣∣∣∣
1 2 3 4

2 3 0 0

3 2 0 1

4 1 0 3

∣∣∣∣∣∣∣∣∣∣
= (−1)1+3 · 3 ·

∣∣∣∣∣∣∣
2 3 0

3 2 1

4 1 3

∣∣∣∣∣∣∣ .
Äîäàþ÷è â îñòàííüîìó âèçíà÷íèêó äî òðåòüîãî ðÿäêà äðóãèé, ïîìíîæåíèé

íà �3, à ïîòiì ðîçêðèâàþ÷è éîãî çà òðåòiì ñòîâï÷èêîì, îäåðæèìî:∣∣∣∣∣∣∣
2 3 0

3 2 1

−5 −5 0

∣∣∣∣∣∣∣ = (−1)2+3 · 1 ·

∣∣∣∣∣ 2 3

−5 −5

∣∣∣∣∣ = −5.

Îòæå, ïî÷àòêîâèé âèçíà÷íèê äîðiâíþ¹ (−1)1+3 · 3 · (−5) = −15.
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5) Âiäíiìàþ÷è âiä 1�ãî, 2�ãî i 4�ãî ðÿäêiâ âiäïîâiäíi êðàòíi 3�ãî ðÿäêà,

à ïîòiì ðîçêðèâàþ÷è éîãî çà 1�ì ñòîâï÷èêîì, îäåðæèìî:∣∣∣∣∣∣∣∣∣∣
2001 2002 2003 2004

2005 2000 2006 2008

1 1 1 1

1999 2002 2007 2006

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
0 1 2 3

0 −5 1 3

1 1 1 1

0 3 8 7

∣∣∣∣∣∣∣∣∣∣
=(−1)3+1·1·

∣∣∣∣∣∣∣
1 2 3

−5 1 3

3 8 7

∣∣∣∣∣∣∣ =

=

∣∣∣∣∣∣∣
1 2 3

−5 1 3

3 8 7

∣∣∣∣∣∣∣.
Äàëi âiäíiìåìî âiä 2�ãî i 3�ãî ñòîâï÷èêiâ âiäïîâiäíi êðàòíi 1�ãî ñòîâï÷èêà

i ðîçêðè¹ìî çà 1�ì ðÿäêîì:∣∣∣∣∣∣∣
1 2 3

−5 1 3

3 8 7

∣∣∣∣∣∣∣ = 1 ·

∣∣∣∣∣∣∣
1 0 0

−5 11 18

3 2 2

∣∣∣∣∣∣∣ = (−1)1+1 · 1 ·

∣∣∣∣∣ 11 18

2 2

∣∣∣∣∣ = −14.

6) Âèçíà÷íèê òðèêóòíî¨ ìàòðèöi äîðiâíþ¹ äîáóòêó äiàãîíàëüíèõ åëåìåíòiâ,

òîìó

∣∣∣∣∣∣∣
2 0 0

1 3 0

0 2 −1

∣∣∣∣∣∣∣ = 2 · 3 · (−1) = −6.

�

Ïðèêëàä 7. Äëÿ ìàòðèöi


1 −2 3 −2

−2 −3 −2 1

2 3 5 1

0 8 11 −8

 çíàéòè àëãåáðè÷íå äîïîâíåííÿ

òà äîïîâíÿëüíèé ìiíîð: à) äî åëåìåíòà �+5�; á) äî åëåìåíòà �0�.

Ðîçâ'ÿçóâàííÿ. à) Åëåìåíò �+5� çíàõîäèòüñÿ ó òðåòüîìó ðÿäêó òà òðåòüîìó

ñòîâïöi, îòæå, òðåáà çíàéòè ìiíîð M33 òà àëãåáðè÷íå äîïîâíåííÿ A33:

M33 =

∣∣∣∣∣∣∣
1 −2 −2

−2 −3 1

0 8 −8

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
1 −2 −4

−2 −3 −2

0 8 0

∣∣∣∣∣∣∣ = (−1)3+2 · 8 ·

∣∣∣∣∣ 1 −4

−2 −2

∣∣∣∣∣ = 80.

A33 = (−1)3+3 · 80 = 80.
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á) Åëåìåíò �0� çíàõîäèòüñÿ ó ÷åòâåðòîìó ðÿäêó ïåðøîìó ñòîâïöi, îòæå,

ïîòðiáíî çíàéòè M41 òà A41:

M41 =

∣∣∣∣∣∣∣
−2 3 −2

−3 −2 1

3 5 1

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
0 3 −2

0 8 3

2 5 1

∣∣∣∣∣∣∣ = (−1)3+1 · 2 ·

∣∣∣∣∣ 3 −2

8 3

∣∣∣∣∣ = 50.

A41 = (−1)4+1 · 50 = −50. �

Ïðèêëàä 8. Äëÿ ìiíîðà M1 , óòâîðåíîãî åëåìåíòàìè 2-ãî, 4-ãî òà 5-ãî

ðÿäêiâ òà 1-ãî, 3-ãî òà 4-ãî ñòîâïöiâ ìàòðèöi


2 3 1 5 0

−4 2 3 7 −2

1 4 0 −2 1

0 5 −4 2 11

2 0 1 0 0

,

çíàéòè äîïîâíÿëüíèé ìiíîð òà àëãåáðè÷íå äîïîâíåííÿ .

Ðîçâ'ÿçóâàííÿ. ÎñêiëüêèM =

∣∣∣∣∣ 3 0

4 1

∣∣∣∣∣ = 3 (âèêðåñëþ¹ìî âêàçàíi ðÿäêè òà

ñòîâï÷èêè), òî A = (−1)(2+4+5)+(1+3+4) ·M = 3. �

Ïðèêëàä 9. Måòîäîì îïîðíîãî åëåìåíòó oá÷èñëèòè âèçíà÷íèê

∆ =

∣∣∣∣∣∣∣∣∣∣
1 −3 1 4

−1 5 2 −3

2 −2 6 3

0 2 −1 2

∣∣∣∣∣∣∣∣∣∣
.

Ðîçâ'ÿçóâàííÿ. Îñêiëüêè a11 6= 0, òî éîãî ìîæíà âçÿòè çà îïîðíèé åëåìåíò.

Çàïèøåìî çàãàëüíó ôîðìóëó:

∆ =
1

an−2
11

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣ a11 a12

a21 a22

∣∣∣∣∣
∣∣∣∣∣ a11 a13

a21 a23

∣∣∣∣∣ · · ·

∣∣∣∣∣ a11 a1n

a21 a2n

∣∣∣∣∣∣∣∣∣∣ a11 a12

a31 a32

∣∣∣∣∣
∣∣∣∣∣ a11 a13

a31 a33

∣∣∣∣∣ · · ·

∣∣∣∣∣ a11 a1n

a31 a3n

∣∣∣∣∣
· · · · · · · · · · · ·∣∣∣∣∣ a11 a12

an1 an2

∣∣∣∣∣
∣∣∣∣∣ a11 a13

an1 an3

∣∣∣∣∣ · · ·

∣∣∣∣∣ a11 a1n

an1 ann

∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
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Ó íàøîìó âèïàäêó

∆ =
1

14−2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣ 1 −3

−1 5

∣∣∣∣∣
∣∣∣∣∣ 1 1

−1 2

∣∣∣∣∣
∣∣∣∣∣ 1 4

−1 −3

∣∣∣∣∣∣∣∣∣∣ 1 −3

2 −2

∣∣∣∣∣
∣∣∣∣∣ 1 1

2 6

∣∣∣∣∣
∣∣∣∣∣ 1 4

2 3

∣∣∣∣∣∣∣∣∣∣ 1 −3

0 2

∣∣∣∣∣
∣∣∣∣∣ 1 1

0 −1

∣∣∣∣∣
∣∣∣∣∣ 1 4

0 2

∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
2 3 1

4 4 −5

2 −1 2

∣∣∣∣∣∣∣ .

Äàëi çà îïîðíèé åëåìåíò âiçüìåìî a11 = 2:

∆ = 1
23−2

∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣ 2 3

4 4

∣∣∣∣∣
∣∣∣∣∣ 2 1

4 −5

∣∣∣∣∣∣∣∣∣∣ 2 3

2 −1

∣∣∣∣∣
∣∣∣∣∣ 2 1

2 2

∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣
= 1

2

∣∣∣∣∣ −4 −14

−8 2

∣∣∣∣∣ = −60. �

Ïðèêëàä 10. Îá÷èñëèòè âèçíà÷íèê ∆ =

∣∣∣∣∣∣∣∣∣∣
2 −1 0 0

−1 3 1 2

0 1 0 0

3 1 2 0

∣∣∣∣∣∣∣∣∣∣
çà äîïîìîãîþ

òåîðåìè Ëàïëàñà.

Ðîçâ'ÿçóâàííÿ. Âèêîðèñòà¹ìî òåîðåìó Ëàïëàñà äëÿ 3 i 4 ñòîâïöiâ:

∆ =

∣∣∣∣∣ 1 2

2 0

∣∣∣∣∣ · (−1)(2+4)+(3+4) ·

∣∣∣∣∣ 2 −1

0 1

∣∣∣∣∣ = −4 · (−1)13 · 2 = 8.

�

Ïðèêëàä 11. Îá÷èñëèòè âèçíà÷íèê ∆ =

∣∣∣∣∣∣∣∣∣∣
1 −3 1 4

−1 5 2 −3

2 −2 6 3

0 2 −1 2

∣∣∣∣∣∣∣∣∣∣
çà äîïîìîãîþ

òåîðåìè Ëàïëàñà.

Ðîçâ'ÿçóâàííÿ. Âèêîðèñòà¹ìî òåîðåìó Ëàïëàñà äëÿ 3 i 4 ñòîâïöiâ :
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∆ =

∣∣∣∣∣ 1 4

2 −3

∣∣∣∣∣·(−1)(1+2)+(3+4) ·

∣∣∣∣∣ 2 −2

0 2

∣∣∣∣∣+
∣∣∣∣∣ 1 4

6 3

∣∣∣∣∣·(−1)(1+3)+(3+4) ·

∣∣∣∣∣ −1 5

0 2

∣∣∣∣∣+
+

∣∣∣∣∣ 1 4

−1 2

∣∣∣∣∣·(−1)(1+4)+(3+4)·

∣∣∣∣∣ −1 5

2 −2

∣∣∣∣∣+
∣∣∣∣∣ 2 −3

6 3

∣∣∣∣∣·(−1)(2+3)+(3+4)·

∣∣∣∣∣ 1 −3

0 2

∣∣∣∣∣+
+

∣∣∣∣∣ 2 −3

−1 2

∣∣∣∣∣·(−1)(2+4)+(3+4)·

∣∣∣∣∣ 1 −3

2 −2

∣∣∣∣∣+
∣∣∣∣∣ 6 3

−1 2

∣∣∣∣∣·(−1)(3+4)+(3+4)·

∣∣∣∣∣ 1 −3

−1 5

∣∣∣∣∣ =

= −44− 42− 48 + 48− 4 + 30 = −60. �

Îáåðíåíà ìàòðèöÿ. Ìàòðè÷íi ðiâíÿííÿ.

Ïðèêëàä 12. Ç'ÿñóâàòè, ÷è âçà¹ìíî îáåðíåíi ìàòðèöi A =

 1 −1 2

1 1 −2

1 1 4



òà B =


1
2

1
2 0

−1
2

1
6

1
3

0 −1
6

1
6

.

Ðîçâ'ÿçóâàííÿ. Çíàéäåìî AB.

AB =

 1 −1 2

1 1 −2

1 1 4

 ·


1
2

1
2 0

−1
2

1
6

1
3

0 −1
6

1
6

 =

=


1
2 + 1

2 + 0 1
2 −

1
6 −

2
6 0− 1

3 + 2
6

1
2 −

1
2 + 0 1

2 + 1
6 + 2

6 0 + 1
3 −

2
6

1
2 −

1
2 + 0 1

2 + 1
6 −

4
6 0 + 1

3 + 4
6

 =

 1 0 0

0 1 0

0 0 1

 .

Îòæå, ìàòðèöi A òà B ¹ âçà¹ìíî îáåðíåíèìè. �
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Ïðèêëàä 13. Çíàéòè îáåðíåíó ìàòðèöþ äëÿ ìàòðèöi A =

(
1 3

2 8

)
.

Ðîçâ'ÿçóâàííÿ. Çà îçíà÷åííÿì A−1 = 1
detA


A11 A21 · · · An1

A12 A22 · · · An2

· · · · · · · · · · · ·
A1n A2n · · · Ann

, äå Aij

� àëãåáðè÷íi äîïîâíåííÿ åëåìåíòiâ. Çíàéäåìî âèçíà÷íèê ìàòðèöi òà àëãåáðè÷íi

äîïîâíåííÿ åëåìåíòiâ: detA = 1 · 8− 2 · 3.

A11 = (−1)1+1 · 8 = 8, A21 = (−1)2+1 · 3 = −3,

A12 = (−1)1+2 · 2 = −2, A22 = (−1)2+2 · 1 = 1.

Òîäi A−1 = 1
2

(
8 −3

−2 1

)
=

(
4 −3

2

−1 1
2

)
.

Âçàãàëi, äëÿA =

(
a c

b d

)
îáåðíåíà ìàòðèöÿ çíàõîäèòüñÿ äóæå ïðîñòî:

A−1 = 1
detA

(
d −b
−c a

)
, òîáòî åëåìåíòè ãîëîâíî¨ äiàãîíàëi ìiíÿþòüñÿ

ìiñöÿìè, à åëåìåíòè äðóãî¨ äiàãîíàëi áåðóòüñÿ ç ïðîòèëåæíèì çíàêîì.

Ïðè öüîìó, ÿê i â îñíîâíié ôîðìóëi, òðåáà ïîìíîæèòè çíàéäåíó ìàòðèöþ

íà 1
det A .

Ïåðåâiðêà: A · A−1 =

(
1 3

2 8

)
·

(
4 −3

2

−1 1
2

)
=

(
1 0

0 1

)
. �

Ïðèêëàä 14. Çíàéòè îáåðíåíó ìàòðèöþ äëÿ ìàòðèöi A =

 1 −1 0

2 4 −1

0 1 2

.

Ðîçâ'ÿçóâàííÿ. Âèêîðèñòà¹ìî ôîðìóëó : A−1 = 1
detA

 A11 A21 A31

A12 A22 A32

A13 A23 A33

.
Çíàéäåìî âèçíà÷íèê ìàòðèöi òà àëãåáðè÷íi äîïîâíåííÿ åëåìåíòiâ:

detA = 13.
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A11 = (−1)1+1 ·

∣∣∣∣∣ 4 −1

1 2

∣∣∣∣∣ = 9,

A12 = (−1)1+2 ·

∣∣∣∣∣ 2 −1

0 2

∣∣∣∣∣ = −4,

A13 = (−1)1+3 ·

∣∣∣∣∣ 2 4

0 1

∣∣∣∣∣ = 2,

A21 = (−1)2+1 ·

∣∣∣∣∣ −1 0

1 2

∣∣∣∣∣ = 2,

A22 = (−1)2+2 ·

∣∣∣∣∣ 1 0

0 2

∣∣∣∣∣ = 2,

A23 = (−1)2+3 ·

∣∣∣∣∣ 1 −1

0 1

∣∣∣∣∣ = −1,

A31 = (−1)3+1 ·

∣∣∣∣∣ −1 0

4 −1

∣∣∣∣∣ = 1,

A32 = (−1)3+2 ·

∣∣∣∣∣ 1 0

2 −1

∣∣∣∣∣ = 1,

A33 = (−1)3+3 ·

∣∣∣∣∣ 1 −1

2 4

∣∣∣∣∣ = 6.

Òîäi A−1 = 1
13

 9 2 1

−4 2 1

2 −1 6

.

Ïåðåâiðêà: A·A−1 = 1
13

 1 −1 0

2 4 −1

0 1 2


 9 2 1

−4 2 1

2 −1 6

 = 1
13

 13 0 0

0 13 0

0 0 13

 =

=

 1 0 0

0 1 0

0 0 1

. �

Ïðèêëàä 15. Çíàéòè îáåðíåíó ìàòðèöþ äëÿ ìàòðèöi A =

 1 2 −1

0 4 −2

1 0 2

.

Ðîçâ'ÿçóâàííÿ. Çíàéäåìî îáåðíåíó ìàòðèöþ ìåòîäîì ïðè¹äíàíî¨ ìàòðèöi

(íàä ñòðiëêîþ âêàçàíi îïåðàöi¨ íàä ðÿäêàìè ìàòðèöi):

 1 2 −1

0 4 −2

1 0 2

∣∣∣∣∣∣∣
1 0 0

0 1 0

0 0 1



−I+III→III−−−−−−−−−−→

 1 2 −1

0 4 −2

0 −2 3

∣∣∣∣∣∣∣
1 0 0

0 1 0

−1 0 1

 II : 4→ II−−−−−−−→


1 2 −1

0 1 −1
2

0 −2 3

∣∣∣∣∣∣∣∣∣
1 0 0

0 1
4

0

−1 0 1

 →

II · 2+III→III−−−−−−−−−−−→


1 2 −1

0 1 −1
2

0 0 2

∣∣∣∣∣∣∣∣∣
1 0 0

0 1
4

0

−1 1
2

1

 III : 2→III−−−−−−−−→


1 2 −1

0 1 −1
2

0 0 1

∣∣∣∣∣∣∣∣∣
1 0 0

0 1
4

0

−1
2

1
4

1
2

→
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III + I → I−−−−−−−−−−−−−−→
III : 2 + II → II


1 2 0

0 1 0

0 0 1

∣∣∣∣∣∣∣∣∣
1
2

1
4

1
2

−1
4

3
8

1
4

−1
2

1
4

1
2

 II · (−2) + I → I
−−−−−−−−−−−−→


1 0 0

0 1 0

0 0 1

∣∣∣∣∣∣∣∣∣
1 −1

2
0

−1
4

3
8

1
4

−1
2

1
4

1
2

.

Âiäïîâiäü: A−1 =


1 −1

2
0

−1
4

3
8

1
4

−1
2

1
4

1
2

. �

Ïðèêëàä 16. Ðîçâ'ÿçàòè ìàòðè÷íå ðiâíÿííÿ

(
2 3

−1 4

)
X =

(
9 10

1 −5

)
.

Ðîçâ'ÿçóâàííÿ. Ïîçíà÷èìîA =

(
2 3

−1 4

)
, B =

(
9 10

1 −5

)
. Òîäi ðiâíÿííÿ

ìîæíà ïåðåïèñàòè ó âèãëÿäi AX = B. Îñêiëüêè |A| = 8 + 3 = 11, òîìó

ìàòðèöÿ A íåâèðîäæåíà i äëÿ íå¨ iñíó¹ îáåðíåíà ìàòðèöÿ A−1. Îñêiëüêè

AX = B, òî A−1 · AX = A−1 ·B ⇒ X = A−1 ·B. Ïîçàÿê

A−1 = 1
11

(
4 −3

1 2

)
, òîìó

X = 1
11

(
4 −3

1 2

)(
9 10

1 −5

)
= 1

11

(
33 55

11 0

)
=

(
3 5

1 0

)
. �

Ïðèêëàä 17. Ðîçâ'ÿçàòè ìàòðè÷íå ðiâíÿííÿ:(
1 0

2 4

)
X

(
−1 −2

1 1

)
=

(
2 −3

4 1

)
.

Ðîçâ'ÿçóâàííÿ. Ïîçíà÷èìî A =

(
1 0

2 4

)
, B =

(
−1 −2

1 1

)
,

C =

(
2 −3

4 1

)
. Ìàòðèöi A =

(
1 0

2 4

)
, B =

(
−1 −2

1 1

)
íåâèðîäæåíi,

òîìó

A ·X ·B = C ⇒ A−1 · AXB ·B−1 = A−1 · C ·B−1 ⇒ X = A−1 · C ·B−1.

Îñêiëüêè

A−1=
1

4

(
4 0

−2 1

)
, B−1 =

1

1

(
1 2

−1 −1

)
,
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òî

X=1
4

(
4 0

−2 1

)(
2 −3

4 1

)(
1 2

−1 −1

)
=

= 1
4

(
8 −12

0 7

)(
1 2

−1 −1

)
=1

4

(
−20 28

−7 −7

)
.

�

Ïðèêëàä 18. Ðîçâ'ÿçàòè ìàòðè÷íå ðiâíÿííÿ. 1 −1 0

2 4 −1

0 1 2

X

 1 2 −1

0 4 −2

1 0 2

+

 −3 1 9

5 −3 8

−4 1 5

 =

 −4 2 5

1 12 −7

20 −17 8

 .

Ðîçâ'ÿçóâàííÿ. Àíàëîãi÷íî ïîïåðåäíüîìó ïðèêëàäó ìà¹ìî:

A ·X ·B + C = D ⇒ A ·X ·B = D − C ⇒

⇒ A−1 · AXB ·B−1 = A−1 · (D − C) ·B−1 ⇒ X = A−1 · (D − C) ·B−1 ⇒

⇒ A−1 = 1
13

 9 2 1

−4 2 1

2 −1 6

 , B−1 = 1
8

 8 −4 0

−2 3 2

−4 2 4

 ,

D − C =

 −1 1 −4

−4 15 −15

24 −18 3

⇒

⇒ X =
1

13
· 1

8

 9 2 1

−4 2 1

2 −1 6


 −1 1 −4

−4 15 −15

24 −18 3


 8 −4 0

−2 3 2

−4 2 4

 .

Òàêèì ÷èíîì, X = 1
13·8

 266 −91 −210

188 −78 −28

1310 −897 −142

 . �
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Ðàíã ìàòðèöi.

Ïðèêëàä 19. Îá÷èñëèòè ðàíã òà äåôåêò ìàòðèöi A =

 1 1 1

2 2 3

3 3 4

.

Âêàçàòè áàçèñíèé ìiíîð.

Ðîçâ'ÿçóâàííÿ. Åëåìåíòàðíèìè ïåðåòâîðåííÿìè çâåäåìî ìàòðèöþ äî

òðàïåöåâèäíîãî âèãëÿäó:

 1 1 1

2 2 3

3 3 4

 I (−2) + II → II
−−−−−−−−−−−−→
I (−3) + III → III

 1 1 1

0 0 1

0 0 1

→

III − II → III−−−−−−−−−−−→

 1 1 1

0 0 1

0 0 0

→

(
1 1 1

0 0 1

)
. Îòæå, ðàíã ìàòðèöi äîðiâíþ¹ 2.

Òîìó äåôåêò ìàòðèöi äîðiâíþ¹ defA = n− rangA = 3−2 = 1. Çà áàçèñíèé

ìiíîð âiçüìåìî ìiíîð, ðîçòàøîâàíèé ó 2, 3 ñòîâï÷èêàõ:

∣∣∣∣∣ 1 1

2 3

∣∣∣∣∣. �

Ïðèêëàä 20. Çíàéòè ðàíã ìàòðèöi A =


1− λ 0 0 0

0 1− λ 0 0

0 0 2− λ 3

0 0 0 3− λ


â çàëåæíîñòi âiä ïàðàìåòðà λ

Ðîçâ'ÿçóâàííÿ. Ìàòðèöÿ ïðèâåäåíà äî òðèêóòíîãî âèãëÿäó.

ßêùî λ = 1, òî A =


0 0 0 0

0 0 0 0

0 0 1 3

0 0 0 2

 . Îòæå, ðàíã ìàòðèöi äîðiâíþ¹ 2 (äâà

íåíóëüîâèõ ñòîâïöÿ).

ßêùî λ = 2, òî A =


−1 0 0 0

0 −1 0 0

0 0 0 3

0 0 0 1

, i ðàíã ìàòðèöi äîðiâíþ¹ 3.
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ßêùî λ = 3, òî A =


−2 0 0 0

0 −2 0 0

0 0 −1 3

0 0 0 0

 . Îòæå, ðàíã ìàòðèöi äîðiâíþ¹ 3.

Ïðè λ 6= 1, 2, 3 ðàíã ìàòðèöi äîðiâíþ¹ 4. �

Ñèñòåìè ëiíiéíèõ ðiâíÿíü.

Ïðèêëàä 21. Ðîçâ'ÿçàòè ñèñòåìó ðiâíÿíü


y + 3z = −1,

2x+ 3y + 5z = 3,

3x+ 5y + 7z = 6.

Ðîçâ'ÿçóâàííÿ. Ðîçâ'ÿæåìî äàíó ñèñòåìó, âèêîðèñòîâóþ÷è ôîðìóëè Êðàìåðà.

Âèïèøåìî ðîçøèðåíó ìàòðèöþ ñèñòåìè ðiâíÿíü:

 0 1 3

2 3 5

3 5 7

∣∣∣∣∣∣∣
−1

3

6

.
Îá÷èñëèìî âèçíà÷íèê ìàòðèöi êîåôiöi¹íòiâ:

∆ =

∣∣∣∣∣∣∣
0 1 3

2 3 5

3 5 7

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
0 1 0

2 3 −4

3 5 −8

∣∣∣∣∣∣∣ = (−1)3 · 1 ·

∣∣∣∣∣ 2 −4

3 −8

∣∣∣∣∣ = 4.

Îñêiëüêè âèçíà÷íèê íå äîðiâíþ¹ íóëþ, òî ñèñòåìà ìà¹ ¹äèíèé ðîçâ'ÿçîê.

Çíàéäåìî∆x,∆y,∆z, ïiäñòàâëÿþ÷è çàìiñòü ñòîâïöÿ âiäïîâiäíèõ êîåôiöi¹íòiâ

ñòîâï÷èê âiëüíèõ ÷ëåíiâ:

∆x =

∣∣∣∣∣∣∣
−1 1 3

3 3 5

6 5 7

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
−1 0 0

3 6 14

6 11 25

∣∣∣∣∣∣∣ = (−1)2 (−1)

∣∣∣∣∣ 6 14

11 25

∣∣∣∣∣ = 4.

Òîäi x = ∆x

∆ = 1.

∆y =

∣∣∣∣∣∣∣
0 −1 3

2 3 5

3 6 7

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
0 −1 0

2 3 14

3 6 25

∣∣∣∣∣∣∣ = (−1)3 · (−1) ·

∣∣∣∣∣ 2 14

3 25

∣∣∣∣∣ = 8.

Òîäi y =
∆y

∆ = 2.
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∆z =

∣∣∣∣∣∣∣
0 1 −1

2 3 3

3 5 6

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
0 1 0

2 3 6

3 5 11

∣∣∣∣∣∣∣ = (−1)3 · 1 ·

∣∣∣∣∣ 2 6

3 11

∣∣∣∣∣ = −4.

Òîäi z = ∆z

∆ = −1.

Âiäïîâiäü: x = 1, y = 2, z = −1. �

Ïðèêëàä 22. Ðîçâ'ÿçàòè ñèñòåìó ðiâíÿíü


3x1 + 4x2 + 2x3 + x4 = 16,

x1 + 7x2 + x3 + x4 = 23,

2x1 + x2 + 3x3 + 5x4 = 10,

4x1 − 3x2 + 4x3 + 6x4 = 1.

Ðîçâ'ÿçóâàííÿ. Ðîçâ'ÿæåìî äàíó ñèñòåìó ìåòîäîì �àóñà. Âèïèøåìî ðîçøèðåíó

ìàòðèöþ ñèñòåìè ðiâíÿíü:


3 4 2 1

1 7 1 1

2 1 3 5

4 −3 4 6

∣∣∣∣∣∣∣∣∣∣
16

23

10

1

. Ïîìiíÿ¹ìî ìiñöÿìè ïåðøèé
òà äðóãié ðÿäêè ìàòðèöi. Âèêîíà¹ìî ïðÿìèé õiä ìåòîäó �àóñà. Åëåìåíòàðíèìè

ïåðåòâîðåííÿìè çâåäåìî äàíó ìàòðèöþ äî òðèêóòíîãî âèãëÿäó.
1 7 1 1

3 4 2 1

2 1 3 5

4 −3 4 6

∣∣∣∣∣∣∣∣∣∣
23

16

10

1


I · (−3) + II → II
−−−−−−−−−−−−−→
I · (−2) + III → III

I · (−4) + IV → IV


1 7 1 1

0 −17 −1 −2

0 −13 1 3

0 −31 0 2

∣∣∣∣∣∣∣∣∣∣
23

−53

−36

−91

→

II + III → III−−−−−−−−−−−→


1 7 1 1

0 −17 −1 −2

0 −30 0 1

0 −31 0 2

∣∣∣∣∣∣∣∣∣∣
23

−53

−89

−91

 III − IV → III−−−−−−−−−−−−→

→


1 7 1 1

0 −17 −1 −2

0 1 0 −1

0 −31 0 2

∣∣∣∣∣∣∣∣∣∣
23

−53

2

−91

→
III · 17 + II → II−−−−−−−−−−−−−→
III · 31 + IV → IV
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→


1 7 1 1

0 0 −1 −19

0 1 0 −1

0 0 0 −29

∣∣∣∣∣∣∣∣∣∣
23

−19

2

−29

 IV · −1
29 → IV

−−−−−−−−−→


1 7 1 1

0 1 0 −1

0 0 −1 −19

0 0 0 1

∣∣∣∣∣∣∣∣∣∣
23

2

−19

1

.
Ïðÿìèé õiä ìåòîäó �àóñà çàâåðøåíî. Âèêîíà¹ìî çâîðîòíié õiä. Çà äîïîìîãîþ

÷åòâåðòîãî ðÿäêà îòðèìà¹ìî íóëi ó ÷åòâåðòîìó ñòîâï÷èêó:

IV · (19) + III → III
−−−−−−−−−−−−−−−−→
IV · (1) + II → II

IV · (−1) + I → I


1 7 1 0

0 1 0 0

0 0 −1 0

0 0 0 1

∣∣∣∣∣∣∣∣∣∣
22

3

0

1

 III + I → I−−−−−−−−→

→


1 7 0 0

0 1 0 0

0 0 −1 0

0 0 0 1

∣∣∣∣∣∣∣∣∣∣
22

3

0

1

 II · (−7) + I → I
−−−−−−−−−−−−→


1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 1

∣∣∣∣∣∣∣∣∣∣
1

3

0

1

.
Îòæå, x1 = 1, x2 = 3, x3 = 0, x4 = 1. �

Ïðèêëàä 23. Äîñëiäèòè òà ðîçâ'ÿçàòè ñèñòåìó ðiâíÿíü
x1 + 3x2 + 4x3 + x4 = 0,

2x1 + 2x2 + 3x3 + x4 = 0,

3x1 + 3x2 + 4x3 + x4 = 0.

Ðîçâ'ÿçóâàííÿ. Îñêiëüêè êiëüêiñòü çìiííèõ ñèñòåìè áiëüøà çà êiëüêiñòü

ðiâíÿíü, òî äàíà îäíîðiäíà ñèñòåìà ìà¹ íåòðèâiàëüíi ðîçâ'ÿçêè. Ìàòðèöþ

êîåôiöi¹íòiâ

 1 3 4 1

2 2 3 1

3 3 4 1

 äàíî¨ ñèñòåìè åëåìåíòàðíèìè ïåðåòâîðåííÿìè

çâåäåìî äî òðàïåöåâèäíîãî âèãëÿäó:

I · (−2) + II → II
−−−−−−−−−−−−−→
I · (−3) + III → III

 1 3 4 1

0 −4 −5 −1

0 −6 −8 −2

 III : 2 → III−−−−−−−−−→

 1 3 4 1

0 −4 −5 −1

0 3 4 1

→

II + III → II−−−−−−−−−−→

 1 3 4 1

0 −1 −1 0

0 3 4 1

 II · 3 + III → III−−−−−−−−−−−−−→

 1 3 4 1

0 1 1 0

0 0 1 1

→
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III · (−1) + II → II
−−−−−−−−−−−−−−−→
III · (−4) + I → I

 1 3 0 −3

0 1 0 −1

0 0 1 1

 II · (−3) + I → I
−−−−−−−−−−−−→

 1 0 0 0

0 1 0 −1

0 0 1 1

 .

Ðàíã ìàòðèöi äîðiâíþ¹ 3. Çà áàçèñíèé âiçüìåìî ìiíîð, ðîçòàøîâàíèé

ó 1�3 ñòîâïöÿõ. Òîäi áàçîâèìè çìiííèìè áóäóòü x1, x2, x3. Âèðàçèìî áàçîâi

çìiííi ÷åðåç âiëüíó:


x1 = 0

x2 = x4

x3 = −x4

. Íåõàé x4 = A. Òîäi ðîçâ'ÿçêîì ñèñòåìè

¹ âåêòîð


0

A

−A
A

 àáî


0

1

−1

1

 · A, A ∈ R. Âiäïîâiäü:


0

1

−1

1

A, äå

A ∈ R. �

Ïðèêëàä 24. Äîñëiäèòè òà ðîçâ'ÿçàòè ñèñòåìó ðiâíÿíü
3x1 + 2x2 − 3x3 + 4x4 = 1,

2x1 + 3x2 − 2x3 + 3x4 = 2,

4x1 + 2x2 − 3x3 + 2x4 = 3.

Ðîçâ'ÿçóâàííÿ. Çàïèøåìî ìàòðèöþ êîåôiöi¹íòiâ

 3 2 −3 4

2 3 −2 3

4 2 −3 2

∣∣∣∣∣∣∣
1

2

3

 àáî

 1 −1 −1 1

2 3 −2 3

4 2 −3 2

∣∣∣∣∣∣
−1

2

3

 I · (−2) + II → II
−−−−−−−−−−−−−→
I · (−4) + III → II

 3 2 −3 4

0 5 0 1

0 6 1 −2

∣∣∣∣∣∣
1

4

7

→

II · (−1) + III → II
−−−−−−−−−−−−−−−→

 3 2 −3 4

0 1 1 −3

0 6 1 −2

∣∣∣∣∣∣
1

3

7

 II · (−6) +III → III
−−−−−−−−−−−−−−−→

→

 3 2 −3 4

0 1 1 −3

0 0 −5 16

∣∣∣∣∣∣
1

3

−11

 . Ðàíã ðîçøèðåíî¨ ìàòðèöi çáiãà¹òüñÿ ç ðàíãîì

ìàòðèöi êîåôiöi¹íòiâ, îòæå ñèñòåìà ñóìiñíà çà òåîðåìîþ Êðîíåêåðà�Êàïåëëi.

Ðàíã äîðiâíþ¹ 3, à êiëüêiñòü çìiííèõ 4, òîìó ñèñòåìà ìà¹ áåçëi÷ ðîçâ'ÿçêiâ.

Çà áàçîâi çìiíè âiçüìåìî x1, x2, x3. Âèðàçèìî áàçîâi çìiííi ÷åðåç âiëüíó.
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Íåõàé x4 = A, òîäi

x3 =
1

5
(11 + 16A) , x2 = 3 + 3A− 1

5
(11 + 16A) =

1

5
(4− A) ,

x1 =
1

3

(
1− 4A+

3

5
(11 + 16A)− 2

5
(4− A)

)
=

1

15
(30 + 30A) = 2 + 2A.

Çàãàëüíèé ðîçâ'ÿçîê ìà¹ âèãëÿä:


2 + 2A

1
5 (4− A)

1
5 (11 + 16A)

A

 , A ∈ R, àáî


10 + 10A

4− A

11 + 16A

5A

 , A ∈ R. Âiäïîâiäü:


10 + 10A

4− A

11 + 16A

5A

 , A ∈ R. �

Ïðèêëàä 25. Ðîçâ'ÿçàòè ñèñòåìó ðiâíÿíü


x1 + x2 − 3x4 − 4x5 = 0,

x1 + x2 − x3 + 2x4 − x5 = 1,

2x1 + 2x2 + x3 − x4 + 3x5 = 0.

.

Ðîçâ'ÿçóâàííÿ. Ïåðåòâîðèìî ìàòðèöþ êîåôiöi¹íòiâ:

 1 1 0 −3 −4

1 1 −1 2 −1

2 2 1 −1 3

∣∣∣∣∣∣
0

1

0

 I · (−1) + II → II
−−−−−−−−−−−−−→
I · (−2) + III → III

 1 1 0 −3 −4

0 0 −1 5 3

0 0 1 5 11

∣∣∣∣∣∣
0

1

0

→

II + III → III−−−−−−−−−−−→

 1 1 0 −3 −4

0 0 −1 5 3

0 0 0 10 14

∣∣∣∣∣∣
0

1

1

 .

Ñèñòåìà ñóìiñíà (ðàíã ìàòðèöi êîåôiöi¹íòiâ äîðiâíþ¹ ðàíãó ðîçøèðåíî¨

ìàòðèöi), íåâèçíà÷åíà (êiëüêiñòü çìiííèõ áiëüøà çà ðàíã). Çàãàëüíèé ðîçâ'ÿçîê

çíàéäåìî ÿê ñóìó çàãàëüíîãî ðîçâ'ÿçêó âiäïîâiäíî¨ îäíîðiäíî¨ ñèñòåìè

ðiâíÿíü òà ÷àñòêîâîãî ðîçâ'ÿçêó íåîäíîðiäíî¨ ñèñòåìè ðiâíÿíü. Ìàòðèöÿ

êîåôiöi¹íòiâ îäíîðiäíî¨ ñèñòåìè ìà¹ âèãëÿä:

 1 1 0 −3

0 0 −1 5

0 0 0 10

−4

3

14

. Ðàíã
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ìàòðèöi 3, äåôåêò ìàòðèöi 2 (2 âiëüíi çìiííi). Çà áàçîâi çìiííi âiçüìåìî

íåâiäîìi x2, x3, x4. Çíàéäåìî âèðàç áàçîâèõ çìiííèõ ÷åðåç âiëüíi x1, x5.

Îñêiëüêè ó íàñ äâi âiëüíi çìiííi, òî ôóíäàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ

ìà¹ äâà âåêòîðà. Íåõàé x1 = 1, x5 = 0, òîäi x4 = 0, x3 = 0, x2 = −1.

Íåõàé òåïåð x1 = 0, x5 = 1, òîäi

x4 = −14
10 , x3 = 3 + 5

(
−14

10

)
= −4, x2 = 4 + 3

(
−14

10

)
= −1

5 .

Òîäi çàãàëüíèé ðîçâ'ÿçîê ìà¹ âèãëÿä


1

−1

0

0

0

·A+


0

−1

−20

−7

5

·B, A,B ∈ R.

Òåïåð çíàéäåìî ÷àñòêîâèé ðîçâ'ÿçîê íåîäíîðiäíî¨ ñèñòåìè.

Íåõàé x1 = 0, x5 = 0, òîäi x4 = 1
10 = 0.1, x3 = 1 + 1

2 = 3
2 = 1.5,

x2 = 3
10 = 0.3, i ÷àñòêîâèì ðîçâ'ÿçêîì áóäå âåêòîð


0

0.3

1.5

0.1

0

 .

Âiäïîâiäü:


1

−1

0

0

0

 · A+


0

−1

−20

−7

5

 ·B +


0

0.3

1.5

0.1

0

 , A,B ∈ R. �

Ïðèêëàä 26. Ðîçâ'ÿçàòè ñèñòåìó ðiâíÿíü


3x1 + x2 − x3 = 3,

x1 + 2x2 − x3 = 2,

4x1 + 3x2 − 2x3 = 4.

Ðîçâ'ÿçóâàííÿ. Åëåìåíòàðíèìè ïåðåòâîðåííÿìè çâåäåìî ìàòðèöþ êîåôiöi¹íòiâ 1 2 −1

3 1 −1

4 3 −2

∣∣∣∣∣∣∣
2

3

4

 äî òðàïåöåâèäíîãî âèãëÿäó:
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 1 2 −1

3 1 −1

4 3 −2

∣∣∣∣∣∣∣
2

3

4

 I · (−3) + II → II
−−−−−−−−−−−−−→
I · (−4) + III → III

 1 2 −1

0 −5 2

0 −5 2

∣∣∣∣∣∣∣
2

−3

−4

→

II · (−1) + III → III
−−−−−−−−−−−−−−−−→

 1 2 −1

0 −5 2

0 0 0

∣∣∣∣∣∣∣
2

−3

−1

 .

Ñèñòåìà íåñóìiñíà, îñêiëüêè ðàíã ìàòðèöi êîåôiöi¹íòiâ äîðiâíþ¹ 2, à ðàíã

ðîçøèðåíî¨ ìàòðèöi äîðiâíþ¹ 3.

Âiäïîâiäü: ñèñòåìà íåñóìiñíà (ðîçâ'ÿçêiâ íå ìà¹). �

Âëàñíi ÷èñëà òà âëàñíi âåêòîðè.

Ïðèêëàä 27. Çíàéòè õàðàêòåðèñòè÷íèé ìíîãî÷ëåí ìàòðèöi

A =

(
1 3

2 −2

)
.

Ðîçâ'ÿçóâàííÿ. Õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì ìàòðèöi A íàçèâà¹òüñÿ

ìíîãî÷ëåí det (A− λE). Ìà¹ìî:∣∣∣∣∣ 1− λ 3

2 −2− λ

∣∣∣∣∣ = (1− λ) (−2− λ)− 6 = λ2 + λ− 8. �

Ïðèêëàä 28. Çíàéòè õàðàêòåðèñòè÷íèé ìíîãî÷ëåí ìàòðèöi

A =

 3 1 −5

0 0 2

0 3 0

.

Ðîçâ'ÿçóâàííÿ. det (A− λE)=

∣∣∣∣∣∣∣
3− λ 1 −5

0 −λ 2

0 3 −λ

∣∣∣∣∣∣∣ = λ2 (3− λ)−6 (3− λ) =

= −λ3 + 3λ2 + 6λ− 18. �
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Ïðèêëàä 29. Çíàéòè âëàñíi ÷èñëà òà âëàñíi âåêòîðè ìàòðèöi

A =

(
3 1

−2 0

)
.

Ðîçâ'ÿçóâàííÿ. Çíàéäåìî ñïî÷àòêó õàðàêòåðèñòè÷íèé ìíîãî÷ëåí ìàòðèöiA:

det (A− λE) =

∣∣∣∣∣ 3− λ 1

−2 −λ

∣∣∣∣∣ = λ2 − 3λ+ 2.

Êîðåíi õàðàêòåðèñòè÷íîãî ðiâíÿííÿ ¹ âëàñíèìè ÷èñëàìè. Îòæå, ç ðiâíÿííÿ

λ2 − 3λ + 2 = 0 ìà¹ìî: λ1 = 1, λ1 = 2 � âëàñíi ÷èñëà. Çíàéäåìî âëàñíi

âåêòîðè, ÿêi âiäïîâiäàþòü âëàñíîìó ÷èñëó λ1 = 1. Äëÿ öüîãî ðîçâ'ÿæåìî

ñèñòåìó ðiâíÿíü(
3− 1 1

−2 −1

)(
x1

x2

)
=

(
0

0

)
⇔

(
2 1

−2 −1

)(
x1

x2

)
=

(
0

0

)
⇔

⇔

{
2x1 + x2 = 0,

−2x1 − x2 = 0,
àáî 2x1 + x2 = 0, òîáòî x2 = −2x1. Íåõàé x1 = c,

òîäi x2 = −2c. Ìíîæèíó âëàñíèõ âåêòîðiâ ìîæíà çàïèñàòè ó âåêòîðíîìó

âèãëÿäi v1 =

(
c

−2c

)
=

(
1

−2

)
c, c ∈ R, c 6= 0.

Òåïåð çíàéäåìî âëàñíi âåêòîðè, ÿêi âiäïîâiäàþòü âëàñíîìó ÷èñëó λ2 = 2.

Ðîçâ'ÿæåìî îäíîðiäíó ñèñòåìó ðiâíÿíü(
3− 2 1

−2 −2

)(
x1

x2

)
=

(
0

0

)
⇔

(
1 1

−2 −2

)(
x1

x2

)
=

(
0

0

)
⇔

⇔

{
x1 + x2 = 0,

−2x1 − 2x2 = 0,
àáî x1 + x2 = 0, òîáòî x2 = −x1. Íåõàé x1 = c,

òîäi x2 = −c. Ìíîæèíó âëàñíèõ âåêòîðiâ ùî âiäíîñÿòüñÿ äî ÷èñëà λ2 = 2

ìîæíà çàïèñàòè ó âåêòîðíîìó âèãëÿäi

v2 =

(
c

−c

)
=

(
1

−1

)
c, c ∈ R, c 6= 0.

�

139



Ïðèêëàä 30. Çíàéòè âëàñíi ÷èñëà òà âëàñíi âåêòîðè ìàòðèöi

A =

 1 1 1

3 3 3

2 2 2

.

Ðîçâ'ÿçóâàííÿ. Õàðàêòåðèñòè÷íèé ìíîãî÷ëåí ìàòðèöi A:

det (A− λE) =

∣∣∣∣∣∣∣
1− λ 1 1

3 3− λ 3

2 2 2− λ

∣∣∣∣∣∣∣ = −λ2 (λ− 6) = 0

ìà¹ êîðåíi: λ1,2 = 0, λ3 = 6 � âëàñíi ÷èñëà.

Çíàéäåìî âëàñíi âåêòîðè, ÿêi âiäïîâiäàþòü âëàñíîìó ÷èñëó λ1,2 = 0.

Äëÿ öüîãî ðîçâ'ÿæåìî ñèñòåìó ðiâíÿíü

 1 1 1

3 3 3

2 2 2


 x1

x2

x3

 = 0 ⇔

⇔ x1 + x2 + x3 = 0, òîáòî x1 = −x2 − x3. Íåõàé x2 = c, x3 = d òîäi

x1 = −c − d. Ìíîæèíó âëàñíèõ âåêòîðiâ ìîæíà çàïèñàòè ó âåêòîðíîìó

âèãëÿäi: v1 =

 −c− d

c

d

 , c, d ∈ R, c2 + d2 6= 0. Òåïåð çíàéäåìî âëàñíi

âåêòîðè, ÿêi âiäïîâiäàþòü âëàñíîìó ÷èñëó λ3 = 6. Äëÿ öüîãî ðîçâ'ÿæåìî

ñèñòåìó ðiâíÿíü

 −5 1 1

3 −3 3

2 2 −4


 x1

x2

x3

 = 0 ⇔

⇔


−5x1 + x2 + x3 = 0,

x1 − 3x2 + 3x3 = 0,

2x1 + 2x2 − 4x3 = 0,

àáî

{
−2x2 + 3x3 = 0,

x1 + x2 − 2x3 = 0,
òîáòî

{
2x2 = 3x3,

x1 + x2 = 2x3.

Íåõàé x3 = 2c, òîäi x2 = 3c, x1 = c. Ìíîæèíó âëàñíèõ âåêòîðiâ, ùî

âiäïîâiäàþòü âëàñíîìó ÷èñëó λ3 = 6 ìîæíà çàïèñàòè ó âåêòîðíîìó âèãëÿäi:

v2 =

 c

3c

2c

 =

 1

3

2

 c, c ∈ R, c 6= 0.

Âiäïîâiäü: âëàñíå ÷èñëî λ1,2 = 0,
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âëàñíi âåêòîðè v1 =

 −c− d

c

d

 , c, d ∈ R, c2 + d2 6= 0,

âëàñíå ÷èñëî λ3 = 6,

âëàñíi âåêòîðè v2 =

 c

3c

2c

 =

 1

3

2

 c, c ∈ R, c 6= 0. �

Ïðèêëàä 31. Çíàéòè âëàñíi ÷èñëà òà âëàñíi âåêòîðè ìàòðèöi

A =

 4 −5 7

1 −4 9

−4 0 5

.

Ðîçâ'ÿçóâàííÿ. Õàðàêòåðèñòè÷íèé ìíîãî÷ëåí ìàòðèöi A:

det (A− λE) =

∣∣∣∣∣∣∣
4− λ −5 7

1 −4− λ 9

−4 0 5− λ

∣∣∣∣∣∣∣ = −λ3 + 5λ2 − 17λ+ 13 =

= − (λ− 1)
(
λ2 − 4λ+ 13

)
= 0

ìà¹ êîðåíi: λ1 = 1, λ2 = 2+3i, λ3 = 2−3i. ßêùî ìàòðèöþ ðîçãëÿäà¹ìî íàä

ïîëåì äiéñíèõ ÷èñåë, òî âëàñíå ÷èñëî ¹äèíå, à ñàìå λ1 = 1. ßêùî ìàòðèöþ

ðîçãëÿäà¹ìî íàä ïîëåì êîìïëåêñíèõ ÷èñåë, òî âëàñíèõ ÷èñëà òðè, à ñàìå

λ1 = 1, λ2 = 2 + 3i, λ3 = 2− 3i.

Çíàéäåìî âëàñíi âåêòîðè â îáîõ âèïàäêàõ.

λ1 = 1. Ðîçâ'ÿæåìî ñèñòåìó ðiâíÿíü

 3 −5 7

1 −5 9

−4 0 4


 x1

x2

x3

 = 0 ⇔

⇔


3x1 − 5x2 + 7x3 = 0,

x1 − 5x2 + 9x3 = 0,

−4x1 + 4x3 = 0,

òîáòî

{
x1 = x3,

x2 = 2x3.
Íåõàé x3 = c, òîäi

{
x1 = c,

x2 = 2c.

Ìíîæèíó âëàñíèõ âåêòîðiâ, ùî âiäíîñÿòüñÿ äî öüîãî âëàñíîãî ÷èñëà, ìîæíà

çàïèñàòè ó âåêòîðíîìó âèãëÿäi v1 =

 c

2c

c

 , c ∈ R, c 6= 0. Ó âèïàäêó

äiéñíîãî ïîëÿ ðîçâ'ÿçàííÿ çàêií÷åíî.
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Ðîçãëÿíåìî òåïåð âèïàäîê êîìïëåêñíîãî ïîëÿ. Çíàéäåìî âëàñíi âåêòîðè,

ùî âiäíîñÿòüñÿ äî êîìïëåêñíîãî ÷èñëà λ2 = 2 + 3i. Ðîçâ'ÿæåìî ñèñòåìó

ðiâíÿíü 2− 3i −5 7

1 −6− 3i 9

−4 0 3− 3i


 x1

x2

x3

 = 0 ⇔


(2− 3i)x1 − 5x2 + 7x3 = 0,

x1 − (6 + 3i)x2 + 9x3 = 0,

−4x1 + (3− 3i)x3 = 0,

òîáòî

{
4x1 = (3− 3i)x3,

4x2 = (5− 3i)x3.
Íåõàé x3 = 4c, òîäi

{
x1 = (3− 3i) c,

x2 = (5− 3i) c.
Ìíîæèíó

âëàñíèõ âåêòîðiâ, ÿêi âiäïîâiäàþòü âëàñíîìó êîìïëåêñíîìó ÷èñëó

λ2 = 2 + 3i, ìîæíà çàïèñàòè ó âåêòîðíîìó âèãëÿäi

v2 =

 (3− 3i) c

(5− 3i) c

4c

 , c ∈ R, c 6= 0.

Çíàéäåìî âëàñíi âåêòîðè, ÿêi âiäïîâiäàþòü âëàñíîìó ÷èñëó λ3 = 2 − 3i.

Ðîçâ'ÿæåìî ñèñòåìó ðiâíÿíü

 2 + 3i −5 7

1 −6 + 3i 9

−4 0 3 + 3i


 x1

x2

x3

 = 0 ⇔

⇔


(2 + 3i)x1 − 5x2 + 7x3 = 0,

x1 + (−6 + 3i)x2 + 9x3 = 0,

−4x1 + (3 + 3i)x3 = 0,

òîáòî

{
4x1 = (3 + 3i)x3,

4x2 = (5 + 3i)x3.

Íåõàé x3 = 4d, òîäi

{
x1 = (3 + 3i) d,

x2 = (5 + 3i) d.
Ìíîæèíó âëàñíèõ âåêòîðiâ , ÿêi

âiäïîâiäàþòü âëàñíîìó êîìïëåêñíîìó ÷èñëó λ3 = 2 + 3i, ìîæíà çàïèñàòè

ó âåêòîðíîìó âèãëÿäi v3 =

 (3 + 3i) d

(5 + 3i) d

4d

 , d ∈ R, d 6= 0.

Âiäïîâiäü: ßêùî ìàòðèöþ ðîçãëÿäà¹ìî íàä ïîëåì äiéñíèõ ÷èñåë, òî âëàñíå

÷èñëî λ1 = 1, âëàñíèé âåêòîð v1 =

 c

2c

c

 , c ∈ R, c 6= 0.

ßêùî ìàòðèöþ ðîçãëÿäà¹ìî íàä ïîëåì êîìïëåêñíèõ ÷èñåë, òî âëàñíi

÷èñëà òà âiäïîâiäíi âëàñíi âåêòîðè:
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λ1 = 1, âëàñíèé âåêòîð v1 =

 c

2c

c

 , c ∈ R, c 6= 0,

λ2 = 2 + 3i, v2 =

 (3− 3i) c

(5− 3i) c

4c

 , c ∈ R, c 6= 0,

λ3 = 2 + 3i, v3 =

 (3 + 3i) d

(5 + 3i) d

4d

 , d ∈ R, d 6= 0. �

Ïðèêëàä 32. Çíàéòè ñïåêòð ìàòðèöi A =

 4 5 2

5 7 3

6 9 4

.

Ðîçâ'ÿçóâàííÿ. Çíàéäåìî âëàñíi ÷èñëà. Õàðàêòåðèñòè÷íèé ìíîãî÷ëåí ìàòðèöiA:

det (A− λE) =

∣∣∣∣∣∣∣
4− λ 5 2

5 7− λ 3

6 9 4− λ

∣∣∣∣∣∣∣ = 0 ⇒

⇒ −λ3 + 15λ2 − 8λ = −λ
(
λ2 − 15λ+ 8

)
= 0

ìà¹ êîðåíi: λ1 = 0, λ2 = 15+
√

193
2 , λ3 = 15−

√
193

2 . Îòæå, ñïåêòð ìàòðèöi

Sp (A) = {λ1, λ2, λ3} =
{

0, 15+
√

193
2 , 15−

√
193

2

}
. �

Äiàãîíàëüíà ìàòðèöÿ, ñòåïiíü ìàòðèöi

Ïðèêëàä 33. Ç'ÿñóâàòè, ÷è ìîæíà äiàãîíàëiçîâàòè ìàòðèöþ

A =

(
2 −4

1 −2

)
.

Ðîçâ'ÿçóâàííÿ. Ìàòðèöþ ìîæíà çâåñòè äî äiàãîíàëüíîãî âèãëÿäó òîäi é

ëèøå òîäi, êîëè äåôåêò ìàòðèöi (A− λiE) äîðiâíþ¹ êðàòíîñòi êîðåíÿ λi.

Çíàéäåìî êîðåíi õàðàêòåðèñòè÷íîãî ìíîãî÷ëåíà. Ìíîãî÷ëåí

det (A− λE) = 0 àáî

∣∣∣∣∣ 2− λ −4

1 −2− λ

∣∣∣∣∣ = λ2 − 4 + 4 = λ2 = 0 ìà¹ ¹äèíèé
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êîðiíü êðàòíîñòi äâà λ1,2 = 0. Çíàéäåìî äåôåêò ìàòðèöi

B = (A− 0 · E), àáî

(
2 −4

1 −2

)
. Ðàíã ìàòðèöi B äîðiâíþ¹ 1, îòæå äåôåêò

ìàòðèöi äîðiâíþ¹ 2− 1 = 1, à êðàòíiñòü êîðåíÿ 2, òîìó ìàòðèöþ

A =

(
2 −4

1 −2

)
äiàãîíàëiçóâàòè íå ìîæíà. �

Ïðèêëàä 34. Çíàéòè äiàãîíàëüíó ôîðìó ìàòðèöi A =

 −1 1 1

1 −1 1

1 1 −1

.

Ðîçâ'ÿçóâàííÿ. Çíàéäåìî âëàñíi ÷èñëà ìàòðèöi. Êîðåíÿìè õàðàêòåðèñòè÷íîãî

ìíîãî÷ëåíà ∣∣∣∣∣∣∣
−1− λ 1 1

1 −1− λ 1

1 1 −1− λ

∣∣∣∣∣∣∣ = 0

áóäóòü ÷èñëà λ1,2 = −2, λ3 = 1. Îäèí êîðiíü ìà¹ êðàòíiñòü 2. Ïiäðàõó¹ìî

äåôåêò ìàòðèöi B = (A− (−2) · E). Îñêiëüêè B =

 1 1 1

1 1 1

1 1 1

, òî ðàíã
ìàòðèöi B äîðiâíþ¹ 1, òîìó äåôåêò äîðiâíþ¹ 2, ùî çáiãà¹òüñÿ ç êðàòíiñòþ

êîðåíÿ. Ìàòðèöþ ìîæíà äiàãîíàëiçóâàòè. Çàïèøåìî äiàãîíàëüíó ôîðìó

ìàòðèöi A:

 λ1 0 0

0 λ2 0

0 0 λ3

, îòæå ìà¹ìî
 −2 0 0

0 −2 0

0 0 1

. �

Ïðèêëàä 35. Çâåñòè ìàòðèöþ A =

 1 2 3

1 2 3

1 2 3

 äî äiàãîíàëüíîãî âèãëÿäó

òà âêàçàòè âiäïîâiäíó ìàòðèöþ ïåðåõîäó.

Ðîçâ'ÿçóâàííÿ. Çíàéäåìî âëàñíi ÷èñëà ìàòðèöi. Êîðåíÿìè õàðàêòåðèñòè÷íîãî

ìíîãî÷ëåíà ∣∣∣∣∣∣∣
1− λ 2 3

1 2− λ 3

1 2 3− λ

∣∣∣∣∣∣∣ = −λ3 + 6λ2 = 0
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áóäóòü ÷èñëà λ1,2 = 0, λ3 = 6. Âëàñíå ÷èñëî λ = 0 ìà¹ êðàòíiñòü 2.

Ïiäðàõó¹ìî äåôåêò ìàòðèöi B = (A− 0 · E). Îñêiëüêè B =

 1 2 3

1 2 3

1 2 3

,
òîìó ðàíã ìàòðèöi B äîðiâíþ¹ 1, äåôåêò äîðiâíþ¹ 2, ùî çáiãà¹òüñÿ ç

êðàòíiñòþ êîðåíÿ. Ìàòðèöþ ìîæíà äiàãîíàëiçóâàòè. Çíàéäåìî âëàñíi âåêòîðè,

ÿêè âiäíîñÿòüñÿ äî âëàñíîãî ÷èñëà λ1,2 = 0. Îäíîðiäíà ñèñòåìà ëiíiéíèõ

ðiâíÿíü  1 2 3

1 2 3

1 2 3


 x1

x2

x3

 =

 0

0

0


ðiâíîñèëüíà îäíîìó ðiâíÿííþ x1 + 2x2 + 3x3 = 0.

Íåõàé x2 = c, x3 = d, òîäi x1 = −2c − 3d. Ç ôóíäàìåíòàëüíî¨ ñèñòåìè

ðîçâ'ÿçêiâ

 −2

1

0

 c+

 −3

0

1

 d áóäåìî ìàòè v1 =

 −2

1

0

,v2 =

 −3

0

1

.
Çíàéäåìî âëàñíi âåêòîðè, ùî âiäïîâiäàþòü âëàñíîìó ÷èñëó λ3 = 6.

Îäíîðiäíà ñèñòåìà ëiíiéíèõ ðiâíÿíü

 −5 2 3

1 −4 3

1 2 −3


 x1

x2

x3

 =

 0

0

0


ðiâíîñèëüíà ñèñòåìi


−5x1 + 2x2 + 3x3 = 0,

x1 − 4x2 + 3x3 = 0,

x1 + 2x2 − 3x3 = 0,

àáî

{
x1 = x3,

x2 = x3.

Íåõàé x3 = 1, òîäi x1 = 1, x2 = 1. Îòæå, ìà¹ìî v3 =

 1

1

1

. Îòæå,
äiàãîíàëüíà ôîðìà ìàòðèöi ìà¹ âèãëÿä:

 0 0 0

0 0 0

0 0 6

, ìàòðèöÿ ïåðåõîäó

ìà¹ âèãëÿä: S =

 −2 −3 1

1 0 1

0 1 1

. �
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Ïðèêëàä 36. Îá÷èñëèòè A2021, äå ìàòðèöÿ A =

(
1 0

2 −1

)
.

Ðîçâ'ÿçóâàííÿ. Íàãàäà¹ìî, ùî Am = SBmS−1, äå B�äiàãîíàëüíèé âèãëÿä

ìàòðèöiA, S � ìàòðèöÿ ïåðåõîäó äî äiàãîíàëüíîãî âèãëÿäó. Çâåäåìî ìàòðèöþA

äî äiàãîíàëüíîãî âèãëÿäó.

Õàðàêòåðèñòè÷íèé ìíîãî÷ëåí det (A− λE) = 0 àáî

∣∣∣∣∣ 1− λ 0

2 −1− λ

∣∣∣∣∣ = 0

ìà¹ êîðåíi λ1 = 1, λ2 = −1. Çíàéäåìî âëàñíi âåêòîðè äëÿ âiäïîâiäíèõ

âëàñíèõ ÷èñåë. λ1 = 1:

(
0 0

2 −2

)(
x1

x2

)
=

(
0

0

)
,

òîáòî x1 = x2 ⇒

(
1

1

)
c, c ∈ R, c 6= 0, v1 =

(
1

1

)
.

λ2 = −1:

(
2 0

2 0

)(
x1

x2

)
=

(
0

0

)
,

òîáòî x1 = 0, x2 = d ⇒

(
0

1

)
d, d ∈ R, d 6= 0, v2 =

(
0

1

)
.

Äiàãîíàëüíà ôîðìà ìàòðèöi A: B =

(
1 0

0 −1

)
. Ìàòðèöÿ ïåðåõîäó ìà¹

âèãëÿä: S =

(
1 0

1 1

)
. Îá÷èñëèìî B2021 =

(
1 0

0 −1

)2021

=

=

(
12021 0

0 (−1)2021

)
=

(
1 0

0 −1

)
. Îñêiëüêè S−1 =

(
1 0

−1 1

)
, òî

A2021 =

(
1 0

1 1

)(
1 0

0 −1

)(
1 0

−1 1

)
=

(
1 0

1 −1

)(
1 0

−1 1

)
=

(
1 0

2 −1

)
.

Âiäïîâiäü: A2021 =

(
1 0

2 −1

)
. �
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Ïðèêëàä 37. Îá÷èñëèòè Am, äå ìàòðèöÿ A =

 −1 3 −1

−3 5 −1

−3 3 1

.

Ðîçâ'ÿçóâàííÿ. Îñêiëüêè Am = SBmS−1, òî çíàéäåìî ìàòðèöþ

B�äiàãîíàëüíèé âèãëÿä ìàòðèöiA òà ìàòðèöþ ïåðåõîäó S. Çâåäåìî ìàòðèöþA

äî äiàãîíàëüíîãî âèãëÿäó. Êîðåíÿìè õàðàêòåðèñòè÷íîãî ìíîãî÷ëåíà∣∣∣∣∣∣∣
−1− λ 3 −1

−3 5− λ −1

−3 3 1− λ

∣∣∣∣∣∣∣ = (1− λ)
(
λ2 − 4λ+ 4

)
= 0

áóäóòü ÷èñëà λ1,2 = 2, λ3 = 1. Âëàñíå ÷èñëî λ = 2 ìà¹ êðàòíiñòü 2.

Ïiäðàõó¹ìî äåôåêò ìàòðèöiB1 = (A− 2 · E). ÎñêiëüêèB1 =

 −3 3 −1

−3 3 −1

−3 3 −1

,
ðàíã ìàòðèöi B1 äîðiâíþ¹ 1, äåôåêò äîðiâíþ¹ 2, ùî ñïiâïàäà¹ ç êðàòíiñòþ

êîðåíÿ. Ìàòðèöþ ìîæíà äiàãîíàëiçóâàòè. Çíàéäåìî âëàñíi âåêòîðè, ÿêi

âiäïîâiäàþòü âëàñíîìó ÷èñëó λ1,2 = 2. Îäíîðiäíà ñèñòåìà ëiíiéíèõ ðiâíÿíü −3 3 −1

−3 3 −1

−3 3 −1


 x1

x2

x3

 =

 0

0

0


ðiâíîñèëüíà îäíîìó ðiâíÿííþ −3x1 + 3x2 − x3 = 0. Íåõàé x1 = c, x2 = d,

òîäi x3 = −3c+ 3d. Ç ôóíäàìåíòàëüíî¨ ñèñòåìè ðîçâ'ÿçêiâ 1

0

−3

 c +

 0

1

3

 d áóäåìî ìàòè v1 =

 1

0

−3

, v2 =

 0

1

3

. Çíàéäåìî
âëàñíi âåêòîðè, ùî âiäïîâiäàþòü âëàñíîìó ÷èñëó λ3 = 1. Îäíîðiäíà ñèñòåìà

ëiíiéíèõ ðiâíÿíü  −2 3 −1

−3 4 −1

−3 3 0


 x1

x2

x3

 =

 0

0

0
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ðiâíîñèëüíà ñèñòåìi


−2x1 + 3x2 − x3 = 0,

−3x1 + 4x2 − x3 = 0,

−3x1 + 3x2 = 0,

àáî

{
x1 = x3,

x2 = x3.

Íåõàé x3 = 1, òîäi x1 = 1, x2 = 1. Îòæå, ìà¹ìî v3 =

 1

1

1

. Îòæå,
äiàãîíàëüíà ôîðìà ìàòðèöi A ìà¹ âèãëÿä:

 2 0 0

0 2 0

0 0 1

, ìàòðèöÿ ïåðåõîäó
ìà¹ âèãëÿä: S =

 1 0 1

0 1 1

−3 3 1

. Çíàéäåìî Bm òà S−1.

Ìà¹ìî Bm =

 2m 0 0

0 2m 0

0 0 1m

, S−1 = 1
1

 −2 3 −1

−3 4 −1

3 −3 1

. Òîìó

Am = SBmS−1 =

 1 0 1

0 1 1

−3 3 1


 2m 0 0

0 2m 0

0 0 1m


 −2 3 −1

−3 4 −1

3 −3 1

 .

Am =

 2m 0 1

0 2m 1

−3 · 2m 3 · 2m 1


 −2 3 −1

−3 4 −1

3 −3 1

 =

=

 −2 · 2m + 3 3 · 2m − 3 1− 2m

−3 · 2m − 3 4 · 2m − 3 −2m + 1

−3 · 2m + 3 3 · 2m − 3 1

 .

Âiäïîâiäü: Am =

 −2 · 2m + 3 3 · 2m − 3 1− 2m

−3 · 2m − 3 4 · 2m − 3 −2m + 1

−3 · 2m + 3 3 · 2m − 3 1

. �
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Ëiíiéíi îïåðàòîðè.

Ïðèêëàä 38. Ç'ÿñóâàòè, ÷è áóäå ëiíiéíèì îïåðàòîð f : E2 → E2, ÿêùî

â áàçèñi −→e1 ,
−→e2 äëÿ áóäü-ÿêîãî åëåìåíòà x ∈ E2 âèêîíó¹òüñÿ

f (x) = −→e1 − 3−→e2 .

Ðîçâ'ÿçóâàííÿ. Çà îçíà÷åííÿì îïåðàòîð f áóäå ëiíiéíèì, ÿêùî äëÿ äîâiëüíèõ

åëåìåíòiâ ïðîñòîðó âèêîíóþòüñÿ óìîâè:

f (x+ y) = f (x) + f (y) , f (λx) = λf (x) .

Ïåðåâiðèìî öi óìîâè.

f (x) = −→e1 − 3−→e2 , f (y) = −→e1 − 3−→e2 ,

f (x) + f (y) = 2−→e1 − 6−→e2 , f (x+ y) = −→e1 − 3−→e2 .

Ïåðøà óìîâà íå âèêîíó¹òüñÿ, îïåðàòîð íå ¹ ëiíiéíèì. �

Ïðèêëàä 39. Ç'ÿñóâàòè, ÷è áóäå ëiíiéíèì îïåðàòîð f : R → R, ÿêùî

äëÿ áóäü-ÿêîãî åëåìåíòà α ∈ R âèêîíó¹òüñÿ

1) f (α) = 3α. 2) f (α) = 2α. 3) f (α) = α3.

Ðîçâ'ÿçóâàííÿ. Ïåðåâiðèìî óìîâè ëiíiéíîñòi îïåðàòîðà f .

1) f (α1) = 3α1, f (α2) = 3α2,

f (α1) + f (α2) = 3α1 + 3α2 = 3 (α1 + α2) = f (α1 + α2).

f (λα) = 3 (λα) = λ (3α) = λf (α).

Óìîâè âèêîíó¹òüñÿ, îïåðàòîð ¹ ëiíiéíèì.

2) f (α1) = 2α1, f (α2) = 2α2,

f (α1) + f (α2) = 2α1 + 2α2 6= 2α1+α2 = f (α1 + α2).

Ïåðøà óìîâà íå âèêîíó¹òüñÿ, îïåðàòîð íå ¹ ëiíiéíèì.

3) f (α1) = α3
1, f (α2) = α3

2,

f (α1) + f (α2) = α3
1 + α3

2 6= f (α1 + α1) = (α1 + α2)
3.

Ïåðøà óìîâà ëiíiéíîñòi íå âèêîíó¹òüñÿ, îïåðàòîð íå ¹ ëiíiéíèì.

�
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Ïðèêëàä 40. Ç'ÿñóâàòè, ÷è áóäå ëiíiéíèì îïåðàòîð f : E3 → E3, ÿêùî

â áàçi −→e1 ,
−→e2 ,

−→e3 äëÿ áóäü-ÿêîãî åëåìåíòà x ∈ E3 âèêîíó¹òüñÿ óìîâà

f (x) = (−→e1 ,
−→x )−→e2 .

Ðîçâ'ÿçóâàííÿ. Ïåðåâiðèìî óìîâè ëiíiéíîñòi.

f (x1) = (−→e1 ,
−→x1)

−→e2 , f (x2) = (−→e1 ,
−→x2)

−→e2 ,

f (x1) + f (x2) = (−→e1 ,
−→x1)

−→e2 + (−→e1 ,
−→x2)

−→e2 = (−→e1 ,
−→x1 +−→x1)

−→e2 = f (x1 + x2) ,

f (λx) = (−→e1 , λ
−→x )−→e2 = λ (−→e1 ,

−→x )−→e2 = λf (x) .

Óìîâè âèêîíóþòüñÿ, îïåðàòîð ¹ ëiíiéíèì. �

Ïðèêëàä 41. Ç'ÿñóâàòè, ÷è áóäå ëiíiéíèì îïåðàòîð f : Rn [x] → Rn [x],

ÿêùî äëÿ áóäü-ÿêîãî åëåìåíòà p (x) ∈ Rn [x] âèêîíó¹òüñÿ óìîâà

f (p (x)) = p′ (x). Äå Rn[x] - ïðîñòið ìíîãî÷ëåíiâ ñòåïåíÿ, øî íå ïåðåâèùó¹

n.

Ðîçâ'ÿçóâàííÿ. Ïåðåâiðèìî óìîâè ëiíiéíîñòi.

f (p (x)) = p ′ (x) , f (q (x)) = q ′ (x) ,

f (p (x) + q (x)) = (p (x) + q (x)) ′ = p′ (x) + q′ (x) = f (p (x)) + f (q (x)) ,

f (λp (x)) = (λp (x)) ′ = λp′ (x) = λf (p (x)) .

Óìîâè âèêîíóþòüñÿ, îïåðàòîð ¹ ëiíiéíèì. �

Ïðèêëàä 42. Íåõàé Mn×n (R)� ìíîæèíà äiéñíèõ êâàäðàòíèõ ìàòðèöü

ïîðÿäêó n. Ç'ÿñóâàòè, ÷è áóäå ëiíiéíèì îïåðàòîð f : Mn×n (R) →Mn×n (R),

ÿêùî äëÿ áóäü-ÿêîãî åëåìåíòà A ∈ Rn×n âèêîíó¹òüñÿ óìîâà f (A) = AT .

Ðîçâ'ÿçóâàííÿ. Ïåðåâiðèìî óìîâè ëiíiéíîñòi:

f (A) = AT , f (B) = BT ,

f (A+B) = (A+B)T = AT +BT = f (A) + f (B) ,

f (λA) = (λA)T = λ (A)T = λf (A) .

Óìîâè âèêîíóþòüñÿ, îïåðàòîð ¹ ëiíiéíèì. �
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Ïðèêëàä 43. Çíàéòè ìàòðèöþ ëiíiéíîãî îïåðàòîðà f : R4 → R4, ùî

ïåðåâîäèòü äîâiëüíèé âåêòîð −→x (α1; α2; α3; α4) ó âåêòîð

−→y (α1 − α4; α2 + α3 + α4; α1 − 2α2 + α3; 2α1 + α2 − 2α3 + 3α4) .

Ðîçâ'ÿçóâàííÿ. Ñòîâï÷èêàìè ìàòðèöi îïåðàòîðà ¹ ñòîâï÷èêè êîîðäèíàò

îáðàçiâ âåêòîðiâ áàçèñó. Ìà¹ìî:

f (−→e1 ) = a11
−→e1 + a21

−→e2 + ...+ a41
−→e4 , f (−→e2 ) = a12

−→e1 + a22
−→e2 + ...+ a42

−→e4 ,

f (−→e3 ) = a13
−→e1 + a23

−→e2 + ...+ a43
−→e4 , f (−→e4 ) = a14

−→e1 + a24
−→e2 + ...+ a44

−→e4 .

Òîìó ñòîâï÷èêàìè ìàòðèöi îïåðàòîðà áóäóòü âiäïîâiäíî


1

0

1

2

,


0

1

−2

1

,


0

1

1

−2

,

−1

1

0

3

 i ìàòðèöÿ îïåðàòîðà ìà¹ âèãëÿä:A =


1 0 0 −1

0 1 1 1

1 −2 1 0

2 1 −2 3

.
�

Ïðèêëàä 44. Íåõàé ëiíiéíèé îïåðàòîð f : M2×2 (R) →M2×2 (R) ïåðåâîäèòü

äîâiëüíó ìàòðèöþ A ∈M2×2 (R) ó ìàòðèöþ f (A) = A

(
−1 3

2 4

)
. Çíàéòè

ìàòðèöþ öüîãî ëiíiéíîãî îïåðàòîðà ó áàçèñi

−→e1 =

(
1 0

0 0

)
, −→e2 =

(
0 1

0 0

)
, −→e3 =

(
0 0

1 0

)
, −→e4 =

(
0 0

0 1

)
.

Ðîçâ'ÿçóâàííÿ. Ìà¹ìî:

f (−→e1 ) =

(
1 0

0 0

)(
−1 3

2 4

)
=

(
−1 3

0 0

)
= −1−→e1 + 3−→e2 + 0−→e3 + 0−→e4 ,

f (−→e2 ) =

(
0 1

0 0

)(
−1 3

2 4

)
=

(
2 4

0 0

)
= 2−→e1 + 4−→e2 + 0−→e3 + 0−→e4 ,
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f (−→e3 ) =

(
0 0

1 0

)(
−1 3

2 4

)
=

(
0 0

−1 3

)
= 0−→e1 + 0−→e2 −−→e3 + 3−→e4 ,

f (−→e4 ) =

(
0 0

0 1

)(
−1 3

2 4

)
=

(
0 0

2 4

)
= 0−→e1 + 0−→e2 + 2−→e3 + 4−→e4 .

Òîìó ìàòðèöÿ îïåðàòîðà f (A) áóäå ìàòè âèãëÿä: f (A) =


−1 2 0 0

3 4 0 0

0 0 −1 2

0 0 3 4

.
�

Ïðèêëàä 45. Íåõàé âiäîìi êîîðäèíàòè âåêòîðà −→x òà ìàòðèöÿ ëiíiéíîãî

îïåðàòîðà f ó áàçèñi −→e1 ,
−→e2 ,

−→e3 . Çíàéòè êîîðäèíàòè âåêòîðà −→y = f (−→x )

ó öüîìó æ áàçèñi −→e1 ,
−→e2 ,

−→e3 , ÿêùî :

1) −→x = (2;−1; 3) , A =

 1 −2 0

2 3 1

0 1 1

.

2) −→x = (2;−1; 3) , B =

 1 0 1

1 1 0

0 1 1

.

Ðîçâ'ÿçóâàííÿ. 1) Çà ôîðìóëîþ f (−→x ) = AX ìà¹ìî:

f (−→x ) =

 1 −2 0

2 3 1

0 1 1

 ·

 2

−1

3

 =

 4

4

2

 .

2) Çíàéäåìî êîîðäèíàòè âåêòîðà−→y = f (−→x ), íå âèêîðèñòîâóþ÷è ôîðìóëè

f (−→x ) = AX. Îñêiëüêè f ëiíiéíå âiäîáðàæåííÿ, òî

−→y = f (−→x ) = f (2−→e1 −−→e2 + 3−→e3 ) = 2f (−→e1 )− f (−→e2 ) + 3f (−→e3 ) .

Çà îçíà÷åííÿì ìàòðèöi ëiíiéíîãî âiäîáðàæåííÿ

f (−→e1 ) = 1−→e1 + 1−→e2 ,

f (−→e2 ) = 1−→e2 + 1−→e3 ,

152



f (−→e3 ) = 1−→e1 + 1−→e3 .

Òîäi

−→y = 2 (−→e1 +−→e2 )− (−→e2 +−→e3 ) + 3 (−→e1 +−→e3 ) = 5−→e1 +−→e2 + 2−→e3 .

Îòæå, êîîðäèíàòè âåêòîðà −→y äîðiâíþþòü y = (5; 1; 2). �

Ïðèêëàä 46. Ó ïðîñòîði E2 çàäàíi âåêòîðè
−→a1 ,

−→a2. Îïåðàòîð f ïåðåâîäèòü

öi âåêòîðè ó âåêòîðè
−→
b1 ,

−→
b2 âiäïîâiäíî. Çíàéòè ìàòðèöþ îïåðàòîðà f

ó áàçèñi −→e1 ,
−→e2 , ÿêùî

−→a1 = −→e1 − −→e2 ,
−→a2 = −→e1 + −→e2 ,

−→
b1 = 3−→e1 − −→e2 ,−→

b2 = 6−→e1 − 2−→e2 .

Ðîçâ'ÿçóâàííÿ. Çà óìîâîþ çàäà÷i

f (−→a1) = f (−→e1 −−→e2 ) =
−→
b1 = 3−→e1−−→e2 , f (−→a2) = f (−→e1 +−→e2 ) =

−→
b2 = 6−→e1−2−→e2 .

Iç ëiíiéíîñòi îïåðàòîðà f ìà¹ìî

f (−→e1 −−→e2 ) = f (−→e1 )− f (−→e2 ) , f (−→e1 +−→e2 ) = f (−→e1 ) + f (−→e2 ) .

Òåïåð iç ñèñòåìè

{
f (−→e1 )− f (−→e2 ) = 3−→e1 −−→e2 ,

f (−→e1 ) + f (−→e2 ) = 6−→e1 − 2−→e2 ,
çíàõîäèìî{

f (−→e1 ) = 4.5−→e1 − 1.5−→e2 ,

f (−→e2 ) = 1.5−→e1 − 0.5−→e2 .
Òîìó ìàòðèöÿ îïåðàòîðà f ìà¹ âèãëÿä

A = 1
2

(
9 3

−3 −1

)
. �

Ïåðåòâîðåííÿ ìàòðèöi ëiíiéíîãî îïåðàòîðà ïðè ïåðåõîäi äî
iíøîãî áàçèñó.

Ïðèêëàä 47. Çíàéòè ìàòðèöþ ïåðåõîäó âiä áàçèñó −→e1 ,
−→e2 ,

−→e3 äî áàçèñó
−→
f1 ,

−→
f2 ,

−→
f3 , ÿêùî

−→
f1 = −→e1 + 3−→e2 − 4−→e3 ,

−→
f2 = 2−→e1 −−→e2 + 5−→e3 ,−→

f3 = 4−→e1 + 5−→e2 + 3−→e3 .

Ðîçâ'ÿçóâàííÿ. Ìàòðèöÿ ïåðåõîäó ìà¹ òàêèé âèãëÿä: T =

 1 2 4

3 −1 5

−4 5 3

 .

�
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Ïðèêëàä 48. Äàíà ìàòðèöÿ T =

 2 −1 0

1 −2 1

−1 1 0

 ïåðåõîäó âiä áàçèñó

−→e1 ,
−→e2 ,

−→e3 äî áàçèñó
−→
f1 ,

−→
f2 ,

−→
f3 . Çíàéòè êîîðäèíàòè âåêòîðà:

1)
−→
f2 ó áàçèñi −→e1 ,

−→e2 ,
−→e3 ; 2) −→e3 ó áàçèñi

−→
f1 ,

−→
f2 ,

−→
f3 .

Ðîçâ'ÿçóâàííÿ. Ìàòðèöÿ ïåðåõîäó âiä áàçècy −→e1 ,
−→e2 ,

−→e3 äî áàçèñó
−→
f1 ,

−→
f2 ,

−→
f3

âiäîìà, îòæå ìè çíà¹ìî êîîðäèíàòè âåêòîðà
−→
f2 ó áàçèñi −→e1 ,

−→e2 ,
−→e3 :−→

f2 = −−→e1 − 2−→e2 +−→e3 .

Òîäi ùîá çíàéòè êîîðäèíàòè âåêòîðà−→e3 ó áàçèñi
−→
f1 ,

−→
f2 ,

−→
f3 òðåáà çíàéòè

ìàòðèöþ ïåðåõîäó âiä áàçèñó
−→
f1 ,

−→
f2 ,

−→
f3 äî áàçèñó −→e1 ,

−→e2 ,
−→e3 :

T−1 =
1

−1

 −1 0 −1

−1 0 −2

−1 1 −3

 =

 1 0 1

1 0 2

1 −1 3

 .

Ìà¹ìî : −→e3 =
−→
f1 + 2

−→
f2 + 3

−→
f3 . �

Ïðèêëàä 49. Çíàéòè ìàòèöþ ïåðåõîäó âiä áàçèñó −→e1 ,
−→e2 ,

−→e3 äî áàçèñó
−→
f1 ,

−→
f2 ,

−→
f3 , òà ìàòðèöþ ïåðåõîäó âiä

−→
f1 ,

−→
f2 ,

−→
f3 äî áàçèñó −→e1 ,

−→e2 ,
−→e3 , ÿêùî−→

f1 = 2−→e1 + 2−→e3 ,
−→
f2 = 3−→e3 −−→e2 ,

−→
f3 = 3−→e1 +−→e3 .

Ðîçâ'ÿçóâàííÿ. Ìàòðèöÿ ïåðåõîäó âiä −→e1 ,
−→e2 ,

−→e3 äî áàçècy
−→
f1 ,

−→
f2 ,

−→
f3 áóäå

ìàòè òàêèé âèãëÿä: T =

 2 0 3

0 −1 0

2 3 1

. Âèçíà÷íèê öi¹¨ ìàòðèöi äîðiâíþ¹ 4.
Ìàòðèöÿ ïåðåõîäó âiä áàçèñó

−→
f1 ,

−→
f2 ,

−→
f3 äî áàçèñó −→e1 ,

−→e2 ,
−→e3 äîðiâíþ¹:

T−1 =
1

4

 −1 9 3

0 −4 0

2 −6 −2

 .

�
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Ïðèêëàä 50. Çíàéòè êîîðäèíàòè âåêòîðà −→x â áàçèñi
−→
f1 ,

−→
f2 ,

−→
f3 , ÿêùî

âiäîìi êîîðäèíàòè âåêòîðà −→x , òà êîîðäèíàòè âåêòîðiâ
−→
f1 ,

−→
f2 ,

−→
f3 ó áàçèñi

−→e1 ,
−→e2 ,

−→e3 :
−→x = −−→e1 + 2−→e2 + 7−→e3 ,

−→
f1 = −→e1 + 2−→e2 − 3−→e3 ,

−→
f2 = −→e1 − −→e2 + 2−→e3 ,−→

f3 = −→e1 + 2−→e2 − 5−→e3 .

Ðîçâ'ÿçóâàííÿ. Çàïèøåìî ìàòðèöþ ïåðåõîäó âiä áàçècó−→e1 ,
−→e2 ,

−→e3 äî áàçèñó−→
f1 ,

−→
f2 ,

−→
f3 :

T =

 1 1 1

2 −1 2

−3 2 −5

. Îñêiëüêè Xe = T · Xf , äå X =

 −1

2

7

, òî
Xf = T−1 ·Xe

Xf = 1
6

 1 7 3

4 −2 0

1 −5 −3


 −1

2

7

 = 1
6

 34

−8

−32

 = 1
3

 17

−4

−16

 . �

Ïðèêëàä 51. Âiäîìi êîîðäèíàòè âåêòîðiâ −→a1 ,
−→a2 ,

−→a3 ,
−→x ó áàçèñi −→e1 ,

−→e2 ,
−→e3 .

Âïåâíèòèñü, ùî âåêòîðè −→a1 ,
−→a2 ,

−→a3, óòâîðþþòü áàçèñ òà çíàéòè êîîðäèíàòè

âåêòîðà −→x ó áàçèñi −→a1 ,
−→a2 ,

−→a3, ÿêùî:
−→a1 = (1; 2; 3) ,−→a2 = (−1; 4; 0) ,−→a3 = (1; 0; 0) ,−→x = (5; 2;−6).

Ðîçâ'ÿçóâàííÿ. Çàïèøåìî ìàòðèöþ ñèñòåìè âåêòîðiâ −→a1 ,
−→a2 ,

−→a3 :

T =

 1 −1 1

2 4 0

3 0 0

. Îñêiëüêè âèçíà÷íèê ìàòðèöi T íå äîðiâíþ¹ íóëþ, òî

äàíi âåêòîðè óòâîðþþòü áàçèñ i ìàòðèöÿ T ¹ ìàòðèöåþ ïåðåõîäó äî íîâî¨

áàçèñó Xe = T ·Xa, äå

Xe =

 5

2

−6

, òîäi Xa = T−1 ·Xe,

Xa =
1

−12

 0 0 −4

0 −3 2

−12 −3 6


 5

2

−6

 =
1

−12

 24

−18

−102

 =
1

2

 −4

3

17

 .

�
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Ïðèêëàä 52. Çíàéòè ìàòðèöþ ïåðåõîäó âiä áàçèñà −→a1 ,
−→a2 ,

−→a3 äî áàçèñó
−→
b1 ,

−→
b2 ,

−→
b3 , ÿêùî âiäîìi ðîçêëàäè öèõ âåêòîðiâ ó äåÿêîìó áàçèñi −→e1 ,

−→e2 ,
−→e3 :

−→a1 = 3−→e1 + 2−→e2 +−→e3 ,
−→a2 = −→e1 − 2−→e2 +−→e3 ,

−→a3 = 2−→e1 + 2−→e2 + 3−→e3 ;−→
b1 = −→e1 +−→e2 ,

−→
b2 = −→e1 −−→e3 ,

−→
b3 = −→e1 +−→e2 +−→e3 .

Ðîçâ'ÿçóâàííÿ. Íåõàé S� ìàòðèöÿ ïåðåõîäó âiä áàçèñà −→e1 ,
−→e2 ,

−→e3 äî áàçèñó
−→a1 ,

−→a2 ,
−→a3 , T� ìàòðèöÿ ïåðåõîäó âiä áàçèñà −→e1 ,

−→e2 ,
−→e3 äî áàçèñó

−→
b1 ,

−→
b2 ,

−→
b3 .

Òðåáà çíàéòè ìàòðèöþQ� ìàòðèöþ ïåðåõîäó âiä áàçèñà−→a1 ,
−→a2 ,

−→a3 äî áàçèñó−→
b1 ,

−→
b2 ,

−→
b3 .

Q

S
S−1

T

-

�
�

�
��7

S
S

S
SSoS

S
S

Sw

(−→ai )
(−→
bi

)

(−→ei )

(−→ai ) = (−→ei )S,
(−→
bi

)
= (−→ei )T, (ei) = (ai)S

−1,(−→
bi

)
= (−→ai )S

−1T, Q = S−1T,

äå S =

 3 1 2

2 −2 2

1 1 3

, T =

 1 1 1

1 0 1

0 −1 1

.

Îòæå, Q =

 3 1 2

2 −2 2

1 1 3


−1 1 1 1

1 0 1

0 −1 1

,

Q = 1
−20

 −8 −1 6

−4 7 −2

4 −2 −8


 1 1 1

1 0 1

0 −1 1

 = 1
−20

 −9 −14 −3

3 −2 1

2 12 −6

. �
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Ïðèêëàä 53. Íåõàé âiäîìè äâà áàçèñà −→ei òà
−→
fi ëiíiéíîãî ïðîñòîðó òà

ìàòðèöÿ A ëiíiéíîãî îïåðàòîðà g ó áàçèñi −→ei . Çíàéòè ìàòðèöþ îïåðàòîðà

g ó áàçèñi
−→
fi , ÿêùî:

1) A =

(
1 2

−1 5

)
,
−→
f1 = 3−→e1 − 2−→e2 ,

−→
f2 = 2−→e1 −−→e2 .

2) A =

 2 −1 1

1 1 1

0 2 5

 ,
−→
f1 = −→e1+2−→e2 ,

−→
f2 = 2−→e1−−→e2 ,

−→
f3 = −−→e1+−→e2−−→e3 .

Ðîçâ'ÿçóâàííÿ. 1) Íàãàäà¹ìî, ùîAf = T−1AeT , äå T�ìàòðèöÿ ïåðåõîäó

âiä áàçèñà −→ei äî áàçèñó
−→
fi .

Çàïèøåìî ìàòðèöþ ïåðåõîäó: T =

(
3 2

−2 −1

)
.

Òîäi T−1 = 1
1

(
−1 −2

2 3

)
. Ìà¹ìî

Af =

(
−1 −2

2 3

)(
1 2

−1 5

)(
3 2

−2 −1

)
=

(
27 14

−41 −21

)
.

2) Îñêiëüêè T =

 1 2 −1

2 −1 1

0 0 −1

, òîäi T−1 = 1
5

 1 2 1

2 −1 −3

0 0 −5

. Ìà¹ìî:

Af = T−1AeT = 1
5

 1 2 1

2 −1 −3

0 0 −5


 2 −1 1

1 1 1

0 2 5


 1 2 −1

2 −1 1

0 0 −1

⇒

⇒ Af = 1
5

 10 5 −9

−1 13 −6

8 16 −9

.
�
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Ïðèêëàä 54. Ó ïðîñòîði E2 çàäàíî áàçèñ −→e1 =
−→
i +

−→
j , −→e2 =

−→
i − −→

j .

Çíàéòè â áàçèñi −→e1 ,
−→e2 ìàòðèöþ îïåðàòîðà ñèìåòði¨ âiäíîñíî îñi OY .

Ðîçâ'ÿçóâàííÿ. Ìàòðèöÿ îïåðàòîðà ñèìåòði¨ âiäíîñíî îñiOY ó ïî÷àòêîâîìó

áàçèñi ìà¹ âèãëÿä: A =

(
−1 0

0 1

)
. Ìàòðèöÿ ïåðåõîäó T =

(
1 1

1 −1

)
,

òîìó T−1 = 1
−2

(
−1 −1

−1 1

)
, òàA = −1

2

(
−1 −1

−1 1

)(
−1 0

0 1

)(
1 1

1 −1

)

A = 1
2

(
−1 1

−1 −1

)(
1 1

1 −1

)
= 1

2

(
0 −2

−2 0

)
=

(
0 −1

−1 0

)
.

Âiäïîâiäü: A =

(
0 −1

−1 0

)
. �

Îïåðàöi¨ íàä ëiíiéíèìè îïåðàòîðàìè.
Âçà¹ìíî îáåðíåíi îïåðàòîðè.

Ïðèêëàä 55. Íåõàé âiäîáðàæåííÿ f ó áàçèñi −→e1 ,
−→e2 ìà¹ ìàòðèöþ

A =

(
2 3

3 5

)
, à âiäîáðàæåííÿ g ó áàçèñi −→e1

′
= −→e1 +−→e2 ,

−→e2
′
= −→e1 + 2−→e2

ìà¹ ìàòðèöþ B =

(
1 0

2 −1

)
. Çíàéòè ìàòðèöþ âiäîáðàæåííÿ:

1) f − 2g ó áàçèñi −→e1
′
, −→e2

′
. 2) f ◦ g ó áàçèñi −→e1 ,

−→e2 .

Ðîçâ'ÿçóâàííÿ. Ìàòðèöÿ ïåðåõîäó âiä áàçèñà −→e1 ,
−→e2 äî áàçèñó −→e1

′
, −→e2

′

äîðiâíþ¹ T =

(
1 1

1 2

)
, à ìàòðèöÿ T−1 =

(
2 −1

−1 1

)
¹ ìàòðèöåþ ïåðåõîäó

âiä áàçèñà −→e1
′
, −→e2

′
äî áàçèñó −→e1 ,

−→e2 .

1) Çíàéäåìî ìàòðèöþ îïåðàòîðà f ó áàçèñi −→e1
′
, −→e2

′
:

Ae′ = T−1AeT =

(
2 −1

−1 1

)(
2 3

3 5

)(
1 1

1 2

)
=

=

(
1 1

1 2

)(
1 1

1 2

)
=

(
2 3

3 5

)
.

158



Òîäi ìàòðèöÿ âiäîáðàæåííÿ f − 2g:(
2 3

3 5

)
− 2

(
1 0

2 −1

)
=

(
0 3

−1 7

)
.

2) Çíàéäåìî ìàòðèöþ îïåðàòîðà g ó áàçèñi −→e1 ,
−→e2 :

Be = TBe′T
−1 =

(
1 1

1 2

)(
1 0

2 −1

)(
2 −1

−1 1

)
=

=

(
3 −1

5 −2

)(
2 −1

−1 1

)
=

(
7 −4

12 −7

)
.

Òîäi ìàòðèöÿ âiäîáðàæåííÿ f◦g:

(
2 3

3 5

)(
7 −4

12 −7

)
=

(
50 −29

81 −47

)
.

�

Ïðèêëàä 56. Íåõàé âiäîáðàæåííÿ f ó áàçèñi −→e1 ,
−→e2 ,

−→e3 ìà¹ ìàòðèöþ

A =

 2 −1 0

0 1 1

−2 0 3

, à âiäîáðàæåííÿ g ó áàçèñi −→e1
′
= −→e1 +−→e3 ,

−→e2
′
= −−→e3 ,

−→e3
′
= −→e2 − −→e1 ìà¹ ìàòðèöþ B =

 0 0 4

−1 0 0

0 1 2

. Çíàéòè

ìàòðèöþ âiäîáðàæåííÿ

1) f ◦ g ó áàçèñi −→e1 ,
−→e2 ,

−→e3 . 2) f ◦ g ó áàçèñi −→e1
′
, −→e2

′
, −→e3

′
.

Ðîçâ'ÿçóâàííÿ. Ìàòðèöÿ T ïåðåõîäó âiä áàçèñà−→e1 ,
−→e2 ,

−→e3 äî áàçèñó
−→e1

′
, −→e2

′
, −→e3

′

äîðiâíþ¹ T =

 1 0 −1

0 0 1

1 −1 0

, à ìàòðèöÿ T−1 =

 1 1 0

1 1 −1

0 1 0

 ¹ ìàòðèöåþ

ïåðåõîäó âiä áàçèñà −→e1
′
, −→e2

′
, −→e3

′
äî áàçèñó −→e1 ,

−→e2 ,
−→e3 .

1) Çíàéäåìî ìàòðèöþ îïåðàòîðà g ó áàçèñi −→e1 ,
−→e2 ,

−→e3 . Îñêiëüêè,

TBe ′ = BeT , òî Be = TBe ′T−1. Òîìó
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Be =

 1 0 −1

0 0 1

1 −1 0


 0 0 4

−1 0 0

0 1 2


 1 1 0

1 1 −1

0 1 0

 =

=

 0 −1 2

0 1 2

1 0 4


 1 1 0

1 1 −1

0 1 0

 =

 −1 1 1

1 3 −1

1 5 0

 = Be.

Îòæå, ìàòðèöÿ âiäîáðàæåííÿ f ◦ g ó áàçèñi −→e1 ,
−→e2 ,

−→e3 :

f◦g = Ae·Be =

 2 −1 0

0 1 1

−2 0 3


 −1 1 1

1 3 −1

1 5 0

 =

 −3 −1 3

2 8 −1

5 13 −2

 .

2) Çíàéäåìî ìàòðèöþ îïåðàòîðà f ó áàçèñi −→e1
′
, −→e2

′
, −→e3

′
.

Îñêiëüêè, TAe ′ = AeT , òî Ae ′ = T−1AeT . Òîìó

Ae ′ =

 1 1 0

1 1 −1

0 1 0


 2 −1 0

0 1 1

−2 0 3


 1 0 −1

0 0 1

1 −1 0

 =

=

 2 0 1

4 0 −2

0 1 1


 1 0 −1

0 0 1

1 −1 0

 =

 3 −1 −2

2 2 −4

1 −1 1

 = Ae ′ .

Òîäi ìàòðèöÿ âiäîáðàæåííÿ f ◦ g ó áàçèñi −→e1
′
, −→e2

′
, −→e3

′
:

Ae ′ ·Be ′ =

 3 −1 −2

2 2 −4

1 −1 1


 0 0 4

−1 0 0

0 −1 2

 =

 1 −2 8

−2 −4 0

1 1 6

 .

�

Ïðèêëàä 57. Ó äåÿêîìó áàçèñi ïðîñòîðó V çàäàíà ìàòðèöÿ A ëiíiéíîãî

îïåðàòîðà f . Ç'ÿñóâàòè, ÷è iñíó¹ îáåðíåíèé îïåðàòîð f−1. ßêùî òàê, òî

çíàéòè ìàòðèöþ îáåðíåíîãî îïåðàòîðà ó òîìó æ áàçèñi, ÿêùî:

1) A =

 1 −2 5

0 0 4

3 1 7

. 2) A =

 1 1 2

2 −3 3

3 −2 5

.
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Ðîçâ'ÿçóâàííÿ. Îáåðíåíèé îïåðàòîð iñíó¹ òîäi é ëèøå òîäi, êîëè äàíèé

îïåðàòîð íåâèðîäæåíèé, i â öüîìó âèïàäêó ìàòðèöÿ îáåðíåíîãî îïåðàòîðà

áóäå îáåðíåíîþ äî ìàòðèöi äàíîãî îïåðàòîðà.

1) detA = −28. Îòæå, îáåðíåíèé îïåðàòîð iñíó¹. Çíàéäåìî éîãî ìàòðèöþ:

A−1 = 1
−28

 −4 19 −8

12 −8 −4

0 −7 0

.
2) detA = 0. Îñêiëüêè îïåðàòîð âèðîäæåíèé, òî îáåðíåíîãî îïåðàòîðà

íå iñíó¹.

�

ßäðî, îáëàñòü çíà÷åíü ëiíiéíîãî îïåðàòîðà.

Ïðèêëàä 58. Çíàéòè ÿäðî, îáëàñòü çíà÷åíü, ðàíã òà äåôåêò ëiíiéíîãî

îïåðàòîðà f : V → V ç ìàòðèöåþ A, ÿêùî A =

 −1 2 1

3 9 2

0 1 1

.

Ðîçâ'ÿçóâàííÿ. Çà îçíà÷åííÿì, ÿäðîì îïåðàòîðà f : V → V íàçèâà¹òüñÿ

ìíîæèíà âåêòîðiâ x ïðîñòîðó V , ÿêi âiäîáðàæåííÿì f ïåðåâîäÿòüñÿ ó

íóëüîâèé âåêòîð, òîáòî äëÿ ÿêèõ Ax = 0. Îòæå, äëÿ çíàõîäæåííÿ ÿäðà

òðåáà ðîçâ'ÿçàòè ñèñòåìó îäíîðiäíèõ ðiâíÿíü:


−x1 + 2x2 + x3 = 0,

3x1 + 2x3 = 0,

x2 + x3 = 0.
Îá÷èñëèìî ðàíã ìàòðèöi ñèñòåìè: −1 2 1

3 9 2

0 1 1

 3 · I + II → II−−−−−−−−−−→

 −1 2 1

0 6 5

0 1 1

 6 · III − II → III−−−−−−−−−−−−−→

 −1 2 1

0 1 1

0 0 1

 .

Îòæå, ðàíã ìàòðèöi äîðiâíþ¹ 3, i ñèñòåìà ìà¹ ¹äèíèé òðèâiàëüíèé ðîçâ'ÿçîê,

òîáòî x1 = x2 = x3 = 0. ßäðî áóäå ñêëàäàòèñÿ ç îäíîãî íóëüîâîãî âåêòîðà.

Îñêiëüêè ÿäðî òðèâiàëüíå, òî îáëàñòü çíà÷åíü îïåðàòîðà áóäå çáiãàòèñÿ ç

ïðîñòîðîì V , òîáòî Imf = V . Íàðåøòi, defA = 3− 3 = 0. �
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Ïðèêëàä 59. Çíàéòè ÿäðî, îáëàñòü çíà÷åíü, ðàíã òà äåôåêò ëiíiéíîãî

îïåðàòîðà f : V → V ç ìàòðèöåþ A, ÿêùî A =

 1 −1 2

3 1 −1

4 0 1

.

Ðîçâ'ÿçóâàííÿ. Äëÿ çíàõîäæåííÿ ÿäðà îïåðàòîðà f : V → V òðåáà ðîçâ'ÿçàòè

ñèñòåìó îäíîðiäíèõ ðiâíÿíü:


x1 − x2 + 2x3 = 0,

3x1 + x2 − x3 = 0,

4x1 + x3 = 0.

Çíàéäåìî ðàíã ìàòðèöi

ñèñòåìè: 1 −1 2

3 1 −1

4 0 1

 I + II − III → III−−−−−−−−−−−−−−→

 1 −1 2

3 1 −1

0 0 0

−3 · I + II → II−−−−−−−−−−−−→

 1 −1 2

0 4 −7

0 0 0

.
Îñêiëüêè ðàíã ìàòðèöi äîðiâíþ¹ 2, òî ñèñòåìà ìà¹ íåòðèâiàëüíi ðîçâ'ÿçêè.

Çà áàçîâèé ìiíîð âiçüìåìî íåíóëüîâèé ìiíîð, ðîçòàøîâàíèé ó 1, 2 ñòîâïöÿõ.

Ïîâåðíåìîñÿ äî ñèñòåìè ðiâíÿíü:{
4x2 = 7x3,

x1 = 7
4x3 − 2x3

,

{
x2 = 7

41x3,

x1 = −1
4x3

, òîáòî kerf =

 −1

7

4

 t, t ∈ R.

Îñêiëüêè ÿäðî íåòðèâiàëüíå, òî îáëàñòü çíà÷åíü îïåðàòîðà áóäå çáiãàòèñÿ

ç ïðîñòîðîì íàïíóòèì íà âåêòîðè áàçîâèõ çìiííèõ, òîáòî

Imf =

 1

3

4

α+

 −1

1

0

 β, ∀α, β ∈ R.

Íàðåøòi, defA = 3− 2 = 1. �
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Êîìïëåêñíi ÷èñëà òà äi¨ íàä íèìè

Ïðèêëàä 60. Çàïèøiòü êîìïëåêñíå ÷èñëî z = 2−4i
3+i + (1 − i)3 + i127 â

àëãåáðè÷íié ôîðìå, çíàéäiòü äiéñíó òà óÿâíó ÷àñòèíè äàíîãî êîìïëåêñíîãî

÷èñëà, ìîäóëü öüîãî êîìïëåêñíîãî ÷èñëà.

Ðîçâ'ÿçóâàííÿ. z = 2−4i
3−i +(1−i)3+i127 = (2−4i)(3+i)

(3−i)(3+i) +(1−i)2(1−i)+i124i3 =

= (6+4)+(2i−12i)
9+1 +(1−2i−1)(1− i)+ i3 = 1− i−2i−2− i = −1−4i. Ìà¹ìî

Rez = −1, Imz = −4. Òîäi ç |z| = ρ =
√

(Rez)2 + (Imz)2 ìà¹ìî

|z| =
√

(−1)2 + (−4)2 =
√

17.

Çà îçíà÷åíÿì tgϕ = Imz
Rez , òîáòî tgϕ = −4

−1 = 4. Îñêiëüêè ÷èñëî z = −1− 4i

çíàõîäèòüñÿ ó òðåòié ÷âåðòi, òî argz = ϕ = (arctg4)− π. �

Ïðèêëàä 61. Ïîäàòè ÷èñëî z = 3i −
√

3 ó òðèãîíîìåòðè÷íié ôîðìi,

âêàçàòè ìîäóëü òà àãðóìåíò êîìïëåêñíîãî ÷èñëà. Âèêîðèñòîâóþ÷è ôîðìóëó

Ìóàâðà (ïiäíåñåííÿ äî ñòåïåíÿ êîìïëåêñíîãî ÷èñëà) çíàéòè 50-èé ñòåïiíü

÷èñëà.

Ðîçâ'ÿçóâàííÿ. Ïîäàìî êîìïëåêñíå ÷èñëî z = 3i−
√

3 ó òðèãîíîìåòðè÷íié

ôîðìi. Ìà¹ìî Rez = −
√

3, Imz = 3. Òîäi

|z| =
√

(−
√

3)2 + (3)2 =
√

12 = 2
√

3, tgϕ =
3

−
√

3
.

×èñëî çíàõîäèòüñÿ ó äðóãié ÷âåðòi, òîìó

argz = (arctg(−
√

3)) + π = −π
3

+ π =
2π

3
.

Çà ôîðìóëîþ Ìóàâðà ïiäíåñåííÿ äî ñòåïåíÿ

zn = (ρ (cosϕ+ isinϕ))n = ρn (cos(nϕ) + isin(nϕ))

ìà¹ìî z = 2
√

3(cos2π
3 + isin2π

3 ),

z = (2
√

3)50(cos(50 · 2π

3
) + isin(50 · 2π

3
)),

z = 250325(cos
100π

3
+ isin

99π + π

3
),

z = 250325(cos(π +
π

3
) + isin(π +

π

3
)),
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z = 250325(−cosπ
3
− isin

π

3
) = 250325(−1

2
− i

√
3

2
).

�

Ïðèêëàä 62. Çíàéòè âñi çíà÷åíÿ 5
√

8
√

3 + 8i òà çîáðàçèòè ¨õ íà êîìïëåêñíié

ïëîùèíi.

Ðîçâ'ÿçóâàííÿ. Ïîçíà÷èìî z = 8
√

3 + 8i, ïðè÷îìó Rez = 8
√

3, Imz = 8.

Ïîäàìî öå êîìïëåêñíå ÷èñëî ó òðèãîíîìåòðè÷íié ôîðìi: z = ρ(cosϕ +

i sinϕ), äå ρ =
√

(Rez)2 + (Imz)2 òà tgϕ = Imz
Rez .

Ìà¹ìî ρ =
√

3 · 82 + 82 =
√

4 · 82 = 16. Îñêiëüêè ÷èñëî z ðîçòàøîâàíå

ó ïåðøié ÷âåðòi, òî ϕ = arctg 8
8
√

3
= arctg 1√

3
= π

6 . Çãiäíî äðóãî¨ ôîðìóëè

Ìóàâðà
n
√
z = $k = n

√
ρ(cosϕ+2πk

n + isinϕ+2πk
n ), k = 0, 1, 2, ..., (n− 1).

$k = 5
√

16(cos
π
6 +2πk

5 + isin
π
6 +2πk

5 ),

k = 0 ⇒ $0 = 5
√

16(cos
π
6 +0
5 + isin π

30),

k = 1 ⇒ $1 = 5
√

16(cos
π
6 +2π

5 + isin13π
30 ),

k = 2 ⇒ $2 = 5
√

16(cos
π
6 +4π

5 + isin25π
30 ),

k = 3 ⇒ $3 = 5
√

16(cos
π
6 +6π

5 + isin37π
30 ),

k = 4 ⇒ $4 = 5
√

16(cos
π
6 +8π

5 + isin49π
30 ).

-

6

&%
'$sss
s s Rez

Imz

$0

$1$2

$3 $4

Íà êîìïëåêñíié ïëîùèíi òî÷êè$0, $1, $2, $3, $4 ¹ âåðøèíàìè ïðàâèëüíîãî

ï'ÿòèêóòíèêà, âïèñàíîãî â êîëî ç öåíòðîì â òî÷öi z0 = 0 òà ðàäióñîì

R = 5
√

16. Ïðîìåíi ϕ = π
30 , ϕ = 13π

30 ϕ = 25π
30 , ϕ = 37π

30 , ϕ = 49π
30 ïåðåòèíàþòü

êîëî ñàìå â öèõ òî÷êàõ. �
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Ïðèêëàä 63. Íà êîìïëåêñíié ïëîùèíi çîáðàçiòü îáëàñòü, ùî çàäîâîëüíÿ¹

óìîâè


1 < |z − 3− 2i| ≤ 3,

−π/4 ≤ arg(z + 2) ≤ π/6,

Rez ≤ 1.

Ðîçâ'ÿçóâàííÿ. Ïîçíà÷èìî z = x+ iy. Âiäîìî, ùî |z| =
√
x2 + y2. Òîäi ç

z + 1− i = xr + iy + 1− i = (x+ 1) + i(y − 1)

îòðèìà¹ìî |z + 1− i| =
√

(x+ 1)2 + (y − 1)2 = R,

òîáòî (x + 1)2 + (y − 1)2 = R2. Òàêèì ÷èíîì, ïåðøà íåðiâíiñòü âèçíà÷à¹

ìíîæèíó òî÷îê êiëüöÿ ç öåíòðîì â òî÷öi z0 = i− 1 òà ðàäióñàìè

R1 = 1, R2 = 3, ïðè÷îìó òî÷êè ìàëîãî êîëà íå âêëþ÷à¹ìî (íåðiâíiñòü

ñòðîãà). Äðóãà íåðiâíiñòü âèçíà÷à¹ ìíîæèíó òî÷îê íåñêií÷åííîãî ñåêòîðà

ç öåíòðîì â òî÷öi z = −2, òà îáìåæåíîãî ïðîìåíÿìè ϕ1 = −π
4 , ϕ1 = π

2

(âèõîäÿòü ç òî÷êè z = −2). Òðåòÿ íåðiâíiñòü çàäà¹ ìíîæèíó òî÷îê äëÿ

ÿêèõ Rez ≤ 1 (òîáòî x ≤ 1).

-

6
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Øóêàíà îáëàñòü áóäå ïåðåòèíîì äàíèõ ìíîæèí.

�

Ïðèêëàä 64. Ëiíiéíèé îïåðàòîð f : E3 → E3 ìà¹ â äåÿêîìó îðòîíîðìîâàíîìó

áàçèñi ìàòðèöþ A =

 −1 3 2

0 1 4

3 −1 −2

. Çíàéòè ìàòðèöþ A∗ ñïðÿæåíîãî

îïåðàòîðà f ∗ ó öüîìó æ áàçèñi.

Ðîçâ'ÿçóâàííÿ. Îñêiëüêè áàçèñ îðòîíîðìîâàíèé, òî A∗ = AT .
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A∗ =

 −1 0 3

3 1 −1

2 4 −2

 . �

Ïðèêëàä 65. Îïåðàòîð f : E2 → E2 ìà¹ â äåÿêîìó îðòîíîðìîâàíîìó

áàçèñi −→e1 ,
−→e2 ìàòðèöþ Ae =

(
−3 1

4 2

)
. Çíàéòè ìàòðèöþ ñïðÿæåíîãî

îïåðàòîðà f ∗ ó áàçèñi −→g1 = 1√
2
−→e1 − 1√

2
−→e2 ,

−→g2 = 1√
2
−→e1 + 1√

2
−→e2 .

Ðîçâ'ÿçóâàííÿ. Ìàòðèöÿ A∗e ñïðÿæåíîãî îïåðàòîðà f
∗ ó áàçèñi −→e1 ,

−→e2 ìà¹

âèãëÿä A∗e =

(
−3 4

1 2

)
. Çàïèøåìî ìàòðèöþ ïåðåõîäó âiä áàçèñó −→e1 ,

−→e2

äî áàçèñó −→g1 ,
−→g2 : T =

(
1√
2

1√
2

− 1√
2

1√
2

)
. Ìàòðèöþ A∗g ñïðÿæåíîãî îïåðàòîðà

f ∗ ó áàçèñi −→g1 ,
−→g2 çíàéäåìî çà ôîðìóëîþ A∗g = T−1A∗eT . Îñêiëüêè T

−1 =(
1√
2
− 1√

2
1√
2

1√
2

)
, òî

A∗g =
1√
2

(
1 −1

1 1

)(
−3 4

1 2

)
1√
2

(
1 1

−1 1

)
=

=
1

2

(
−4 2

−2 6

)(
1 1

−1 1

)
=

(
−3 −1

−4 2

)
.

�

Ïðèêëàä 66. Ç'ÿñóâàòè, ÷è ìîæíà â ïðîñòîði ìíîãî÷ëåíiâ ç äiéñíèìè

êîåôiöi¹íòàì, ñòåïåíi ÿêèõ íå ïåðåâèùóþòü 2, âèçíà÷èòè ñêàëÿðíèé

äîáóòîê ôîðìóëîþ (f, g) = f(−1)g(−1) + f(0)g(0)?

Ðîçâ'ÿçóâàííÿ. Òðåáà ïåðåâiðèòè àêñiîìè, ÿêi ìà¹ çàäîâîëüíÿòè ñêàëÿðíèé

äîáóòîê ó äiéñíîìó ëiíiéíîìó ïðîñòîði:

(−→x ,−→y ) = (−→y ,−→x ) (ñèìåòðè÷íiñòü),

(α−→x ,−→y ) = α(−→x ,−→y ) (ëiíiéíiñòü çà ïåðøèì àðãóìåíòîì),

(−→x +−→y ,−→z ) = (−→x ,−→z ) + (−→y ,−→z ),

(−→x ,−→x ) ≥ 0 (íåâiä'åìíiñòü ñêàëÿðíîãî äîáóòêó), ïðè÷îìó (−→x ,−→x ) = 0

òiëüêè ïðè −→x = 0.
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1) (f, g) = f(−1)g(−1) + f(0)g(0) = g(−1)f(−1) + g(0)f(0) = (f, g).

Òàêèì ÷èíîì, ñèìåòðè÷íiñòü ìà¹ ìiñöå.

2) (αf, g) = αf(−1)g(−1) + αf(0)g(0) = α(f(−1)g(−1) + f(0)g(0)) =

α(f, g), îòæå, ìà¹ ìiñöå îäíîðiäíiñòü.

3) (f+h, g) = (f(−1)+h(−1))g(−1)+(f(0)+h(0))g(0) = f(−1)g(−1)+

f(0)g(0) + h(−1)g(−1) + h(0)g(0) = (f, g) + (h, g), îòæå, ìà¹ ìiñöå

ëiíiéíiñòü.

4) (f, f) = f 2(−1) + f 2(0) ≥ 0. Ç'ÿñó¹ìî, êîëè âèêîíó¹òüñÿ ðiâíiñòü

(f, f) = 0. Ç ðiâíîñòi f 2(−1) + f 2(0) = 0 âèïëèâà¹, ùî f(−1) =

f(0) = 0. Äëÿ ìíîãî÷ëåíà f(x) = ax2 + bx + c ç öèõ óìîâ âèïëèâà¹,

ùî c = 0 òà a = b. Òàêèì ÷èíîì, äëÿ êîæíîãî ìíîãî÷ëåíà f(x) =

ax2 + ax 6≡ 0 ïðè a 6= 0 ìà¹ìî (f, f) = 0.

Îòæå, îñòàííÿ óìîâà íå âèêîíó¹òüñÿ i äàíà ôîðìóëà ñêàëÿðíîãî äîáóòêó

íå âèçíà÷à¹. �

Ïðèêëàä 67. Äîâåñòè, ùî â ëiíiéíîìó ïðîñòîði íåïåðåðâíèõ íà âiäðiçêó
[a; b] ôóíêöié çi çâè÷àéíèìè îïåðàöiÿìè äîäàâàííÿ òà ìíîæåííÿ íà ÷èñëî

ñêàëÿðíèé äîáóòîê ìîæå áóòè çàäàíèé ôîðìóëîþ (f, g) =
b∫
a

f (t) g (t) dt.

Ðîçâ'ÿçóâàííÿ. Ïåðåâiðèìî óìîâè ñêàëÿðíîãî äîáóòêó ó äiéñíîìó ëiíiéíîìó

ïðîñòîði:

1) (f, g) =
b∫
a

f (t) g (t) dt(f, g) =
b∫
a

f (t) g (t) dt =
b∫
a

g (t) f (t) dt = (g, f),

îòæå, ñèìåòðè÷íiñòü ìà¹ ìiñöå.

2) (αf + βg, q) =
b∫
a

(αf(t) + βg(t))q (t) dt =

= α
b∫
a

f (t) q (t) dt+β
b∫
a

g (t) q (t) dt = α (f, q)+β (g, q), îòæå, ìà¹ ìiñöå

ëiíiéíiñòü.

3) (f, f) =
b∫
a

f (t) f (t) dt =
b∫
a

(f (t))2dt ≥ 0, ïðè÷îìó ðiâíiñòü
b∫
a

f 2 (t)dt =

0 âèêîíó¹òüñÿ ëèøå ïðè f(t) ≡ 0.
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Òàêèì ÷èíîì, ó ëiíiéíîìó ïðîñòîði íåïåðåðâíèõ íà âiäðiçêó [a; b] ôóíêöié

çi çâè÷àéíèìè îïåðàöiÿìè äîäàâàííÿ òà ìíîæåííÿ íà ÷èñëî ôîðìóëà (f, g) =
b∫
a

f (t) g (t) dt çàäà¹ ñêàëÿðíèé äîáóòîê. �

Ïðèêëàä 68. Çíàéòè íîðìó âåêòîðà −→x åâêëiäîâîãî ïðîñòîðó iç çàäàíèì

ñêàëÿðíèì äîáóòêîì.

1) −→x = (1;−2; 3; 4), (−→x ,−→y ) = x1y1 + x2y2 + x3y3 + x4y4.

2) −→x = (1;−1; 2),

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3− x3y2 + 3x3y3.

3) −→x = (1 + i; 1− i), (−→x ,−→y ) = x1y1 − ix1y2 + ix2y1 + 2x2y2.

Ðîçâ'ÿçóâàííÿ. Çà îçíà÷åííÿì ‖−→x ‖ =
√

(−→x ,−→x ) .

1) −→x = (1;−2; 3; 4), (−→x ,−→y ) = x1y1 + x2y2 + x3y3 + x4y4,

(−→x ,−→x ) = 1 + 4 + 9 + 16 = 30, ‖−→x ‖ =
√

30.

2) −→x = (1;−1; 2),

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

(−→x ,−→x ) = 4− 2− 2 + 2 + 2 + 2 + 12 = 18, ‖−→x ‖ =
√

18.

3) −→x = (1 + i; 1− i), (−→x ,−→y ) = x1y1 − ix1y2 + ix2y1 + 2x2y2.

(−→x ,−→x ) = (1+i)(1−i)−i(1+i)(1−i)+i(1−i)(1−i)+2i(1−i)(1+i) = 10,

‖−→x ‖ =
√

10.

�

Ïðèêëàä 69. Çíàéòè êóò ìiæ âåêòîðàìè −→x = (1; 0; 0) òà −→y = (0; 1; 0)

â ïðîñòîði R3 iç ñêàëÿðíèì äîáóòêîì

(−→x ,−→y ) = 4x1y1 + 2x1y2 + 2x2y1 + 2x2y2 − x2y3 − x3y2 + 3x3y3.

Ðîçâ'ÿçóâàííÿ. Çà îçíà÷åííÿì cosϕ =
(−→x ,−→y )

‖−→x ‖‖−→y ‖
. Çíàéäåìî ñêàëÿðíi äîáóòêè

âåêòîðiâ: (−→x ,−→y ) = 2, (−→x ,−→x ) = 4, (−→y ,−→y ) = 2. Òîäi cosϕ =
2

2
√

2
i

ϕ = arccos
1√
2

=
π

4
. �
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Ïðèêëàä 70. Â åâêëiäîâîìó ïðîñòîði C[−π; π] çi ñêàëÿðíèì äîáóòêîì(−→
f ,−→g

)
=

π∫
−π

f (t) g (t) dt çíàéòè:

1) íîðìó âåêòîðà cosx+ sinx,

2) íîðìó âåêòîðà f(x) = x,

3) ñêàëÿðíèé äîáóòîê âåêòîðiâ sin 2x, sin 3x,

4) êóò ìiæ âåêòîðàìè cosx, sin x.

Ðîçâ'ÿçóâàííÿ. 1)
(−→
f ,
−→
f
)

=
π∫

−π

f (t) f (t) dt =
π∫

−π

(cosx+ sinx)2dx =

=
π∫

−π

(1 + 2 cos x sin x)dx =
π∫

−π

(1 + sin 2x)dx =
(
x− 1

2 cos 2x
) ∣∣∣∣∣

π

−π

=

= 2π − 1
2 · 0 = 2π. Îòæå, ‖

−→
f ‖ =

√
2π.

2)
(−→
f ,
−→
f
)

=
π∫

−π

f (t) f (t) dt =
π∫

−π

x2dx =

(
x3

3

) ∣∣∣∣∣
π

−π

=
2π3

3
.

Òàêèì ÷èíîì, ‖
−→
f ‖ =

√
2π3

3
.

3)
(−→
f ,−→g

)
=

π∫
−π

f (t) g (t) dt =
π∫

−π

(sin 2x cos 3x)dx =
1

2

π∫
−π

(sin 5x− sin x)dx =

=
1

2

(
−1

5
cos 5x+ cosx

) ∣∣∣∣∣
π

−π

= 0.

4)
(−→
f ,−→g

)
=

π∫
−π

f (t) g (t) dt =
π∫

−π

sin x cosxdx =
1

2

π∫
−π

sin 2xdx =

=
1

2

(
−1

2
cos 2x

) ∣∣∣∣∣
π

−π

= 0. Îòæå, ϕ = π
2 .

�

Ïðèêëàä 71. Äîïîâíèòè ñèñòåìó âåêòîðiâ −→g1 = (1, 1, 1, 2), −→g2 = (1, 0, 1,−1)

äî îðòîãîíàëüíîãî áàçèñó åâêëiäîâîãî ïðîñòîðó E4.

Ðîçâ'ÿçóâàííÿ. Âåêòîðè−→g1 ,
−→g2 îðòîãîíàëüíi: (

−→g1 ,
−→g2) = 0. Çíàéäåìî ñïî÷àòêó

îðòîãîíàëüíå äîïîâíåííÿ ñèñòåìè −→g1 ,
−→g2 . ßêùî âåêòîð

−→x = (x1, x2, x3, x4)

îðòîãîíàëüíèé äî âåêòîðiâ −→g1 i −→g2 , òî (g1, x) = 0 i (−→g2 ,
−→x ) = 0. Öå äà¹

ñèñòåìó ëiíiéíèõ ðiâíÿíü

{
x1 + x2 + x3 + 2x4 = 0

x1 + x3 − x4 = 0
⇔

{
x1 = x4 − x3

x2 = −3x4
.
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Ðîçãëÿíåìî ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ öi¹¨ ñèñòåìè ëiíiéíèõ ðiâíÿíü:
−→a1 = (1,−3, 0, 1), −→a2 = (−1, 0, 1, 0). Îðòîãîíàëiçó¹ìî ñèñòåìó −→a1 ,

−→a2 :
−→
b1 = −→a1 ,

−→
b2 = −→a2 + α

−→
b1 ,

äå α çíàõîäèìî ç óìîâè
(−→
b1 ,

−→
b2

)
= 0. Ìà¹ìî

0 =
(−→
b1 ,

−→
b2

)
=
(−→
b1 ,

−→a2 + α
−→
b1

)
=
(−→
b1 ,

−→a2

)
+ α

(−→
b1 ,

−→
b1

)
= −1 + 11α = 0.

Îòæå, α = 1
11 i

−→
b2 = (−1, 0, 1, 0) + 1

11 (1,−3, 0, 1) = 1
11 (−10,−3, 11, 1).

Ñèñòåìà −→g1 ,
−→g2 ,

−→
b1 ,

−→
b2 áóäå øóêàíèì îðòîãîíàëüíèì áàçèñîì. �

Ïðèêëàä 72. Ç'ÿñóâàòè, ÷è âèçíà÷à¹ äàíà áiëiíiéíà ôîðìà ñêàëÿðíèé

äîáóòîê ó ïðîñòîði R2:

1) 3x1y1 + 5x1y2 + x2y2.

2) 2x1y1 + x1y2 + x2y1 + 3x2y2.

Ðîçâ'ÿçóâàííÿ. Ïîòðiáíî ïåðåâiðèòè ëèøå ñèìåòðè÷íiñòü òà äîäàòíó âèçíà÷åíiñòü

äàíî¨ áiëiíiéíî¨ ôîðìè.

1) Ìàòðèöÿ

(
3 5

0 1

)
ôîðìè íå ñèìåòðè÷íà, òîìó i ôîðìà íå ¹ ñèìåòðè÷íîþ.

Òîáòî,

(−→x ,−→y ) = 3x1y1 + 5x1y2 + x2y2 6= (−→y ,−→x ) = 3y1x1 + 5y1x2 + y2x2.

Îòæå, äàíà áiëiíiéíà ôîðìà ñêàëÿðíèé äîáóòîê íå âèçíà÷à¹.

2) 2x1y1 + x1y2 + x2y1 + 3x2y2. Ìàòðèöÿ

(
2 1

1 3

)
ôîðìè ñèìåòðè÷íà.

Êðiì òîãî (−→x ,−→x ) = 3x1x1+x1x2+x2y1+3x2y2 = 2x1
2+2x1x2+3x2

2 =

= 2x1 + 1
2x2

2
+ 5

2x
2
2 ≥ 0. Çîêðåìà, (−→x ,−→x ) = 0 òiëüêè êîëè −→x = 0.

Îòæå, äàíà áiëiíiéíà ôîðìà âèçíà÷à¹ ñêàëÿðíèé äîáóòîê.

�

Ïðèêëàä 73. Ç'ÿñóâàòè, ÷è âèçíà÷à¹ äàíå ïðàâèëî

ϕ(α1 + iβ1, α2 + iβ2) = (α1α2 − β1β2) + i(α1β2 + α2β1)

ñêàëÿðíèé äîáóòîê â îäíîâèìiðíîìó ëiíiéíîìó êîìïëåêñíîìó ïðîñòîði C:
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Ðîçâ'ÿçóâàííÿ. Ïåðåâiðèìî óìîâè ñêàëÿðíîãî äîáóòêó.

(−→x ,−→y ) = (α1α2 − β1β2) + i(α1β2 + α2β1),

(−→y ,−→x ) = (α2α1 − β2β1) + i(α2β1 + α1β2),

(−→y ,−→x ) = (α1α2 − β1β2)− i(α1β2 + α2β1).

Îòæå, (−→y ,−→x ) 6= (−→x ,−→y ). Äàíå ïðàâèëî ñêàëÿðíèé äîáóòîê íå âèçíà÷à¹.

�

Ïðèêëàä 74. Â îäíîâèìiðíîìó ëiíiéíîìó êîìïëåêñíîìó ïðîñòîðó C ñêàëÿðíèé

äîáóòîê âåêòîðiâ −→x = α1 + iβ1,
−→y = α2 + iβ2, çàäà¹òüñÿ ïðàâèëîì

(α1 + iβ1, α2 + iβ2) = (α1α2 + β1β2) + i(α2β1 − α1β2).

Çíàéòè

1) äîâæèíó âåêòîðà 2 + 3i;

2) äîâæèíó âåêòîðà α− iβ ;

3) ñêàëÿðíèé äîáóòîê âåêòîðiâ −→x = 2 + 3i òà −→y = 4− 5i.

Ðîçâ'ÿçóâàííÿ. Çà îçíà÷åííÿì äîâæèíà âåêòîðà−→x ¹ ÷èñëî |−→x | =
√

(−→x ,−→x ).

1) Äîâæèía âåêòîðà 2+3i äîðiâíþ¹
√

(2 + 3i)(2− 3i) =
√

4 + 9 =
√

13.

2) Äîâæèíà âåêòîðà |α− iβ| äîðiâíþ¹
√

(α− iβ)(α+ iβ) =
√
α2 + β2.

3) (−→x ,−→y ) = (2 + 3i)(4 + 5i) = (8− 15) + i(10 + 12) = −7 + 22i.

�

Ïðèêëàä 75. Ó òðèâèìiðíîìó óíiòàðíîìó ïðîñòîði ñêàëÿðíèé äîáóòîê

âåêòîðiâ −→x = (x1;x2;x3) òà
−→y = (y1; y2; y3) âèçíà÷à¹òüñÿ ïðàâèëîì:

(−→x ,−→y ) = x1y1 + x2y2 + x3y3.

Ç'ÿñóâàòè, ÷è îðòîãîíàëüíi íàñòóïíi ïàðè âåêòîðiâ:

1) −→x = (i; 0; 0) òà −→y = (0; 2− i; 3);

2) −→x = (−1; 4 + i; 5 + 2i) òà −→y = (−i; 3; 3i).

Ðîçâ'ÿçóâàííÿ. Çà îçíà÷åííÿì âåêòîðè îðòîãîíàëüíi, ÿêùî (−→x ,−→y ) = 0.

1) (−→x ,−→y ) = 0 + 0 + 0 = 0, âåêòîðè îðòîãîíàëüíi.
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2) (−→x ,−→y ) = −1 · i + (4 + i) · 3 + (5 + 2i)(−3i) = 18 − 13i 6= 0. îòæå,

âåêòîðè íå ¹ îðòîãîíàëüíèìè.

�

Ïðèêëàä 76. Â óíiòàðíîìó ïðîñòîði âåêòîðè −→e1 ,
−→e2

−→e3 , óòâîðþþòü

îðòîãîíàëüíèé áàçèñ, ïðè÷îìó |−→e1 | = 1, |−→e2 | = 2, |−→e3 | = 3. Çíàéòè

(−→x ,−→y ) òà |−→x |, |−→y |, ÿêùî −→x = i−→e1 − (2 + i)−→e2 +−→e3 ,
−→y = (i− 4)−→e1 +

−→e2 − 3−→e3 .

Ðîçâ'ÿçóâàííÿ. Çà óìîâîþ âåêòîðè −→e1 ,
−→e2
−→e3 îðòîãîíàëüíi, òîáòî

(−→ej ,
−→ek ) = 0 ïðè j 6= k.

(−→x ,−→y ) = i · (−i− 4) · 12 − (2− i) · 1 · 22 + 1 · (−3) · 32 = −34− 8i.

(−→x ,−→x ) = i · (−i) · 12 − (2 + i) · (2 − i) · 22 + 1 · 1 · 32 = 1 + 20 + 9 = 30,

|−→x | =
√

30.

(−→y ,−→y ) = (i−4) · (−i−4) ·12−1 ·1 ·22 +(−3) · (−3) ·32 = 17+4+81 = 102,

|−→y | =
√

102.

�

Ïðèêëàä 77. Îá÷èñëèòè ìàòðèöþ Ãðàìà äëÿ ñèñòåìè âåêòîðiâ
−→
fi ,

ÿêùî ñêàëÿðíèé äîáóòîê (−→x , −→y ) çàäàíî òàêèì ïðàâèëîì:

1)
−→
f1 = (1; 2),

−→
f2 = (2; 1), (−→x ,−→y ) = x1y1 + x2y2.

2)
−→
f1 = (1;−1),

−→
f2 = (1; 1), (−→x ,−→y ) = x1y1 + x1y2 + x2y1 + 3x2y2.

Ðîçâ'ÿçóâàííÿ. Çà îçíà÷åííÿì ìàòðèöÿ Ãðàìà Γ äëÿ ñèñòåìè âåêòîðiâ
−→
f1 ,

−→
f2 � öå ìàòðèöÿ, åëåìåíòàìè ÿêî¨ ¹ ñêàëÿðíi äîáóòêè âåêòîðiâ:

Γ =

 (−→
f1 ,

−→
f1

) (−→
f1 ,

−→
f2

)(−→
f2 ,

−→
f1

) (−→
f2 ,

−→
f2

)  .

1) Ìà¹ìî
−→
f1 = (1; 2),

−→
f2 = (2; 1), (−→x ,−→y ) = x1y1 + x2y2.(−→

f1 ,
−→
f1

)
= 1 + 4 = 5,

(−→
f1 ,

−→
f2

)
= 2 + 2 = 4,

(−→
f2 ,

−→
f2

)
= 4 + 1 = 5.

Òîìó Γ =

(
5 4

4 5

)
.
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2)
−→
f1 = (1;−1),

−→
f2 = (1; 1), (−→x ,−→y ) = x1y1 + x1y2 + x2y1 + 3x2y2.(−→

f1 ,
−→
f1

)
= 1 +−1− 13 = 2,

(−→
f1 ,

−→
f2

)
= 1 + 1− 1− 3 = −2,(−→

f2 ,
−→
f2

)
= 1 + 1 + 1 + 3 = 6. Òîìó Γ =

(
2 −2

−2 5

)
.

�

Ïðèêëàä 78. Íåõàé −→e1 ,
−→e2 � îðòîíîðìîâàíèé áàçèñ, −→g1 = −−→e1 − 3−→e2 ,

−→g2 = 2−→e1 +−→e2 i îïåðàòîð f : E2 → E2 ìà¹ â áàçèñi −→g1 ,
−→g2 ìàòðèöþ

Ag =

(
−3 1

4 2

)
. Çíàéòè ó áàçèñi −→g1 ,

−→g2 ìàòðèöþ A∗ ñïðÿæåíîãî îïåðàòîðà

f ∗.

Ðîçâ'ÿçóâàííÿ. Çàïèøåìî ìàòðèöþ Ãðàìà Γ =

(
(−→g1 ,

−→g1) (−→g1 ,
−→g2)

(−→g2 ,
−→g1) (−→g2 ,

−→g2)

)
äëÿ

ñèñòåìè âåêòîðiâ−→g1 ,
−→g2 : Γ =

(
10 −5

−5 5

)
. Îñêiëüêè Γ−1 = 1

25

(
5 5

5 10

)
=

1
5

(
1 1

1 2

)
i A∗ = Γ−1ATΓ, òî ìà¹ìî:

A∗ =
1

5

(
1 1

1 2

)(
−3 4

1 2

)(
10 −5

−5 5

)
=

=
1

5

(
−2 6

−1 8

)(
10 −5

−5 5

)
=

(
−10 8

−10 9

)
.

�

Ïðèêëàä 79. Ïåðåâiðèòè íà ëiíiéíó çàëåæíiñòü äàíó ñèñòåìó âåêòîðiâ:
−→e1 = (1, 2, 2, 0), −→e2 = (−1, 0, 2, 0), −→e3 = (2, 2, 0, 0).

Ðîçâ'ÿçóâàííÿ. Âèçíà÷íèê Ãðàìà äîðiâíþ¹ íóëþ òîäi é ëèøå òîäi, êîëè

âåêòîðè ëiíiéíî çàëåæíi. Çàïèøåìî ìàòðèöþ Ãðàìà:

Γ =

 (−→e1 ,
−→e1 ) (−→e1 ,

−→e2 ) (−→e1 ,
−→e3 )

(−→e2 ,
−→e1 ) (−→e2 ,

−→e2 ) (−→e2 ,
−→e3 )

(−→e3 ,
−→e1 ) (−→e3 ,

−→e2 ) (−→e3 ,
−→e3 )

 =

 9 3 6

3 5 −2

6 −2 8

 .

Îñêiëüêè det Γ = 0, òî ñèñòåìà ëiíiéíî çàëåæíà. �
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Ïðèêëàä 80. Çíàéòè îá'¹ì òåòðàåäðà, ïîáóäîâàíîãî íà âåêòîðàõ
−→a = {3; 1; 2; 0},

−→
b = {2; 7; 4; 1}, −→c = {1; 2; 1;−1}.

Ðîçâ'ÿçóâàííÿ. Vòåòðàåäðà =
1

6

√
det Γ.

Çíàéäåìî âèçíà÷íèê ìàòðèöi Ãðàìà Γ =


(−→a ,−→a )

(−→a ,−→b ) (−→a ,−→c )(−→
b ,−→a

) (−→
b ,
−→
b
) (−→

b ,−→c
)

(−→c ,−→a )
(−→c ,−→b ) (−→c ,−→c )

.

det Γ =

∣∣∣∣∣∣∣
14 21 7

21 70 19

7 19 7

∣∣∣∣∣∣∣ = 7

∣∣∣∣∣∣∣
2 21 7

3 70 19

1 19 7

∣∣∣∣∣∣∣ = 7

∣∣∣∣∣∣∣
0 −17 −7

0 13 −2

1 19 7

∣∣∣∣∣∣∣ = 875.

V =
1

6

√
875 =

5
√

35

6
. �

Ïðèêëàä 81. Çíàéòè ïëîùó ïàðàëåëîãðàìà, ïîáóäîâàíîãî íà âåêòîðàõ
−→a = {2; 3; 1},

−→
b = {5; 6; 4}.

Ðîçâ'ÿçóâàííÿ. Sïàðàëåëîãðàìà =
√

det Γ.

Çíàéäåìî âèçíà÷íèê ìàòðèöi Ãðàìà Γ =

 (−→a ,−→a )
(−→a ,−→b )(−→

b ,−→a
) (−→a ,−→b )

.
det Γ =

∣∣∣∣∣ 14 32

32 77

∣∣∣∣∣ = 54. Îòæå, Sïàðàëåëîãðàìà =
√

54 = 3
√

6. �

Ïðèêëàä 82. Çíàéòè îá'¹ì ïàðàëåëåïiïåäà, ïîáóäîâàíîãî íà âåêòîðàõ
−→a = {3; 1; 0; 1},

−→
b = {5;−4; 1; 0}, −→c = {−2; 0; 3;−1}.

Ðîçâ'ÿçóâàííÿ. Vïàðàëåëåïiïåäà =
√

det Γ. Çíàéäåìî âèçíà÷íèê ìàòðèöi Ãðàìà

Γ =


(−→a ,−→a )

(−→a ,−→b ) (−→a ,−→c )(−→
b ,−→a

) (−→
b ,
−→
b
) (−→

b ,−→c
)

(−→c ,−→a )
(−→c ,−→b ) (−→c ,−→c )

 .

det Γ =

∣∣∣∣∣∣∣
11 11 −7

11 42 −7

−7 −7 14

∣∣∣∣∣∣∣ = 7

∣∣∣∣∣∣∣
11 11 −1

11 42 −1

−7 −7 2

∣∣∣∣∣∣∣ = 7

∣∣∣∣∣∣∣
11 11 −1

0 31 0

15 15 0

∣∣∣∣∣∣∣ = 3255.

Îòæå, ìà¹ìî Vïàðàëåëåïiïåäà =
√

3255. �
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Ïðèêëàä 83. Çíàéòè âiäñòàíü ìiæ ïðÿìèìè

l1 :


x = 3 + t,

y = 1− t,

z = 2 + 2t.

òà l2 :


x = −t,
y = 2 + 3t,

z = 3t.

.

Ðîçâ'ÿçóâàííÿ. Íåõàé −→r01 = (3, 1, 2), −→a1 = {1,−1, 2}, −→r02 = (0, 2, 0),
−→a2 = {−1, 3, 3}, −→r = −→r02 − −→r01 = {−3, 1,−2}. Òîäi âiäñòàíü ìiæ ïðÿìèìè

äîðiâíþ¹ d =

√
det Γ (−→r ,−→a1 ,

−→a2)√
det Γ (−→a1 ,

−→a2)
. Çíàéäåìî âèçíà÷íèêè.

det Γ (−→r ,−→a1 ,
−→a2) =

∣∣∣∣∣∣∣
(−→r ,−→r ) (−→r ,−→a1) (−→r ,−→a2)

(−→a1 ,
−→r ) (−→a1 ,

−→a1) (−→a1 ,
−→a2)

(−→a2 ,
−→r ) (−→a2 ,

−→a1) (−→a2 ,
−→a2)

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
14 −8 0

−8 6 2

0 2 19

∣∣∣∣∣∣∣ = 324 = 182,

det Γ (−→a1 ,
−→a2) =

∣∣∣∣∣ (−→a1 ,
−→a1) (−→a1 ,

−→a2)

(−→a2 ,
−→a1) (−→a2 ,

−→a2)

∣∣∣∣∣ =

∣∣∣∣∣ 6 2

2 19

∣∣∣∣∣ = 110.

Îòæå, âiäñòàíü ìiæ ïðÿìèìè äîðiâíþ¹ d =
18√
110

. �

Ïðèêëàä 84. Çíàéòè âiäñòàíü ìiæ ïðÿìèìè

l1 :

{
x+ y − z + 1 = 0

x+ y = 0
òà l2 :

{
x− 2y + 3z − 6 = 0

2x− y + 3 = 0
.

Ðîçâ'ÿçóâàííÿ. Ïðÿìà l1 ìiñòèòü òî÷êó r1 = (0, 0, 1), à ¨¨ íàïðÿìíèì âåêòîðîì

¹ âåêòîð −→a = [−→n1,
−→n2], äå

−→n1 = {1, 1,−1} ,−→n2 = {1, 1, 0}. Îòæå,

−→a =

∣∣∣∣∣∣∣
−→
i

−→
j

−→
k

1 1 −1

1 1 0

∣∣∣∣∣∣∣ = (1,−1, 0) .

Ïðÿìà l2 ìiñòèòü òî÷êó r2 = (−6, 0, 4), à ¨¨ íàïðÿìíèì âåêòîðîì ¹ âåêòîð
−→
b1 = [−→n1,

−→n2], äå
−→n1 = {1,−2, 3}, −→n2 = {2,−1, 3}.
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Òîäi
−→
b =

∣∣∣∣∣∣∣
−→
i

−→
j

−→
k

1 −2 3

2 −1 3

∣∣∣∣∣∣∣ = −3
−→
i +3

−→
j +3

−→
k = (−3, 3, 3). Òàêèì ÷èíîì,

âiäñòàíü d ìiæ ïðÿìèìè äîðiâíþ¹ d =

√
det Γ

(
r2 − r1,

−→a1 ,
−→
b1

)
√

det Γ
(−→a1 ,

−→
b1

) . Ïîçíà÷èìî

−→r = −−→r2r1 = (−6; 0; 3). Çíàéäåìî âèçíà÷íèêè âiäïîâiäíèõ ìàòðèöü Ãðàìà.

det Γ (−→r ,−→a1 ,
−→a2) =

∣∣∣∣∣∣∣∣∣
(−→r ,−→r ) (−→r ,−→a1)

(−→r ,−→b1)
(−→a1 ,

−→r ) (−→a1 ,
−→a 1)

(−→a1 ,
−→
b1

)(−→
b1 ,

−→r
) (−→

b1 ,
−→a1

) (−→
b1 ,

−→
b1

)
∣∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
45 −6 27

−6 2 −6

27 −6 27

∣∣∣∣∣∣∣ =

= 324 = 182,

det Γ (−→a1 ,
−→a2) =

∣∣∣∣∣∣ (−→a1 ,
−→a1)

(−→a1 ,
−→
b1

)(−→
b1 ,

−→a1

) (−→
b1 ,

−→
b1

) ∣∣∣∣∣∣ =

∣∣∣∣∣ 2 −6

−6 27

∣∣∣∣∣ = 18.

d =
18√
18

=
√

18 = 3
√

2.

Îòæå, âiäñòàíü ìiæ ïðÿìèìè äîðiâíþ¹ d = 3
√

2. �

Çàóâàæèìî, ùî ïðè d = 0 ïðÿìi ïåðåòèíàþòüñÿ.

Ïðèêëàä 85. Çíàéòè êîîðäèíàòè âåêòîðà −→x ó áàçèñi −→e1 ,
−→e3 ,

−→e3 , ÿêùî
−→e1 = {1, 1, 1}, −→e2 = {0, 0, 1}, −→e3 = {2,−1, 1}, −→x = {1, 2, 1}.

Ðîçâ'ÿçóâàííÿ. Çíàéäåìî ñêàëÿðíi äîáóòêè.

(−→e1 ,
−→e1 ) = 3, (−→e1 ,

−→e2 ) = 1, (−→e1 ,
−→e3 ) = 2, (−→e1 ,

−→x ) = 4, (−→e2 ,
−→e2 ) = 1,

(−→e2 ,
−→e3 ) = 1, (−→e2 ,

−→x ) = 1, (−→e3 ,
−→e3 ) = 6, (−→e3 ,

−→x ) = 1.

Òîäi ∣∣∣∣∣∣∣∣∣∣
a b c x

(−→e1 ,
−→e1 ) (−→e1 ,

−→e2 ) (−→e1 ,
−→e3 ) (−→e1 ,

−→x )

(−→e2 ,
−→e1 ) (−→e2 ,

−→e2 ) (−→e2 ,
−→e3 ) (−→e2 ,

−→x )

(−→e3 ,
−→e1 ) (−→e3 ,

−→e2 ) (−→e3 ,
−→e3 ) (−→e3 ,

−→x )

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
a b c x

3 1 2 4

1 1 1 1

2 1 6 1

∣∣∣∣∣∣∣∣∣∣
=
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= a

∣∣∣∣∣∣∣
1 2 4

1 1 1

1 6 1

∣∣∣∣∣∣∣− b

∣∣∣∣∣∣∣
3 2 4

1 1 1

2 6 1

∣∣∣∣∣∣∣+ c

∣∣∣∣∣∣∣
3 1 4

1 1 1

2 1 1

∣∣∣∣∣∣∣− x

∣∣∣∣∣∣∣
3 1 2

1 1 1

2 1 6

∣∣∣∣∣∣∣ =

= 15a− 3b− 3c− 9x = 0, x =
5

3
a− 1

3
b− 1

3
c.

Âiäïîâiäü: −→x =

(
5

3
,−1

3
,−1

3

)
. �

Ïðèêëàä 86. Çíàéòè ðàíã êâàäðàòè÷íî¨ ôîðìè L(x1, x2, x3), ÿêùî

1) L(x1, x2, x3) = x2
1 − 2x2

2 − 3x2
3 + 4x1x2 + 6x1x3 + 2x2x3.

2) L(x1, x2, x3) = 2x2
1 − 3x2

2 − 3x2
2 − 2x1x2 + 2x1x3 − 8x2x3.

Ðîçâ'ÿçóâàííÿ. Ðàíã êâàäðàòè÷íî¨ ôîðìè äîðiâíþ¹ ðàíãó ¨¨ ìàòðèöi. Äëÿ

îá÷èñëåííÿ ðàíãó åëåìåíòàðíèìè ïåðåòâîðåííÿìè ïðèâîäèìî ìàòðèöþ

êâàäðàòè÷íî¨ ôîðìè äî òðàïåöi¹âiäíîãî âèãëÿäó.

1) Ìàòðèöÿ êâàäðàòè÷íî¨ ôîðìè ìà¹ âèãëÿä A =

 1 2 3

2 −2 1

3 1 −3

:
 1 2 3

2 −2 1

3 1 −3

 I(−2) + II → II
−−−−−−−−−−−−−−→
I(−3) + III → III

 1 2 3

0 −6 −5

0 −5 −12

−II + III → II−−−−−−−−−−−−→

→

 1 2 3

0 1 −7

0 −5 −12

 5II + III → III−−−−−−−−−−−−→

 1 2 3

0 1 −7

0 0 47

.
Ìà¹ìî òðè ëiíiéíî íåçàëåæíi ðÿäêè. Ðàíã ìàòðèöi, âiäïîâiäíî é ðàíã

êâàäðàòè÷íî¨ ôîðìè, äîðiâíþ¹ 3.

2) Ìàòðèöÿ êâàäðàòè÷íî¨ ôîðìè ìà¹ âèãëÿä

 2 −1 1

−1 −3 −4

1 −4 −3

 II − III → II−−−−−−−−−−→

→

 2 −1 1

−2 1 −1

1 −4 −3

 I + II → II−−−−−−−−→

 2 −1 1

0 0 0

1 −4 −3

 III → I
−−−−−−−−−−−−−→
III(−2) + I → II
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→

(
1 −4 −3

0 7 7

)
. Ìà¹ìî äâà ëiíiéíî íåçàëåæíèõ ðÿäêè. Îòæå,

ðàíã êâàäðàòè÷íî¨ ôîðìè äîðiâíþ¹ 2.

�

Ïðèêëàä 87. Äîñëiäèòè êâàäðàòè÷íó ôîðìó

L(x1, x2, x3) = 6x2
1 + 3x2

2 + 5x2
3 + 2x1x2 − 4x1x3 − 2x2x3

íà çíàêîñòàëiñòü.

Ðîçâ'ÿçóâàííÿ. Ìàòðèöÿ êâàäðàòè÷íî¨ ôîðìè äîðiâíþ¹A =

 6 1 −2

1 3 −1

−2 −1 5

.
Çíàéäåìî ãîëîâíi ìiíîðè öi¹¨ ìàòðèöi:

∆1 = 6 > 0, ∆2 =

∣∣∣∣∣ 6 1

1 3

∣∣∣∣∣ = 17 > 0, ∆3 =

∣∣∣∣∣∣∣
6 1 −2

1 3 −1

−2 −1 5

∣∣∣∣∣∣∣ = 71 > 0.

Çà êðèòåði¹ì Ñèëüâåñòðà êâàäðàòè÷íà ôîðìà ¹ äîäàòíî âèçíà÷åíîþ. �

Ïðèêëàä 88. Äîñëiäèòè êâàäðàòè÷íó ôîðìó

L(x1, x2, x3) = −8x2
1 − 5x2

2 − 6x2
3 + 4x1x2 − 2x1x3 + 2x2x3

íà çíàêîñòàëiñòü.

Ðîçâ'ÿçóâàííÿ. Ãîëîâíi ìiíîðè ìàòðèöiA =

 -8 2 −1

2 −5 1

−1 1 −6

 êâàäðàòè÷íî¨

ôîðìè L äîðiâíþþòü:

∆1 =−8 < 0, ∆2 =

∣∣∣∣∣ −8 2

2 −5

∣∣∣∣∣ = 36 > 0, ∆3 =

∣∣∣∣∣∣∣
−8 2 −1

2 −5 1

−1 1 −6

∣∣∣∣∣∣∣ = −207 < 0.

Çà êðèòåði¹ì Ñèëüâåñòðà êâàäðàòè÷íà ôîðìà ¹ âiä'¹ìíî âèçíà÷åíîþ. �
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Ïðèêëàä 89. Äëÿ ÿêèõ λ êâàäðàòè÷íà ôîðìà L(x1, x2) = λx2
1 + 3x2

2 −
4x1x2 ¹ çíàêîñòàëîþ.

Ðîçâ'ÿçóâàííÿ. Ãîëîâíi ìiíîðè ìàòðèöi A =

(
λ −2

−2 3

)
êâàäðàòè÷íî¨

ôîðìè L çàëåæàòü âiä λ: ∆1 = λ, ∆2 =

∣∣∣∣∣ λ −2

−2 3

∣∣∣∣∣ = 3λ − 4. Òðåáà

ðîçâ'ÿçàòè äâi ñèñòåìè ðiâíÿíü:

{
∆1 > 0,

∆2 > 0
(äîäàòíî âèçíà÷åía) òà

{
∆1 < 0,

∆2 > 0

(âiä'¹ìío âèçíà÷åía). Ðîçâ'ÿçêàìè ïåðøî¨ ñèñòåìè

{
λ > 0,

3λ− 4 > 0
áóäóòü

λ >
4

3
, à äðóãà ñèñòåìà

{
λ < 0,

3λ− 4 > 0
ðîçâ'ÿçêiâ íå ìà¹. Îòæå, êâàäðàòè÷íà

ôîðìà äîäàòíî âèçíà÷åíà ïðè λ >
4

3
. �

Ïðèêëàä 90. Çâåñòè ôîðìó L(x1, x2, x3) = −x2
1 + 2x2

2 + x2
3 + 6x1x2 −

2x2x3 äî êàíîíi÷íîãî âèãëÿäó ìåòîäîì Ëàãðàíæà òà ìåòîäîì ßêîái.

Äëÿ ìåòîäó Ëàãðàíæà âêàçàòè âiäïîâiäíó çàìiíó çìiííèõ.

Ðîçâ'ÿçóâàííÿ. 1) Ìåòîä Ëàãðàíæà ïîëÿãà¹ ó ïîñëiäîâíîìó âèäiëåííi

ïîâíèõ êâàäðàòiâ. Íà êîæíîìó êðîöi çáèðà¹ìî âñi ÷ëåíè, ÿêi ìiñòÿòü

ôiêñîâàíó çìiííó. Íà ïåðøîìó êðîöi çáèðà¹ìî âñi ÷ëåíè, ÿêi ìiñòÿòü

x3, íà äðóãîìó - âñi ÷ëåíè ç x2.

L(x1, x2, x3) = −x2
1+2x2

2+x
2
3+6x1x2−2x2x3 = (x2

3−2x2x3)+2x2
2−x2

1+6x1x2 =

= (x3 − x2)
2 + x2

2 − x2
1 + 6x1x2 = (x3 − x2)

2 + (x2
2 + 6x1x2)− x2

1 =

= (x3 − x2)
2 + (x2 + 3x1)

2 − 10x2
1.

Ââåäåìî çàìiíó: y1 = x3 − x2, y2 = (x2 + 3x1), y3 = x1. Òîäi

êâàäðàòè÷íà ôîðìà íàáóâà¹ êàíîíi÷íîãî âèãëÿäó L(y1, y2, y3) = y2
1 +

y2
2 − 10y2

3.

2) Ìåòîä ßêîái ìîæíà çàñòîñîâóâàòè ëèøå ó âèïàäêó âiäìiííèõ âiä

íóëÿ ãîëîâíèõ ìiíîðiâ. Ìàòðèöÿ êâàäðàòè÷íî¨ ôîðìè ìà¹ âèãëÿä:
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A =

 −1 3 0

3 2 −1

0 −1 1

. Òîìó ∆1 = −1, ∆2 =

∣∣∣∣∣ −1 3

3 2

∣∣∣∣∣ = −11,

∆3 =

∣∣∣∣∣∣∣
−1 3 0

3 2 −1

0 −1 1

∣∣∣∣∣∣∣ = −10. Âñi ãîëîâíi ìiíîðè âiäìiíè âiä íóëÿ,

òîìó iñíó¹ ¹äèíå íåâèðîäæåíå îäíîðiäíå ïåðåòâîðåííÿ çìiííèõ ùî

ïðèâîäèòü êâàäðàòè÷íó ôîðìó äî êàíîíi÷íîãî âèãëÿäó
n∑

k=1
βky

2
k, äå

β1 = ∆1,

β2 =
∆2

∆1
, βk =

∆k

∆k−1
, k = 1, n.

Çíàéäåìî βk: β1 = ∆1 = −1, β2 =
∆2

∆1
= 11, β3 =

∆3

∆2
=

10

11
.

Êàíîíi÷íèé âèãëÿä: L(y1, y2, y3) = −y2
1 + 11y2

2 +
10

11
y2

3.

Çàóâàæåííÿ. Çâåðíiòü óâàãó íà òå, ùî êàíîíi÷íèé âèãëÿä êâàäðàòè÷íî¨

ôîðìè íå ¹äèíèé. Çáåðiãà¹òüñÿ ëèøå êiëüêiñòü äîäàòíèõ òà âiä'¹ìíèõ êîåôiöi¹íòiâ

(òåîðåìà ïðî iíåðöiþ êâàäðàòè÷íî¨ ôîðìè). �

Ïðèêëàä 91. Çâåñòè ôîðìó L(x1, x2, x3) = 2x1x2 +2x1x3 äî íîðìàëüíîãî

âèãëÿäó ìåòîäîì Ëàãðàíæà.

Ðîçâ'ÿçóâàííÿ. Äàíà êâàäðàòè÷íà ôîðìà íå ìiñòèòü êâàäðàòiâ, òîìó ïî÷èíà¹ìî

ç äîïîìiæíî¨ çàìiíè çìiííèõ: x1 = y1 + y2, x2 = y1 − y2, x3 = y3. Òîäi

L(y1, y2, y3) = 2(y1 + y2)(y1− y2) + 2(y1 + y2)y3 = 2y2
1 − 2y2

2 + 2y1y3 + 2y2y3.

Äàëi âæå ìîæíà âèäiëÿòè ïîâíi êâàäðàòè:

L(y1, y2, y3) = 2

(
y1 +

1

2
y3

)2

− 1

2
y2

3 − 2

(
y2 −

1

2

)
+

1

2
y2

3,

L(x1, x2, x3) = 2

(
y1 +

1

2
y3

)2

− 2

(
y2 −

1

2

)
.

Ïiñëÿ çàìiíè: z1 =

(
y1 +

1

2
y3

)
, z2 =

(
y2 −

1

2
y3

)
îäåðæó¹ìî êàíîíi÷íèé

âèãëÿä L(z1, z2, z3) = 2z2
1−2z2

2. Ùîá îäåðæàòè íîðìàëüíèé âèãëÿä çðîáèìî

äîäàòêîâó çàìiíó çìiííèõ: h1 =
√

2z1, h2 =
√

2z2. Îòæå, íîðìàëüíèé

âèãëÿä êâàäðàòè÷íî¨ ôîðìè L áóäå h2
1 − h2

2. �
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Ïðèêëàä 92. Ìåòîäîì îðòîãîíàëüíèõ ïåðåòâîðåíü çâåñòè êâàäðàòè÷íó

ôîðìó L(x1, x2, x3) = 3x2
1 + 3x2

2 − 2x1x2 + 4x1x3 + 4x2x3 äî ãîëîâíèõ îñåé.

Âêàçàòè âiäïîâiäíå îðòîãîíàëüíå ïåðåòâîðåííÿ.

Ðîçâ'ÿçóâàííÿ. Ìàòðèöÿ äàíî¨ êâàäðàòè÷íî¨ ôîðìè ìà¹ âèãëÿä

A =

 3 −1 2

−1 3 2

2 2 0

 .

Õàðàêòåðèñòè÷íå ðiâíÿííÿ

∣∣∣∣∣∣∣
3− λ −1 2

−1 3− λ 2

2 2 0− λ

∣∣∣∣∣∣∣ = 0 ìà¹ êîðåíi: λ1 =

−2, λ2 = 4, λ3 = 4. Çíàéäåìî äëÿ öèõ âëàñíèõ ÷èñåë íîðìîâàíi âëàñíi

âåêòîðè.

1) λ1 = −2. Âiäïîâiäíèé âëàñíèé âåêòîð áóäå ðîçâ'ÿçêîì ñèñòåìè ëiíiéíèõ

ðiâíÿíü

 5 −1 2

−1 5 2

2 2 2


 x1

x2

x3

 = 0, àáî


5x1 − x2 + 2x3 = 0,

−x1 + 5x2 + 2x3 = 0,

2x1 + 2x2 + 2x3 = 0.

Öÿ

ñèñòåìà ðiâíîñèëüíà ñèñòåìi ðiâíÿíü:

{
−x1 + 5x2 + 2x3 = 0,

2x2 + x3 = 0.
Íåõàé x2 = 1, òîäi x3 = −2, x1 = 5 − 4 = 1. Âëàñíèé âåêòîð ìà¹

âèãëÿä:

 1

1

−2

. Ïiñëÿ íîðìóâàííÿ îòðèìà¹ìî: −→e∗1 =
1√
6

 1

1

−2

.
2) λ2 = 4. Ó öüîìó âèïàäêó ìà¹ìî ñèñòåìó

 −1 −1 2

−1 −1 2

2 2 −4


 x1

x2

x3

 = 0,

àáî


−x1 − x2 + 2x3 = 0,

−x1 − x2 + 2x3 = 0,

2x1 + 2x2 − 4x3 = 0

ÿêà ðiâíîñèëüíà îäíîìó ðiâíÿííþ

x1+x2−2x3 = 0. Çíàõîäèìî ÔÑÐ (ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ)
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öi¹¨ ñèñòåìè: âåêòîðè −→a2 =

 2

0

1

, −→a3 =

 0

2

1

. Çàñòîñîâóþ÷è äî

öèõ âåêòîðiâ ïðîöåñ îðòîãîíàëiçàöi¨, îäåðæó¹ìî: −→e2 = −→a2 =

 2

0

1

,
−→e3 = −→a3 −

(−→a3 ,
−→e2 )

(−→a2 ,
−→a2)

−→e2 =

 0

2

1

− 1

5

 2

0

1

 =
1

5

 −2

10

4

 .

Ïiñëÿ íîðìóâàííÿ îäåðæèìî:
−→
e∗2 =

1√
5

 2

0

1

 ,
−→
e∗3 =

1√
30

 −1

5

2

 .

Âåêòîðè
−→
e∗1 ,

−→
e∗2 ,

−→
e∗3 óòâîðþþòü îðòîíîðìîâàíèé áàçèñ, â ÿêîìó êâàäðàòè÷íà

ôîðìà íàáóâà¹ âèãëÿäó −2y2
1 + 4y2

2 + 4y2
3.

Ìàòðèöÿ ïåðåõîäó äî áàçèñó
−→
e∗1 ,

−→
e∗2 ,

−→
e∗3 , òîáòî ìàòðèöÿ âiäïîâiäíîãî

îðòîãîíàëüíîãî ïåðåòâîðåííÿ ìà¹ âèãëÿä: T =


1√
6

2√
5

−1√
30

1√
6

0
5√
30

−2√
6

1√
5

2√
30

,

à ñàìå îðòîãîíàëüíå ïåðåòâîðåííÿ � âèãëÿä



x1 =
1√
6
y1 −

1√
5
y2 −

1√
30
y3,

x2 =
1√
6
y1 + 0y2 +

5√
30
y3,

x3 = − 2√
6
y1 +

1√
5
y2 +

2√
30
y3.

�

Ïðèêëàä 93. Íåõàé R4� àðèôìåòè÷íèé âåêòîðíèé ïðîñòið iç ñêàëÿðíèì

äîáóòêîì (−→x ,−→y ) = x1y1 + x2y2 + x3y3 + x4y4 äëÿ −→x = (x1;x2;x3;x4) ,
−→y = (y1; y2; y3; y4). Çíàéòè îðòîãîíàëüíó ïðîåêöiþ âåêòîðà −→a íà ëiíiéíó

îáîëîíêó L (−→e1 ,
−→e2 ) âåêòîðiâ

−→e1 ,
−→e2 òà îðòîãîíàëüíó ñêëàäîâó.

1) −→a = (2; 1; 0;−1), −→e1 = (3; 1; 2; 4) , −→e2 = (4;−4; 0;−2);
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2) −→a = (2; 3; 1;−1), −→e1 = (1; 2;−1; 3) , −→e2 = (0; 3;−4; 0).

Ðîçâ'ÿçóâàííÿ. 1) Ïîçíà÷èìî ÷åðåç −→x1 îðòîãîíàëüíó ïðîåêöiþ âåêòîðà
−→a íà ëiíiéíó îáîëîíêó L (−→e1 ,

−→e2 ), ÷åðåç
−→x2� îðòîãîíàëüíó ñêëàäîâó.

Òîäi −→a = −→x1 +−→x2.

�
�
�
�
�
�
�

�
�
�
�
�
�
�


















�

�
�

�
��

-�����1

6

−→e1

−→e2

−→a

−→x1

−→x2 L(−→e1 ,−→e2)

Ëåãêî ïåðåâiðÿ¹òüñÿ, ùî−→e1 i
−→e2 îðòîãîíàëüíi. Ó öüîìó âèïàäêó îðòîãîíàëüíà

ïðîåêöiÿ âåêòîðà −→a äîðiâíþ¹ −→x1 =
(−→e1 ,

−→a )

(−→e1 ,
−→e1 )

−→e1 +
(−→e2 ,

−→a )

(−→e2 ,
−→e2 )

−→e2 . Çíàéäåìî

íåîáõiäíi ñêàëÿðíi äîáóòêè âåêòîðiâ:

(−→a ,−→e1 ) = 6 + 1 + 0− 4 = 3; (−→a ,−→e2 ) = 8− 4 + 0 + 2 = 6;

(−→e1 ,
−→e1 ) = 9 + 1 + 1 + 16 = 30; (−→e2 ,

−→e2 ) = 14 + 14 + 0 + 4 = 36.

Ïiäñòàâëÿþ÷è îòðèìàíi ðåçóëüòàòè îòðèìà¹ìî:
−→x1 = 3

30 (3; 1; 2; 4) + 6
36 (4;−4; 0;−2) = 1

30 (29;−17; 6; 2).

Òåïåð çíàõîäèìî îðòîãîíàëüíó ñêëàäîâó:
−→x2 = −→a −−→x1 = (2; 1; 0;−1)− 1

30 (29;−17; 6; 2) = 1
30 (31; 47;−6;−32).

2) Çíîâó, íåõàé −→a = −→x1 + −→x2, äå
−→x1 � îðòîãîíàëüíà ïðîåêöiÿ âåêòîðà

−→a íà ëiíiéíó îáîëîíêó L (−→e1 ,
−→e2 ), à

−→x2 � îðòîãîíàëüíà ñêëàäîâà.

�
�
�
�
�
�
�

�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
��

�
�

�
���

-����1

6

PPPPPq
−→e1

−→e2 =
−→
f2

−→a

−→x1

−→x2

−→
f1

L(−→e1 ,−→e2)

Îñêiëüêè (−→e1 ,
−→e2 ) = 0+6+4+0 = 10 6= 0, òî âåêòîðè íå îðòîãîíàëüíi.

Îðòîãîíàëiçó¹ìî âåêòîðè −→e1 òà
−→e2 çà ìåòîäîì Ãðàìà-Øìiäòà. Íåõàé

−→
f2 = −→e2 = (0; 3;−4; 0) . Òîäi

−→
f1 = −→e1 −

(−→
f2 ,

−→e1

)
(−→
f2 ,

−→
f2

) · −→f2 .

Îñêiëüêè
(−→
f2 ,

−→e1

)
= 0+6+4+0 = 10,

(−→
f2 ,

−→
f2

)
= 0+9+16+0 = 25,
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òî

−→
f1 = −→e1 −

(−→
f2 ,

−→e1

)
(−→
f2 ,

−→
f2

) ·−→f2 = (1; 2;−1; 3)− 10

25
(0; 3;−4; 0) =

1

5
(5; 4; 3; 15).

Îñêiëüêè âåêòîðè
−→
f1 ,

−→
f2 îðòîãîíàëüíi i L

(−→
f1 ,

−→
f2

)
= L (−→e1 ,

−→e2 ), òî

äàëi îðòîãîíàëüíó ïðîåêöiþ −→x1 âåêòîðà −→a øóêà¹ìî òàê ñàìå, ÿê ó

ïîïåðåäíié çàäà÷i:

−→x1 =

(−→
f1 ,

−→a
)

(−→
f1 ,

−→
f1

)−→f1 +

(−→
f2 ,

−→a
)

(−→
f2 ,

−→
f2

)−→f2 .

Çíàéäåìî íåîáõiäíi ñêàëÿðíi äîáóòêè âåêòîðiâ:(−→
f1 ,

−→a
)

= 1
5(10 + 12 + 3− 15) = 2;

(−→
f2 ,

−→a
)

= 0 + 9− 4 + 0 = 5;(−→
f1 ,

−→
f1

)
= 1

25(25 + 16 + 9 + 225) = 11;
(−→
f2 ,

−→
f2

)
= 0 + 9 + 16 + 0 = 25.

Îòæå, −→x1 = 2
55 (5; 4; 3; 15) + 1

5 (0; 3;−4; 0) = 1
55 (10; 41;−38; 30).

Òåïåð íåñêëàäíî çíàéòè îðòîãîíàëüíó ñêëàäîâó −→x2 âåêòîðà −→a íà

ëiíiéíó îáîëîíêó L (−→e1 ,
−→e2 ):

−→x2 = −→a −−→x1 = (2; 3; 1;−1)− 1
55 (10; 41;−38; 30) = 1

55 (100; 124; 93;−85) .

�

Ïðèêëàä 94. Ñàìîñïðÿæåíèé îïåðàòîð ìà¹ â äåÿêîìó îðòîíîðìîâàíîìó

áàçèñi ìàòðèöþ A =

 3 −3 −3

−3 3 −3

−3 −3 3

. Çíàéòè âëàñíi ÷èñëà òà îðòîíîðìîâàíèé

âëàñíèé áàçèñ.

Ðîçâ'ÿçóâàííÿ. 1) Ñêëàäà¹ìî õàðàêòåðèñòè÷íå ðiâíÿííÿ:

det(A− λE) = 0 ⇔

∣∣∣∣∣∣∣
3− λ −3 −3

−3 3− λ −3

−3 −3 3− λ

∣∣∣∣∣∣∣ = 0.

Ðîçêðèâàþ÷è âèçíà÷íèê çà ïåðøèì ðÿäêîì, îòðèìó¹ìî:

(3− λ)((3− λ)2 − 9) + 3(−3(3− λ)− 9)− 3(9 + 3(3− λ)) =

= −(λ− 6)(λ2 − 3λ− 18) = 0.

Êîðåíÿìè öüîãî ðiâíÿííÿ ¹ λ1 = 6, λ2 = 6, λ3 = −3.
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2) Çíàéäåìî âëàñíi âåêòîðè, ùî âiäïîâiäàþòü âëàñíîìó ÷èñëó λ = 6.

Äëÿ öüîãî ðîçâ'ÿæåìî ñèñòåìó (A−6E)x = 0:

 −3 −3 −3

−3 −3 −3

−3 −3 −3

∣∣∣∣∣∣∣
0

0

0

 .

ÔÑÐ öi¹¨ ñèñòåìè äàñòü íàì äâà ëiíiéíî íåçàëåæíi âåêòîðè ç âëàñíèì

÷èñëîì λ = 6. Çíàéäåìî ÔÑÐ. Îñêiëüêè rang(A − 6E) = 1, def(A −
6E) = 2, òî îïåðàòîð áóäå ìàòè äâà âëàñíèõ âåêòîðà, ùî âiäïîâiäàþòü

öüîìó âëàñíîìó ÷èñëó. Âiäíîâëþ¹ìî ñèñòåìó: x1 +x2 +x3 = 0. Íåõàé

x1 = a, x2 = b, òîäi x3 = −a− b. Îòæå, çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè a

b

−a− b

, a, b ∈ R. Ïðè a = 1, b = 0 îòðèìà¹ìî f1 =

 1

0

−1

 �

öå ïåðøèé âëàñíèé âåêòîð. Ïðè a = 0, b = 1 ìà¹ìî f2 =

 0

1

−1

 �

äðóãèé âëàñíèé âåêòîð.

3) Âåêòîðè f1, f2 íå ¹ îðòîãîíàëüíèìè. Îðòîãîíàëiçó¹ìî ¨õ çà ìåòîäîì

Ãðàìà�Øìiäòà. Íåõàé −→e2 =
−→
f2 = (0; 1;−1) . Òîäi −→e1 =

−→
f1−

(−→e2 ,
−→
f1

)
(−→e2 ,

−→e2 )
·

−→e2 . Îñêiëüêè
(−→e2 ,

−→
f1

)
= 0 + 0 + 1 = 1, (−→e2 ,

−→e2 ) = 0 + 1 + 1 = 2, òî

−→e1 =
−→
f1 −

(−→e2 ,
−→
f1

)
(−→e2 ,

−→e2 )
· −→e2 = (1; 0;−1) − 1

2
(0; 1;−1) =

1

2
(2;−1;−1).

Âåêòîðè −→e1 ,
−→e2 îðòîãîíàëüíi.

4) Çíàéäåìî âëàñíi âåêòîðè, ùî âiäïîâiäàþòü âëàñíîìó ÷èñëó λ = −3.

Äëÿ öüîãî ðîçâ'ÿæåìî ñèñòåìó (A+ 3E)x = 0: 6 −3 −3

−3 6 −3

−3 −3 6

∣∣∣∣∣∣∣
0

0

0

⇒

(
2 −1 −1

−1 2 −1

∣∣∣∣∣ 0

0

)
⇒

(
2 −1 −1

−3 3 0

∣∣∣∣∣ 0

0

)
.

Îñêiëüêè rang(A + 3E) = 2, def(A + 3E) = 1, òî îïåðàòîð áóäå

ìàòè îäèí âëàñíèé âåêòîð, ùî âiäïîâiäà¹ öüîìó âëàñíîìó ÷èñëó.

Âiäíîâëþ¹ìî ñèñòåìó:
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{
2x1 − x2 − x3 = 0,

−x1 + x2 = 0.
Íåõàé x1 = a, òîäi x2 = a, x3 = a. Îòæå,

çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè

 a

a

a

, a ∈ R. Ïðè a = 1 ìà¹ìî ÔÑÐ:

e3 =

 1

1

1

 � òðåòié âëàñíèé âåêòîð.

5) Ïðîíîðìó¹ìî âëàñíi âåêòîðè: e∗1 =


0
1√
2

− 1√
2

, e∗2 =


2√
6

−1√
6

−1√
6

, e∗3 =


1√
3

1√
3

1√
3

.
Âiäïîâiäü: Âëàñíi ÷èñëà λ1 = 6, λ2 = 6, λ3 = −3,

âiäïîâiäíèé âëàñíèé îðòîíîðìîâàíèé áàçèñ e∗1 =


0
1√
2

− 1√
2

, e∗2 =


2√
6

−1√
6

−1√
6

,

e∗3 =


1√
3

1√
3

1√
3

. �

Ïðèêëàä 95. Íåõàé R3 � åâêëiäiâ ïðîñòið iç îðòîíîðìîâàíèì áàçèñîì
−→
i = (1, 0, 0);

−→
j = (0, 1, 0);

−→
k = (0, 0, 1). Çíàéòè â öüîìó áàçèñi ìàòðèöþ

îïåðàòîðà îðòîãîíàëüíîãî ïðîåêòóâàííÿ íà ïðÿìó L :
x

0
=
y

4
=

z

−3
.

Ðîçâ'ÿçóâàííÿ. Ñïî÷àòêó çíàéäåìî îðòîíîðìîâàíèé áàçèñ ïðîñòîðó R3,

â ÿêîìó ïåðøèé ç áàçèñíèõ âåêòîðiâ ¹ íàïðÿìíèì âåêòîðîì ïðÿìî¨ L.

Øóêà¹ìî îðòîãîíàëüíèé áàçèñ, à ïîòiì éîãî ïðîíîðìó¹ìî. Çà ïåðøèé

âåêòîð áàçèñó âiçüìåìî íàïðÿìíèé âåêòîð ïðÿìî¨−→e1 = (0; 4;−3). Çíàéäåìî

âåêòîð−→e2 îðòîãîíàëüíèé âåêòîðó
−→e1 , òîáòî (−→e1 ,

−→e2 ) = 0. Íàïðèêëàä, âåêòîð
−→e2 = (−1; 6; 8). Çíàéäåìî âåêòîð−→e3 = (x1;x2;x3), îðòîãîíàëüíèé äî âåêòîðiâ
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−→e1 òà
−→e2 , òîáòî îäíî÷àñíî (−→e1 ,

−→e3 ) = 0, (−→e2 ,
−→e3 ) = 0. Öèì óìîâàì çàäîâîëüíÿ¹

âåêòîð −→e1 ×−→e2 . Ìà¹ìî

−→e3 = −→e1 ×−→e2 =

∣∣∣∣∣∣∣
−→
i

−→
j

−→
k

0 4 −3

−1 6 8

∣∣∣∣∣∣∣ = (50; 3; 4) .

Ïðîíîðìó¹ìî âåêòîðè −→e1 ,
−→e2 ,

−→e3 .

‖−→e1‖ = 5, ‖−→e2‖ =
√

101, ‖−→e3‖ =
√

2525 = 5
√

101.

Òîäi
−→
e∗1 =

(
0; 4

5 ;
−3
5

)
,

−→
e∗2 =

(
−1√
101

; 6√
101

; 8√
101

)
,
−→
e∗3 =

(
50

5
√

101
; 3

5
√

101
; 4

5
√

101

)
.

Çðîçóìiëî, ùî îïåðàòîð îðòîãîíàëüíîãî ïðîåêòóâàííÿ íà ïðÿìó L, ïåðåâîäèòü

âåêòîð
−→
e∗1 â ñåáå, à âåêòîðè

−→
e∗2 òà

−→
e∗3 â òî÷êó, òîáòî â íóëüîâèé âåêòîð.

Îòæå, îïåðàòîð ïðîåêòóâàííÿ ìà¹ â öüîìó áàçèñi ìàòðèöþAe =

 1 0 0

0 0 0

0 0 0

 .

Çàëèøà¹òüñÿ çíàéòè, ÿê çìiíèòüñÿ öÿ ìàòðèöÿ ïðè ïåðåõîäi äî áàçèñó
−→
i ,
−→
j ,
−→
k . Ìàòðèöÿ ïåðåõîäó âiä áàçèñó

−→
i ,
−→
j ,
−→
k äî áàçèñó

−→
e∗1 ,

−→
e∗2 ,

−→
e∗3 ìà¹

âèãëÿä C =


0 −1√

101
50

5
√

101
4
5

6√
101

3
5
√

101
−3
5

8√
101

4
5
√

101

,
detC =

1

5 ·
√

101 · 5
√

101
(−4 (−404)− 3 (−303)) =

2525

25 · 101
= 1.

Âðàõîâóþ÷è, ùî áàçèñ
−→
e∗1 ,

−→
e∗2 ,

−→
e∗3 îðòîíîðìîâàíèé, îòðèìà¹ìî

C−1 =


0 4

5
−3
5

−1√
101

6√
101

8√
101

50
5
√

101
3

5
√

101
4

5
√

101

 .

Òàêèì ÷èíîì, ìàòðèöÿ îïåðàòîðà îðòîãîíàëüíîãî ïðîåêòóâàííÿ â áàçèñi
−→
i ,
−→
j ,
−→
k ìà¹ âèãëÿä A = CAeC

−1.

A =


0 −1√

101
50

5
√

101
4
5

6√
101

3
5
√

101
−3
5

8√
101

4
5
√

101

 ·

 1 0 0

0 0 0

0 0 0

 ·


0 4

5
−3
5

−1√
101

6√
101

8√
101

50
5
√

101
3

5
√

101
4

5
√

101

 =
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=

 0 0 0
4
5 0 0
−3
5 0 0

 ·


0 4

5
−3
5

−1√
101

6√
101

8√
101

50
5
√

101
3

5
√

101
4

5
√

101

 =

 0 0 0

0 16
25

−12
25

0 −12
25

9
25

 .

�

Ïðèêëàä 96. Íåõàé R3 � åâêëiäiâ ïðîñòið iç îðòîíîðìîâàíèì áàçèñîì
−→
i = (1; 0; 0),

−→
j = (0; 1; 0),

−→
k = (0; 0; 1). Çíàéòè â öüîìó áàçèñi ìàòðèöþ

îïåðàòîðà îðòîãîíàëüíîãî ïðîåêòóâàííÿ íà ïëîùèíó π : x−3y+5z = 0.

Ðîçâ'ÿçóâàííÿ. Ñïî÷àòêó ïîáóäó¹ìî òàêèé îðòîíîðìîâàíèé áàçèñ ïðîñòîðó

R3, â ÿêîìó äâà âåêòîðà áàçèñó ëåæàòü ó ïëîùèíi. Âiäîìî, ùî âåêòîð −→e3 =

(1;−3; 5) îðòîãîíàëüíèé äî ïëîùèíè π. Ëåãêî ïiäiáðàòè òðiéêó ÷èñåë, ùî

çàäîâîëüíÿþòü ðiâíÿííÿ ïëîùèíè. Íàïðèêëàä, (−2; 1; 1). Îòæå, âåêòîð
−→e1 = (−2; 1; 1) áóäå îðòîãîíàëüíèì âåêòîðó −→e3 áî (−→e3 ,

−→e1 ) = 0 i áóäå

ëåæàòè â ïëîùèíi. Çíàéäåìî âåêòîð−→e2 = −→e1×−→e3 = (8; 11; 5).Ïðîíîðìó¹ìî

âåêòîðè áàçèñó −→e1 ,
−→e2 ,

−→e3 : ‖−→e1‖ =
√

6, ‖−→e2‖ =
√

210, ‖−→e3‖ =
√

35.

Òîäi
−→
e∗1 =

(
−2√

6
; 1√

6
; 1√

6

)
,
−→
e∗2 =

(
8√
210

; 11√
210

; 5√
210

)
,
−→
e∗3 =

(
1√
35

; −3√
35

; 5√
35

)
.

Îïåðàòîð îðòîãîíàëüíîãî ïðîåêòóâàííÿ íà ïëîùèíó ïðîåêòó¹ âåêòîðè −→e1

òà −→e2 â ñåáå, à âåêòîð
−→e3 â òî÷êó, òîáòî â íóëüîâèé âåêòîð. Îòæå, ìàòðèöÿ

îïåðàòîðà ïðîåêòóâàííÿ â öüîìó áàçèñi äîðiâíþ¹ Ae =

 1 0 0

0 1 0

0 0 0

 .

Ìàòðèöÿ ïåðåõîäó âiä áàçèñó
−→
i ,
−→
j ,
−→
k äî áàçèñó −→e1 ,

−→e2 ,
−→e3 ìà¹ âèãëÿä

C =


−2√

6
8√
210

1√
35

1√
6

11√
210

−3√
35

1√
6

5√
210

5√
35

, detC = −1.

Âðàõîâóþ÷è, ùî
−→
e∗1 ,

−→
e∗2 ,

−→
e∗3 îðòîíîðìîâàíi, îòðèìà¹ìî

C−1 =


−2√

6
1√
6

1√
6

8√
210

11√
210

5√
210

1√
35

−3√
35

5√
35

 .
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Òàêèì ÷èíîì ìàòðèöÿ îïåðàòîðà îðòîãîíàëüíîãî ïðîåêòóâàííÿ íà ïëîùèíó

π â áàçèñi
−→
i ,
−→
j ,
−→
k ìà¹ âèãëÿä A = CAeC

−1.

A =


−2√

6
8√
210

1√
35

1√
6

11√
210

−3√
35

1√
6

5√
210

5√
35

 ·

 1 0 0

0 1 0

0 0 0

 ·


−2√

6
1√
6

1√
6

8√
210

11√
210

5√
210

1√
35

−3√
35

5√
35

 =

=


34
35

3
35 −1

7
3
35

26
35

3
7

−1
7

3
7

2
7

 .

�

Ïðèêëàä 97. Çíàéòè ñïåêòðàëüíèé ðîçêëàä ñàìîñïðÿæåíîãî îïåðàòîðà

A : E2 → E2, ÿêèé ìà¹ â îðòîíîðìîâàíîìó áàçèñi ìàòðèöþ A =

(
6 2

2 3

)
.

Ðîçâ'ÿçóâàííÿ. Ñïåêòðàëüíèé (çà âëàñíèìè ÷èñëàìè) ðîçêëàä îïåðàòîðà

A ìà¹ âèãëÿä A = λ1P1 + λ2P2, äå λk � âëàñíi ÷èñëà, à îïåðàòîðè Pk �

ïðîåêòîðè íà îäíîâèìiðíi ïiäïðîñòîðè, ùî ïîðîäæóþòüñÿ âëàñíèìè âåêòîðàìè
−→ek , ïðè÷îìó

−→e1 i −→e2 ïîâèííi óòâîðþâàòè îðòîíîðìîâàíó ñèñòåìó.

Çíàéäåìî âëàñíi ÷èñëà îïåðàòîðà A.∣∣∣∣∣ 6− λ 2

2 3− λ

∣∣∣∣∣ = (6− λ) (3− λ)− 4 = 14− 9λ+ λ2 = 0,

λ1 = 2, λ2 = 7.

Çíàéäåìî âëàñíi âåêòîðè, ùî âiäïîâiäàþòü âëàñíèì ÷èñëàì îïåðàòîðà.

λ1 = 2 : òîäi ç

(
4 2

2 1

)(
x1

x2

)
=

(
0

0

)
, îòðèìà¹ìî 2x1 + x2 = 0.

Íåõàé x1 = 1, òîäi x2 = −2 i âiäïîâiäíèé âëàñíèé âåêòîð −→v1 =

(
1

−2

)
.

Ïiñëÿ íîðìóâàííÿ îòðèìó¹ìî: −→e1 =


1√
5

−2√
5

.
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Òîäi P1x = (−→x ,−→e1 )
−→e1 =

(
1√
5
x1 −

2√
5
x2

)
1√
5

−2√
5

 =


1

5
x1 −

2

5
x2

−2

5
x1 +

4

5
x2

.

Îòæå, ïðîåêòîð íà ïðÿìó 〈−→e1 〉 ìà¹ ìàòðèöþ P1 =


1

5

−2

5

−2

5

4

5

.
λ1 = 7. Òîäi ç

(
−1 2

2 −4

)(
x1

x2

)
=

(
0

0

)
, îòðèìà¹ìî −x1 + 2x2 =0.

Íåõàé x2 = 1, òîäi x1 = 2 i âiäïîâiäíèé âëàñíèé âåêòîð −→v2 =

(
2

1

)
. Ïiñëÿ

íîðìóâàííÿ îòðèìó¹ìî: −→e2 =


2√
5

1√
5

. Òîäi

P2x = (−→x ,−→e2 )
−→e2 =

(
2√
5
x1 +

1√
5
x2

)
2√
5

1√
5

 =


4

5
x1 +

2

5
x2

2

5
x1 +

1

5
x2

. Îòæå,

ïðîåêòîð íà ïðÿìó 〈−→e2 〉 ìà¹ ìàòðèöþ P2 =


4

5

2

5

2

5

1

5

.

Ïåðåâiðêà: A = 2


1

5

−2

5

−2

5

4

5

+ 7


4

5

2

5

2

5

1

5

 =

(
6 2

2 3

)
. �
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Ïðèêëàä 98. Ïîäàòè íåâèðîäæåíèé îïåðàòîð A : E2 −→ E2 , çàäàíèé

â äåÿêîìó îðòîíîðìîâàíîìó áàçèñi ìàòðèöåþ A, ó âèãëÿäi äîáóòêó îðòîãîíàëüíîãî

òà äîäàòíîâèçíà÷åíîãî îïåðàòîðiâ:

1) A =

(
6 2

−2 1

)
; 2) A =

(
1 2

3 −1

)
.

Ðîçâ'ÿçóâàííÿ. Íàì ïîòðiáíî çíàéòè òàêi òàêi ìàòðèöþ O îðòîãîíàëüíîãî

îïåðàòîðàòà ìàòðèöþ S äîäàòíîâèçíà÷åíîãî îïåðàòîðà, ùîá âèêîíóâàëàñü

ðiâíiñòü A = O · S (ïîëÿðíèé ðîçêëàä îïåðàòîðà).

1) Îñêiëüêè detA = 10 òà detS > 0, òî ìà¹ìî, ùî detO = 1. Â öüîìó

âèïàäêó îðòîãîíàëüíó ìàòðèöþ çàïèøåìî ó âèãëÿäiO =

(
sinα cosα

− cosα sinα

)
.

Íåõàé S =

(
s11 s12

s21 s22

)
. Òîäi ç A = O · S îòðèìà¹ìî S = O−1 · A.

Ïiäñòàâëÿþ÷è îáåðíåíó ìàòðèöþO−1 =

(
sinα − cosα

cosα sinα

)
â îñòàííþ

ðiâíiñòü, îòðèìà¹ìî

S = O−1 · A =

(
6 sinα+ 2 cosα 2 sinα− cosα

6 cosα− 2 sinα 2 cosα+ sinα

)
.

Â ñèëó ñèìåòðè÷íîñòi ìàòðèöi S îòðèìà¹ìî s12 = s21, òîáòî

2 sinα− cosα = 6 cosα− 2 sinα ⇒ 4 sinα = 7 cosα ⇒

⇒ tgα =
7

4
⇒ sinα =

7√
65
, cosα =

4√
65
.

Òîäi O =

(
7√
65

4√
65

− 4√
65

7√
65

)
òà S =

(
50√
65

10√
65

10√
65

15√
65

)
.

Ïåðåâiðêà: A = O ·S =

(
7√
65

4√
65

− 4√
65

7√
65

)
·

(
50√
65

10√
65

10√
65

15√
65

)
=

(
6 2

−2 1

)
.

2) A =

(
1 2

3 −1

)
.

Îñêiëüêè îïåðàòîð S äîäàòíîâèçíà÷åíèé, òîáòî detS > 0, à detA =

−7, òî detO = −1.
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Îòæå, îðòîãîíàëüíó ìàòðèöþ çàïèøåìî ó âèãëÿäiO =

(
sinα cosα

cosα − sinα

)
,

S =

(
s11 s12

s21 s22

)
. Òîäi çA = O·S çíàõîäèìî S = O−1·A. Âðàõîâóþ÷è,

ùî O−1 = −

(
− sinα − cosα

− cosα sinα

)
, îòðèìà¹ìî

S = O−1 · A = −

(
− sinα − cosα

− cosα sinα

)
·

(
1 2

3 −1

)
=

= −

(
− sinα− 3 cosα −2 sinα+ cosα

− cosα+ 3 sinα −2 cosα− sinα

)
=

(
sinα+ 3 cosα 2 sinα− cosα

cosα− 3 sinα 2 cosα+ sinα

)
.

s12 = s21 ⇒ 2 sinα− cosα = cosα− 3 sinα ⇒ 5 sinα = 2 cosα

⇒ tgα =
2

5
⇒

sinα = sin

(
arctg

(
2

5

))
=

2
5√

1 + 4
25

=
2√
29
,

cosα = cos

(
arctg

(
2

5

))
=

1√
1 + 4

25

=
5√
29
.

s11 = sinα+ 3 cosα =
17√
29
,

s12 = 2 sinα− cosα =
−1√
29
,

s22 = 2 cosα+ sinα =
12√
29
.

Òîäi O =

(
2√
29

5√
29

5√
29

−2√
29

)
, S =

(
17√
29

−1√
29

−1√
29

12√
29

)
.

Ïåðåâiðêà: A = O · S =

(
2√
29

5√
29

5√
29

−2√
29

)
·

(
17√
29

−1√
29

−1√
29

12√
29

)
=

(
1 2

3 −1

)
.

Çàóâàæèìî,ùî êîëè îïåðàòîðA âèðîäæåíèé, òî ðîçêëàä íå ¹äèíèé -

à ñàìå: S âèçíà÷à¹òüñÿ îäíîçíà÷íî, àëåO ìîæå áóòè áàãàòî. Ïîëÿðíèé

ðîçêëàä ïîäà¹ îïåðàòîð A, ÿê êîìáèíàöiþ ñòèñêàííÿ S òà îáåðòàííÿ

O.
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Ïðèêëàä 99. Çíàéòè íàéáiëüøèé ñïiëüíèé äiëüíèê ìíîãî÷ëåíiâ

f(x) = 3x6 − x5 − 9x4 − 14x3 − 11x2 − 3x− 1 òà

g(x) = 3x5 + 8x4 + 9x3 + 15x2 + 10x+ 9.

Ðîçâ'ÿçóâàííÿ. Äëÿ çíàõîäæåííÿ íàéáiëüøîãî ñïiëüíîãî äiëüíèêà çðó÷íî

âèêîðèñòîâóâàòè àëãîðèòì Åâêëiäà. Îñêiëüêè íàéáiëüøèé ñïiëüíèé äiëüíèê

äâîõ ìíîãî÷ëåíiâ âèçíà÷åíèé ëèøå ç òî÷íiñòþ äî ÷èñëîâîãî ìíîæíèêà, òî

ïðè çíàõîäæåííi íàéáiëüøîãî ñïiëüíîãî äiëüíèêà îñòà÷ó, ÷àñòêó i äiëüíèê

ìîæíà íà áóäü-ÿêîìó êðîöi ìíîæèòè íà äîâiëüíå íåíóëüîâå ÷èñëî (ùîá

óíèêíóòè äðîáîâèõ êîåôiöi¹íòiâ).

3x6 − x5 − 9x4 − 14x3 − 11x2 − 3x− 1 3x5 + 8x4 + 9x3 + 15x2 + 10x + 9
3x6 + 8x5 + 9x4 + 15x3 + 10x2 + 9x x− 3

−9x5 − 18x4 − 29x3 − 21x2 − 12x− 1
−9x5 − 24x4 − 27x3 − 45x2 − 30x− 27

6x4 − 2x3 + 24x2 + 18x + 26 (: 2)
3x4 − x3 + 12x2 + 9x + 133x5 + 8x4 + 9x3 + 15x2 + 10x + 9

3x5 − x4 + 12x3 + 9x2 + 13x x + 3
9x4 − 3x3 + 6x2 − 3x + 9
9x4 − 3x3 + 36x2 + 27x + 39

−30x2 − 30x− 30 (: −30)
x2 + x + 13x4 − x3 + 12x2 + 9x + 13 = ÍÑÄ

3x4 + 3x3 + 3x2 3x2 − 4x + 13
−4x3 + 9x2 + 3x + 13
−4x3 − 4x2 − 4x

13x2 + 13x + 13
13x2 + 13x + 13

0

Íàéáiëüøèé ñïiëüíèé äiëüíèê ìíîãî÷ëåíiâ äîðiâíþ¹ îñòàííié íåíóëüîâî¨

îñòà÷i â àëãîðèòìi Åâêëiäà. Îòæå, (f, g) = x2 + x+ 1. �

Ïðèêëàä 100. Çíàéòè íàéáiëüøèé ñïiëüíèé äiëüíèê ìíîãî÷ëåíiâ

f(x) =
(
x3 + 1

) (
x2 + 2x+ 1

)
i g(x) =

(
x2 − 1

)2
.

Ðîçâ'ÿçóâàííÿ. Íàéáiëüøèé ñïiëüíèé äiëüíèê ìîæíà çíàéòè òàêîæ çà äîïîìîãîþ

ðîçêëàäó ìíîãî÷ëåíiâ íà íåçâiäíi ìíîæíèêè. Çíàéäåìî ðîçêëàä íàøèõ
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ìíîãî÷ëåíiâ íà íåçâiäíi ìíîæíèêè íàä ïîëåì äiéñíèõ ÷èñåë:

f(x) =
(
x3 + 1

) (
x2 + 2x+ 1

)
= (x+ 1)3 (x2 − x+ 1

)
,

g(x) =
(
x2 − 1

)2
= (x− 1)2 (x+ 1)2 .

Òîìó íàéáiëüøèé ñïiëüíèé äiëüíèê äîðiâíþ¹ (f, g) = (x+ 1)2.

Âiäïîâiäü: (f, g) = (x+ 1)2. �

Ïðèêëàä 101. Îá÷èñëèòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = 2x5−7x3 +x−3

ó òî÷öi x0 = −3.

Ðîçâ'ÿçóâàííÿ. Çíà÷åííÿ ìíîãî÷ëåíà f(x) ó òî÷öi x0 äîðiâíþ¹ îñòà÷i âiä

äiëåííÿ f(x) íà (x−x0). Òîìó äëÿ éîãî îá÷èñëåííÿ çðó÷íî êîðèñòóâàòèñÿ

ñõåìîþ Ãîðíåðà.

x5 x4 x3 x2 x x0

2 0 −7 0 1 −3

x0 =−3
↓
2

−3·2+0 −3 · (−6)− 7 −3 · 11 + 0 −3·(−33)+1 −3·100−3

x0 =−3 2 −6 11 −33 100 −303

Îòæå, çíà÷åííÿ ìíîãî÷ëåíà f(x) = 2x5 − 7x3 + x − 3 â òî÷öi x0 = −3

äîðiâíþ¹ −303.

Âiäïîâiäü: f(−3) = −303. �

Ïðèêëàä 102. Âèçíà÷èòè êðàòíiñòü êîðåíÿ x0 = 2 äëÿ ìíîãî÷ëåíà

f(x) = x5 − 5x4 + 7x3 − 2x2 + 4x− 8.

Ðîçâ'ÿçóâàííÿ. Âèêîðèñòà¹ìî ñõåìó Ãîðíåðà äåêiëüêà ðàçiâ, êîæíîãî ðàçó

çìiíþþ÷è iíôîðìàöiéíèé ðÿäîê íà îñòàííié çàïîâíåíèé.

x5 x4 x3 x2 x x0

1 −5 7 −2 4 −8

x0 =2 1 −3 1 0 4 0

2 1 −1 −1 −2 0

2 1 1 1 0

2 1 3 7 6= 0
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Îñêiëüêè f(x) = x5 − 5x4 + 7x3 − 2x2 + 4x− 8 = (x− 2)3(x2 + x+ 1),

òî êîðiíü x = 2 ìà¹ êðàòíiñòü 3. �

Ïðèêëàä 103. Ðîçêëàñòè ìíîãî÷ëåí f(x) = 2x5+x4−x+3 çà ñòåïåíÿìè

x− 1.

Ðîçâ'ÿçóâàííÿ.

x5 x4 x3 x2 x x0

2 1 0 0 −1 3

x0 = 1 2 3 3 3 2 5

1 2 5 8 11 13

1 2 7 15 26

1 2 9 24

1 2 11

1 2
Ðîçêëàä ìíîãî÷ëåía f(x) = 2x5 + x4 − x+ 3 çà ñòåïåíÿìè x− 1

f(x) = 2 (x− 1)5 + 11 (x− 1)4 + 24 (x− 1)3 + 26 (x− 1)2 + 13 (x− 1) + 5.

�

Ïðèêëàä 104. Çíàéòè çíà÷åííÿ ìíîãî÷ëåíà f(x) = −x5 + 3x3 − x2 + 5

òà çíà÷åííÿ óñiõ éîãî ïîõiäíèõ ó òî÷öi x0 = −1 .

Ðîçâ'ÿçóâàííÿ.

x5 x4 x3 x2 x x0

−1 0 3 −1 0 5

x0 = −1 −1 1 2 −3 3 2

−1 −1 2 0 −3 6

−1 −1 3 −3 0

−1 −1 4 −7

−1 −1 5

−1 −1
Îòðèìà¹ìî:

f(x) = − (x− 1)5 + 5 (x− 1)4 − 7 (x− 1)3 + 6 (x− 1) + 2.
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Ïîðiâíþþ÷è ðîçêëàä ìíîãî÷ëåíà çà ñòåïåíÿìè iç ðîçêëàäîì çà ôîðìóëîþ

Òåéëîðà

f(x) = f(x0) +
f ′(x0)

1!
(x− x0) +

f ′′(x0)

2!
(x− x0)

2 +
f ′′′(x0)

3!
(x− x0)

3 + ...

+
f (n)(x0)

n!
(x− x0)

n,

îòðèìó¹ìî:

f(x0) = 2, f ′(x0) = 6 · 1!, f ′′(x0) = 0 · 2!,

f ′′′(x0) = −7 · 3!, f (4)(x0) = 5 · 4!, f (5)(x0) = −1 · 5!

�

Ñõåìó Ãîðíåðà ìîæíà òàêîæ âèêîðèñòîâóâàòè äëÿ çíàõîäæåííÿ ðîçêëàäó

äðîáó â ñóìó åëåìåíòàðíèõ äðîáiâ.

Ïðèêëàä 105. Ðîçêëàñòè äðiá
3x5 + x2 − 5x+ 1

(x+ 2)6 íà íàéïðîñòiøi äðîáè

íàä ïîëåì R.

Ðîçâ'ÿçóâàííÿ. Çíàéäåìî ðîçêëàä ìíîãî÷ëåíà 3x5+x2−5x+1 çà ñòåïåíÿìè

x+ 2:

x5 x4 x3 x2 x x0

3 0 0 1 −5 1

x0 = −2 3 −6 12 −23 41 −81

−2 3 −12 36 −95 231

−2 3 −18 72 −239

−2 3 −24 144

−2 3 −30

−2 3

Îòðèìà¹ìî:

3 (x+ 2)5 − 30 (x+ 2)4 + 144 (x+ 2)3 − 239 (x+ 2)2 + 231(x+ 2)− 81

(x+ 2)6 =

=
3

(x+ 2)
+

−30

(x+ 2)2 +
144

(x+ 2)3 +
−239

(x+ 2)4 +
231

(x+ 2)5 +
−81

(x+ 2)6 .

�
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Ïðèêëàä 106. Ðîçêëàñòè äðiá
3x3 − 11x2 − 8x− 24

(x2 + 1)(x− 2)(x+ 1)
íà íàéïðîñòiøi äðîáè

íàä ïîëåì R.

Ðîçâ'ÿçóâàííÿ. Çàñòîñó¹ìî ìåòîä íåâèçíà÷åíèõ êîåôiöi¹íòiâ.

3x3 − 11x2 − 8x− 24

(x2 + 1)(x− 2)(x+ 1)
=
Ax+B

x2 + 1
+

C

x− 2
+

D

x+ 1
=

=
(Ax+B)(x− 2)(x+ 1) + C(x2 + 1)(x+ 1) +D(x2 + 1)(x− 2)

(x2 + 1)(x− 2)(x+ 1)
.

Äðîáè ðiâíi, îòæå, ÷èñåëüíèêè ðiâíi:

3x3−11x2−8x−24 = (Ax+B)(x−2)(x+1)+C(x2+1)(x+1)+D(x2+1)(x−2).

Çàäi¹ìî ñïî÷àòêó äiéñíi êîðåíi çíàìåííèêà.

x = 2 ⇒ 24− 44− 16− 24 = C · 5 · 3 ⇒ −60 = 16C ⇒ C = −4.

x = −1 ⇒ −3− 11+8− 24 = D · 2 · (−3) ⇒ −30 = −6D ⇒ D = 5.

Äëÿ çíàõîäæåííÿ A,B ïîðiâíÿ¹ìî êîåôiöi¹íòè ïðè îäíàêîâèõ ñòåïåíÿõ x:

x3 | 3 = A+ C +D ⇒ 3 = A− 4 + 5 ⇒ A = 2.

x0 | − 24 = −2B + C − 2D ⇒ −24 = −2B − 4 − 10 ⇒ B = 5.

Îòðèìà¹ìî:
2x+ 5

x2 + 1
+

−4

(x− 2)
+

5

x+ 1
. �

Ïðèêëàä 107. Ðîçêëàñòè ìíîãî÷ëåí f(x) ó äîáóòîê íåçâiäíèõ ìíîæíèêiâ

íàä ïîëåì R òà ïîëåì C,

1) f(x) = x4 − 9x2 + 64; 2) f(x) = x6 + 8.

Ðîçâ'ÿçóâàííÿ. Íàä ïîëåì äiéñíèõ ÷èñåë íåçâiäíèì ìîæå áóòè ëèøå ìíîãî÷ëåí

ïåðøîãî àáî äðóãîãî ñòåïåíÿ, íàä ïîëåì êîìïëåêñíèõ ÷èñåë íåçâiäíèì

ìîæå áóòè ëèøå ìíîãî÷ëåí ïåðøîãî ñòåïåíÿ.

1) f(x) = x4 − 9x2 + 64 = (x2)2 + 2 · 8 · x2 + 64− 2 · 8 · x2 − 9x2 =

= (x2 + 8)2 − 25x2 = (x2 + 5x+ 8)(x2 − 5x+ 8).

Îñêiëüêè äèñêðèìiíàíòè ìíîæíèêiâ âiä'¹ìíi, òî âîíè ¹ íåçâiäíèìè

íàä ïîëåì R.
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Íàä ïîëåì C ìíîæíèêè x2 + 5x+ 8 òà x2 − 5x+ 8 ðîçêëàäàþòüñÿ

äàëi:

f(x) =

(
x− −5 + i

√
7

2

)(
x− −5− i

√
7

2

)(
x− 5 + i

√
7

2

)(
x− 5− i

√
7

2

)
.

2) f(x) = x6 + 8 =
(
x2
)3

+ 23 =
(
x2 + 2

) (
x4 − 2x2 + 4

)
=

= (x2 +2)
(
(x2 + 2)− 6x2

)
= (x2 +2)

(
x2 −

√
6x+ 2

) (
x2 +

√
6x+ 2

)
.

Îñêiëüêè äèñêðèìiíàíòè ìíîæíèêiâ âiä'¹ìíi, òî âîíè ¹ íåçâiäíèìè

íàä ïîëåì R.
Íàä C ìíîæíèêè x2+2, x2−

√
6x+2, x2+

√
6x+2 ðîçêëàäàþòüñÿ

äàëi, òîìó íàä öèì ïîëåì îòðèìà¹ìî:

f(x) =
(
x− i

√
2
) (
x+ i

√
2
)(

x−
√

6 + i
√

2

2

)(
x−

√
6− i

√
2

2

)
×

×

(
x− −

√
6 + i

√
2

2

)(
x− −

√
6− i

√
2

2

)
.

�

Ïðèêëàä 108. Çíàéòè âñi ðàöiîíàëüíi êîðåíi ìíîãî÷ëåíà

f(x) = 12x4 − 14x3 − 7x− 3.

Ðîçâ'ÿçóâàííÿ. Äëÿ çíàõîäæåííÿ âñiõ ðàöiîíàëüíèõ êîðåíiâ (ÿêùî âîíè

iñíóþòü) ìíîãî÷ëåíà f(x) = a0x
n + a1x

n−1 + ... + an−1x + an iç öiëèìè

êîåôiöi¹íòàìè ìîæíà âèêîðèñòàòè íàñòóïíå òâåðäæåííÿ: êîæíèé ðàöiîíàëüíèé

êîðiíü ìíîãî÷ëåíà f(x) ìà¹ âèãëÿä
p

q
, äå p � äiëüíèê ÷èñëà an, q � äiëüíèê

÷èñëà a0, ïðè÷îìó p − mq äiëèòü f(m) 6= 0. Çîêðåìà, ÿêùî a0 = 1, òî

ðàöiîíàëüíèé êîðiíü ¹ öiëèì ÷èñëîì.

Âèïèøåìî âñi öiëi äiëüíèêè ÷èñëà an = 3: ±1;±3. Íàòóðàëüíi

äiëüíèêè ÷èñëà a0 = 12 òàêi: 1; 2; 3; 4; 6; 12. Ðàöiîíàëüíi êîðåíi ïîòðiáíî

øóêàòè ñåðåä ÷èñåë
p

q
∈
{

1

1
;
−1

1
;
3

1
;
−3

1
;
1

2
;
−1

2
;
3

2
;
−3

2
;
1

3
;
−1

3
;
1

4
;
−1

4
;
3

4
;
−3

4
;
1

6
;
−1

6
;

1

12
;
−1

12

}
.

Âiçüìåìî ïåðøå ÷èñëî x0 = 1: f(1) = 12− 14− 7− 3 = −12 6= 0.

Ïîêëàäåìî m = 1, òîäi ÷èñëî p −mq = p − q ïîâèííî äiëèòè ÷èñëî −12:
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Áåçïîñåðåäíüî ïåðåâiðÿ¹ìî, ùî ç íàøîãî ñïèñêó öþ óìîâó çàäîâîëüíÿþòü

äðîáè
p

q
:
−1

1
;
3

1
;
−3

1
;
1

2
;
−1

2
;
3

2
;
1

3
;
−1

3
;
1

4
;
3

4
.

(×èñëî
1

6
íå ïîïàäà¹ äî ñïèñêó, îñêiëüêè 1− 6 = −5 íå äiëèòü ÷èñëî

12.)

Âiçüìåìî òåïåð x0 = −1 f(−1) = 12+14+7−3 = 30 6= 0. ×èñëî íå ¹

êîðåíåì, âèêîðèñòà¹ìî éîãî äëÿ çìåíüøåííÿ ìîæëèâèõ âiðiàíòiâ ïåðåáîðó.

Íåõàé m = −1, òîäi äëÿ ðàöiîíàëüíîãî êîðåíÿ
p

q
÷èñëî p − mq = p + q

ïîâèííå äiëèòè ÷èñëî 30. Áåçïîñåðåäíüî ïåðåâiðÿ¹ìî, ùî ç íàøîãî ñïèñêó

öþ óìîâó çàäîâîëüíÿþòü äðîáè
p

q
:
−3

1
;
1

2
;
−1

2
;
3

2
;
−1

3
;
1

4
.

Âiçüìåìî m = 2. Òîäi f(2) = 192 − 112 − 14 − 3 = 63 6= 0 òà

äëÿ ðàöiîíàëüíîãî êîðåíÿ
p

q
÷èñëî p − mq = p − 2q ìà¹ äiëèòè 63. Iç

çàëèøåâøîãîñÿ ñïèñêó öþ óìîâó çàäîâîëüíÿþòü äðîáè
p

q
:

1

2
;
3

2
;
−1

3
;
1

4
.

Îñêiëüêè ÷èñåë çàëèøèëîñÿ ìàëî, òî ïåðåâiðÿ¹ìî, ÷è ¹ ÷èñëî êîðåíåì

ðiâíÿííÿ, çà ñõåìîþ Ãîðíåðà.

x4 x3 x2 x x0 çàóâàæåííÿ

12 −14 0 −7 −3
1
2 12 −8 −47 −9 6= 0 íå ¹ êîðåíåì
3
2 12 4 6 2 0 ¹ êîðåíåì
3
2 12 22 39 6= 0 êîðiíü ïðîñòèé

f(x) =

(
x− 3

2

)(
12x3 + 4x2 + 6x+ 2

)
.

x3 x2 x x0

12 4 6 2
−1
3 12 0 6 0

f(x) =

(
x− 3

2

)(
x+

1

3

)(
12x2 + 6

)
. �
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Ïðèêëàä 109. Äëÿ ìàòðèöi A =

 −2 1 −1

0 −1 0

1 −1 0

 çíàéòè f(A) = eA.

Ðîçâ'ÿçóâàííÿ. Ñêëàäà¹ìî õàðàêòåðèñòè÷íå ðiâíÿííÿ ìàòðèöi A:

det(A− λE) = 0 ⇔

∣∣∣∣∣∣∣
−2− λ 1 −1

0 −1− λ 0

1 −1 −λ

∣∣∣∣∣∣∣ = 0

Ðîçêðèâà¹ìî öåé âèçíà÷íèê çà åëåìåíòàìè äðóãîãî ðÿäêà:

−(1 + λ)

∣∣∣∣∣ −2− λ −1

1 −λ

∣∣∣∣∣ = −(1 + λ)(λ(λ + 2) + 1) = −(1 + λ)(λ + 1)2 =

−(λ+ 1)3.

Çíàéäåìî ìiíiìàëüíèé ìíîãî÷ëåí ìàòðèöi.

Îñêiëüêè A− λE =

 −1 1 −1

0 0 0

1 −1 1

,
rang(A− λE) = 1 i def(A− λE) = 2. Îòæå, æîðäàíîâà íîðìàëüíà ôîðìà

ìà¹ äâi êëiòèíêè, òîáòî ìà¹ âèãëÿä AJ =

 −1 0 0

0 −1 1

0 0 −1

. Ìiíiìàëüíèé

ìíîãî÷ëåí áóäå ìàòè âèãëÿä ψ = (λ + 1)2 (ñòåïåíü ìíîæíèêà (λ − λ0)

äîðiâíþ¹ ìàêñèìàëüíî¨ ðîçìiðíîñòi êëiòèíêè, ùî âiäíîñèòüñÿ äî âëàñíîãî

÷èñëà λ0).

Äàëi ìîæíà éòè ðiçíèìè øëÿõàìè.

Ïåðøèé ñïîñiá. Çíàéäåìî çíà÷åííÿ ôóíêöi¨ f(λ) = eλ íà ñïåêòði

ìàòðèöiA. Âðàõîâóþ÷è êðàòíiñòü êîðåíÿ ìiíiìàëüíîãî ìíîãî÷ëåíà îòðèìà¹ìî

çíà÷åííÿ

f(−1) = e−1, f ′(−1) = e−1.

Òåïåð çíàéäåìî ìíîãî÷ëåí g(λ), ÿêèé çàäîâîëüíÿ¹ óìîâàì

g(−1) = f(−1) =
1

e
,

g′(−1) = f ′(−1) =
1

e
.
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Îñêiëüêè óìîâè äâi, òî â ÿêîñòi g(λ) äîñòàòíüî ðîçãëÿíóòè ìíîãî÷ëåí

ïåðøîãî ïîðÿäêó g(λ) = a · λ + b. Çíàéäåìî íåâiäîìi a òà b ç ñèñòåìè:
−a+ b =

1

e
,

a =
1

e

⇒


a =

1

e
,

b =
2

e
.

Òàêèì ÷èíîì, g(λ) = 1
eλ+ 2

e . Íàðåøòi, çíàõîäèìî çíà÷åííÿ ôóíêöi¨:

f(A) = g(A) = 1
e

 −2 1 −1

0 −1 0

1 −1 0

+ 2
e

 1 0 0

0 1 0

0 0 1

 = 1
e

 0 1 −1

0 1 0

1 −1 2

 =

 0 1
e −1

e

0 1
e 0

1
e −1

e
2
e

.
Äðóãèé ñïîñiá. Ñïî÷àòêó çíàéäåìî æîðäàíiâ áàçèñ (ùî çâîäèòü

ìàòðèöþ A äî æîðäàíîâî¨ íîðìàëüíî¨ ôîðìè).

Âëàñíèìè ÷èñëàìè ìàòðèöi A ¹ λ1,2,3 = −1 (îäíå ÷èñëî êðàòíîñòi 3).

Çíàéäåìî âëàñíi âåêòîðè, ùî âiäïîâiäàþòü öüîìó âëàñíîìó ÷èñëó. Äëÿ

öüîãî ðîçâ'ÿæåìî ñèñòåìó (A+ E)x = 0: −1 1 −1

0 0 0

1 −1 1


 x1

x2

x3

 =

 0

0

0

 .

Ìà¹ìî îäíå ðiâíÿííÿ x1 − x2 + x3 = 0. Íåõàé x3 = t, x2 = p. Òîäi

x1 = p− t òà x = (p− t, p, t) � âëàñíèé âåêòîð.

Ç'ÿñó¹ìî, ïðè ÿêèõ p òà t äî âëàñíîãî âåêòîðà "ìîæíà ïðè¹äíàòè

âåêòîð"i çíàéäåìî öåé ïðè¹äíàíèé âåêòîð. Äëÿ öüîãî ðîçâ'ÿæåìî ñèñòåìó

ðiâíÿíü: −1 1 −1

0 0 0

1 −1 1


 y1

y2

y3

 =

 p− t

p

t

.

−y1 + y2 − y3 = p− t,

0 = p,

y1 − y2 + y3 = t.

⇒
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p = 0, t� äîâiëüíå. Íåõàé t = 1. Òîäi ìà¹ìî y1−y2+y3 = 1. Ïîêëàäåìî

y3 = u; y2 = v. Òîäi y1 = 1 + v − u. y = (1 + v − u, u, v). Íåõàé u = v = 0.

Òàêèì ÷èíîì,

x3 = (1, 0, 0) �ïðè¹äíàíèé âåêòîð,

x2 = (−1, 0, 1) � âëàñíèé âåêòîð äî ÿêîãî ïðè¹äíàëè x3,

x1 = (1, 1, 0) � âëàñíèé âåêòîð.

Â áàçèñi

x1 = (1, 1, 0), x2 = (−1, 0, 1), x3 = (1, 0, 0)

ìàòðèöÿ A íàáóâà¹ âèãëÿäó AJ =

 −1 0 0

0 −1 1

0 0 −1

.
Íàãàäà¹ìî, ùî ôóíêöiÿ äi¹ íà êîæíó æîðäàíîâó êëiòèíêó çà ïðàâèëîì:

f(J) =


f(λ) f ′(λ) f ′′(λ)

2! ...

0 f(λ) f ′(λ) ...

0 0 f(λ) ...

... ... ... f(λ)


äå λ - âiäïîâiäíå âëàñíå ÷èñëî.

Îòæå, â æîðäàíîâîìó áàçèñi ôóíêöiÿ âiä ìàòðèöi ìà¹ çíà÷åííÿ

eA =


1
e 0 0

0 1
e

1
e

0 0 1
e

.
Çàëèøà¹òüñÿ ïîâåðíóòèñü äî ïî÷àòêîâîãî áàçèñó.

Ìàòðèöÿ ïåðåõîäó T =

 1 −1 1

1 0 0

0 1 0

. Îñêiëüêè âîíà íåâèðîäæåíà,

òî iñíó¹ T−1 =

 0 1 0

0 0 1

1 −1 1

.
I, íàðåøòi,
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TAT−1 =

 1 −1 1

1 0 0

0 1 0




1
e 0 0

0 1
e

1
e

0 0 1
e


 0 1 0

0 0 1

1 −1 1

 =

= 1
e

 1 −1 1

1 0 0

0 1 0


 1 0 0

0 1 1

0 0 1


 0 1 0

0 0 1

1 −1 1

 =

= 1
e

 1 −1 0

1 0 0

0 1 1


 0 1 0

0 0 1

1 −1 1

 =

= 1
e

 0 1 −1

0 1 0

1 −1 2

 =

 0 1
e −1

e

0 1
e 0

1
e −1

e
2
e

.
�
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